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Foreword



xii P -ADIC DETERMINISTIC . . .

The theory of p-adic (and more general non-Archimedean) dynamical sys-
tems is a new intensively developing discipline on the boundary between the
theory of dynamical systems, theoretical physics, number theory, algebraic ge-
ometry and non-Archimedean analysis.

Traditionally dynamical systems were considered in the fields of real and
complex numbers, R and C. Then there were started studies of dynamical sys-
tems in finite fields and number theory was widely used in these investigations.
The p-adic dynamics was developed as a natural generalization of dynamics
in fields Fp of residue classes modulo p, where p is a prime number. 1 This
was the “natural evolution” of the theory of dynamical systems: starting with
dynamics in R and C, through dynamics in finite fields (especially in Fp) to
dynamics in Qp. This number theoretical dynamical flow is closely related to
a dynamical flow based on algebraic geometry. In algebraic geometry fields of
real and complex numbers, R and C, do not play an exceptional role. All ge-
ometric structures can also be considered over non-Archimedean fields: fields
with valuations (analogues of the real and complex absolute values) for which
the strong triangle inequality

|x + y| � max(|x|, |y|)
holds. We remark that fields of p-adic numbers Qp are non-Archimedean.
Therefore, for people working in algebraic geometry, it was natural to try to
generalize some mathematical structures to the non-Archimedean case, even if
this structures did not directly belong to the domain of algebraic geometry; for
example, dynamics in a non-Archimedean field K. This (algebraic geometric)
dynamical flow began with an article of M. Herman and J. C. Yoccoz [87] on
the problem of small divisors in non-Archimedean fields. It seems that this was
the first publication on non-Archimedean dynamics. These investigations were
continued by R. Benedetto, [23] and J. Rivera-Letelier, [185] in their theses for
doctorate.

In theoretical physics the interest in p-adic dynamical systems was induced
by the development of p-adic models in string theory (V. S. Vladimirov and I. V.
Volovich, P. G. O. Freund and E. Witten, G. Parisi and Marinari, I. Ya. Aref’eva
and B. Dragovich, etc.), p-adic quantum mechanics and field theory (V. S.
Vladimirov and I. V. Volovich, ..., A. Yu. Khrennikov), see monographes [212],
[99] and the extensive bibliographies in them, see Chapter 1 for details. V. S.
Vladimirov and I. V. Volovich started with the study of supersymmetric models
and (by the same purely mathematical reasons as in algebraic geometry as well
as special physical reasons) they extended the superspace by considering not
only superalgebras over R and C, but also over an arbitrary non-Archimedean

1We can mention investigations of A. Batra, P. Morton and P. Patel, J. Silverman and G. Call, D. K. Arrowsmith
and F. Vivaldi, see, e.g., [18], [19], [37], [164], [163], [14].
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field K (and, for example, p-adic superspaces). Later on I. V. Volovich proposed
the first model of p-adic string, see Chapter 1.

We also remark that the non-Archimedean theory of dynamical systems is a
very natural field for applications of non-Archimedean analysis—analysis for
maps f : K→ K, see Chapter 1.

In 1997, see [101], A. Yu. Khrennikov proposed to apply p-adic dynamical
systems for modeling of cognitive processes. In applications of p-adic numbers
to cognitive science the crucial role is played not by the algebraic structure of
Qp, but by its tree-like hierarchical structure. This structure of a p-adic tree
is used for a hierarchical coding of mental information and the parameter p
characterizes the coding system of a cognitive system. Therefore, in such p-adic
cognitive models the assumption that p is a prime number is not so natural. We
can apply dynamical systems in rings of p-adic numbers Qp, where p > 1 is an
arbitrary natural number. Foundations of p-adic cognitive models are presented
in detail in the book [111], see also Chapter 8, Chapter 11, and Chapter 12 for
new developments of this theory.

This book is mainly based on the results of investigations of the Växjö group in
p-adic dynamical systems: Professor Andrei Yu. Khrennikov and the graduate
students Karl-Olof Lindahl, Marcus Nilsson, Robert Nyqvist, and Per-Anders
Svensson.

One of the main streams in the research of the Växjö group was induced by
an observation, see [101], that in the theory of p-adic dynamical systems there
appears a new important parameter - the prime number p giving the basis of the
corresponding number field Qp. Therefore it may be interesting to investigate
dependence of some characteristics of a dynamical system on p, especially
when p→∞.

In [101] the study of dependence of the number of cycles of the fixed length k
(of a monomial dynamical system x→ xn) on the parameter p was started. Pre-
liminary calculations demonstrated that this number depends on p in a very ir-
regular way. Computer simulation performed by M. Nilsson confirmed the pre-
liminary result of [101]. Therefore it was natural to study the average (Dirichlet
density) of the number of cycles of the fixed length k when p→∞. M. Nilsson
proved that for the monomial dynamical systems x→ xn, x ∈ Qp, this average
is always well defined and, moreover, it is always a natural number, see [168],
[124], and [126]. By applying Hensel’s lemma we were able to generalize this
result for a large class of polynomial dynamical systems - so called Hensel
perturbations of the monomial dynamical systems.

In [101] it was proposed to study not only behavior of ordinary cycles, but
also the so called fuzzy cycles (a fuzzy cycle was introduced as a cycle of balls
in Qp). In paper [170] a complete analysis of the behavior of fuzzy cycles of
monomial dynamical systems was performed. The conjecture, see [101], on
random dependence of the number of fuzzy cycles of the fixed length k on
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the parameter p was proved in[170] and averages, p → ∞, were found. It
seems to be possible to apply Hensel’s lemma to study fuzzy cyclic behavior
of perturbations of monomial dynamical systems by “small” (in the sense of
Hensel’s lemma) polynomials. However, we do not yet finish this investigation
and the book does not contain the corresponding result.

Ergodicity of monomial p-adic dynamical systems was studied by M. Gund-
lach, A. Yu. Khrennikov and K.-O. Lindahl, see [79] and Chapter 7 for details.
As was expected in [101], nontrivial dependence of non/ergodicity on the pa-
rameter p was found, see Chapter 7. Independently the same result was obtained
W. Parry and Z. Coecho, [180]; recently J. Bryk and C. E. Silva [36] essen-
tially generalized another interesting result obtained by M. Gundlach, A. Yu.
Khrennikov and K.-O. Lindahl in [79], see Chapter 7, on a strong connection
between the topological property of minimality, that is easy to check for some
transformations of p-adic spaces, and the measure theoretical property of unique
ergodicity (in fact, W. Parry and Z. Coecho studied the measurable dynamics
on the p-adics).

We also tried to use Hensel’s approach to study ergodicity of perturbations
of monomial dynamical systems. However, the problem seems to be very
complicated and we did not find the complete solution of this problem.

Investigations on p-adic ergodicity induced interest in the problem of exis-
tence of conjugate maps for p-adic (analytic) dynamical systems and the prob-
lem of small denominators in the p-adic case. Here A. Yu. Khrennikov and
K.-O. Lindahl continued investigations started by M. Herman and J. C. Yoccoz
and D. K. Arrowsmith and F. Vivaldi. We performed detailed investigations to
find best possible estimates for “small denominators” and radii of convergence
for analytic conjugate maps, see Chapter 6.

Another direction of investigations of the Växjö dynamical group is based
on an observation, see [101], that a field on p-adic numbers Qp has a number of
algebraic extensions of different orders. Thus we can study behavior of a p-adic
dynamical system (at least polynomial) not only in Qp, but also in extensions of
different orders. The behavior depends crucially on the order n of an extension
K of Qp (n = dim K over Qp) as well as the ramification index e of K. Thus
by starting with a polynomial dynamical system f(x) we can study dependence
of its behavior2 on the parameters p, n and e. The cases of totally ramified and
unramified extensions are of special interest.

Interesting results (including computer simulation) on dynamical systems in
quadratic extensions of Qp (depending on p) were obtained by R. Nyqvist,[173],
see also Chapter 5. P.-A. Svensson obtained general results for polynomial
dynamical systems in extensions of arbitrary orders, [201], see Chapter 5.

2For example, characters of fixed points, structures of basins of attractors and maximal Siegel disks, number
of cycles of a fixed length.
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As was already remarked, in [101], [111] applications of p-adic dynamical
systems to modeling of mental processes were considered. The hierarchical tree
structure of Qp was used for coding of mental information. The processing of
mental information was performed by iterations of a p-adic dynamical system.
This application to cognitive sciences stimulated the development of p-adic
neural networks, see S. Albeverio, A. Yu. Khrennikov, B. Tirozzi [6] and
Chapter 8. A p-adic dynamical model of memory recalling was created by S.
Albeverio, A. Yu. Khrennikov and P. Kloeden, see [4] and Chapter 8.

In article [109] it was proposed a model of associative thinking based on the
representation of associations by p-adic balls and ideas by collections of balls.
This model stimulated the study of dynamical systems in the space of p-adic
(and general ultrametric) balls, see Chapter 9

Cognitive applications also induced development of the theory of p-adic
random dynamical systems, see [51] and [81]. Markovness of p-adic random
processes played an important role in cognitive modeling. An extended in-
vestigation of dependence of (non)-Markovness of random processes on the
parameter p was presented in [1], see Chapter 10.

A general model of probabilistic thinking on the p-adic mental space is
presented in Chapter 11. Here the mental state of a psychological function f is
represented by a probability distribution on a p-adic tree. The evolution of the
mental state is described as diffusion on a p-adic tree. In Chapter 12 this model
is generalized by introducing wavelets on an arbitrary tree (generalizing the
theory of wavelets in p-adics which was developed by S. Kozyrev, see Chapter
12 for details and references).

In all those probabilistic models probability was the ordinary Kolmogorov
probability - taking values in the segment [0,1] of the real line R. In [99]
there was created a new (non-Kolmogorovian) probabilistic model in which
probabilities take values in the field of p-adic numbers Qp. Chapter 13 contains
a brief introduction to this theory; some results on random dynamical systems
with respect to p-adic valued probabilities can be found in papers [120], [121],
and [122].

We hope that this book can be useful, not only for pure mathematicians
(working in number theory, theory of dynamical systems, algebraic geometry,
analysis), but also for physicists and psychologists (interested in mathematical
modeling), and scientists working in information theory and image analysis.
Therefore our book contains an extended introduction in p-adics, Chapter 2.
We also present a lot of additional material about p-adics and number theory
throughout the text. For people educated in number theory and algebraic ge-
ometry some parts of the book may look as oversimplified. But we hope that
they understand the aim of such a presentation. It seems that an extended intro-
duction in p-adics can be useful even for some groups of mathematicians that
for example are doing research in dynamical systems and functional analysis.
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Unfortunately courses in p-adics are not yet present in general programs in
mathematics even of the best universities in the world. The chair graduated one
of the authors was Theory of Functions and Functional analysis, the department
of Mechanics and Mathematics of Moscow State University. There was no trace
of p-adics in our courses. And this was the chair of Israel Moiseevich Gelfand!
Of course, p-adics was discussed at research seminars of the chair, but mainly
as a tool in investigations on representations of groups. And even in this do-
main p-adics was considered as a rather exotic complement of real and complex
theories. The situation was not much better at leading universities of Europe,
USA, Japan, and China. The main problem was the absence of applications of
p-adic numbers. Therefore the beginning of investigations in p-adic theoretical
physics by V. S. Vladimirov and I. V. Volovich, 1984, at Steklov Mathematical
Institute (of Academy of Science of USSR) was really the revolutionary event
in p-adic world! We think that some details of development of p-adics, see
Chapter 1, can be interesting for mathematicians (looking for applications) as
well as physicists and biologists (looking for new mathematics).

Växjö – Clermont Ferrand – Chicago, 2002–2004
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Chapter 1

ON APPLICATIONS OF P -ADIC ANALYSIS

We start our book with a survey devoted to applications of p-adic num-
bers in various fields and a historical survey on p-adic (and more general non-
Archimedean or ulrametric) analysis and related fields. Such surveys can be
useful for researchers working in applications of p-adic numbers.

The general notion of an absolute valued field was introduced by J. Kürschak
[143] in 1913 and a few years later A. Ostrowski [176] described absolute values
on some classes of fields, especially on the rationals. In 1932 L. S. Pontryagin
[181] proved that the only locally compact and connected topological division
rings are the classical division rings and N. Jacobson [93] began the systematic
study of the structure of locally compact rings. We should also mention the
theory of Krull valuations [140] and the paper by S. MacLane [151] that began
the study of valuations on polynomial rings. We recall that I. Kaplansky initiated
the general theory of topological rings, see e.g. [94].

In 1943 I. R. Shafarevich [194] found necessary and sufficient conditions
for a topological field to admit an absolute value preserving the topology
and D. Zelinsky [219] characterized the topological fields admitting a non-
Archimedean valuation. We also mention the work [135] of H.-J. Kowalsky,
who described locally compact fields.

First fundamental investigations in p-adic analysis were done by K. Mahler
[152] (differential calculus, differential and difference equations), M. Krasner
[138], [139] (topology on Qp, the notion of an ultrametric space 1, p-adic
analytic functions), E. Motzkin and Ph. Robba [165], [186] (analytic functions),

1One of the important features of the p-adic metric ρp is that it is an ultrametric. It satisfies to the strong
triangle inequality, see Chapter 2. Metric spaces in that the strong triangle inequality holds true (ultrametric
or non-Archimedean spaces) were actively used in analysis, since Krasner’s work [138]. In topology these
spaces were actively studied, since the works of F. Hausdorff [86].



2 P -ADIC DETERMINISTIC . . .

Y. Amice [8] (analytic functions, interpolation, Fourier analysis), M. Lazard
[145] (zeros of analytic functions), A. Monna [157] (topology, integration), T.
A. Springer [198] (integration, theory of p-adic Hilbert spaces).

In the period between 1960 and 1987 p-adic analysis developed intensively
due to pure mathematical self-motivations. Main results of these investigations
are collected in the nice book of W. Schikhof [190] that is really a fundamental
encyclopedia on p-adic analysis, recently there was published another excellent
book on p-adic analysis – namely the book [187] of A. M. Robert, see also the
book [60] of A. Escassut on p-adic analytic functions and the book [90] of P.-C.
Hu and C.-C. Yang on non-Archimedean theory of meromorphic functions. An
important approach to the non-Archimedean analysis is based on the theory of
rigid analytic spaces, see J. T. Tate [202], S. Bosch, L. Gerritzen, H. Grauert, U.
Güntzer, R. Remmert, [34, 32, 33, 69–71, 75, 76] and Ya. Morita, [161, 162].
We also mention works of Kubota, Leopoldt, Iwasawa, Morita [142, 147, 141,
92, 160, 159] (ivestigations on p-adic L and Γ-functions).

This p-adic analysis is analysis for maps f : Qp → Qp (or finite or infinite
algebraic extensions of Qp). And the present paper is devoted to the theory of
dynamical systems based on such maps.

However, not only maps f : Qp → Qp, but also maps maps f : Qp → C
are actively used in p-adic mathematical physics. Analysis for complex valued
functions of the p-adic variable was intensively developed in general framework
of the Fourier analysis on locally compact groups. There was developed a theory
of distributions on locally compact disconnected fields (and, in particular, fields
of p-adic numbers). There were obtained fundamental results on theory of non-
Archimedean representations. Fundamental investigations in this domain were
performed in early 60th by I. M. Gelfand, M. I. Graev and I. I. Pjatetskii-Shapiro
[68, 64, 65, 67, 66] (see also papers of M. I. Graev and R. I. Prohorova [74],
[183], A. A. Kirillov and R. R. Sundcheleev [130] and A. D. Gvishiani [82], P.
M. Gudivok [78], A. V. Zelevinskii [218], A. V. Trusov [205], [204]).

The first (at least known to me) publication on the possibility to use the p-
adic space-time in physics was article [158] of A. Monna and F. van der Blij.
Then E. Beltrametti and G. Cassinelli tried to use p-adic numbers in quantum
logic [21]. But they obtained the negative result: p-adic numbers could not be
used in quantum logic. The real p-adic revolution in theoretical physics began
in 1984 by investigations of V. S. Vladimirov and I. V. Volovich, see [211] for
details.

The next fundamental step was the discussion on p-adic dimensions in
physics, see Yu. Manin [153].

The important event in the p-adic world took place in 1987 when I. Volovich
published paper [213] on applications of p-adic numbers in string theory. The
string theory was new and rather intriguing attempt to reconsider foundations
of physics by using space extended objects, strings, instead of the point weise
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objects, elementary particles. The scenarios of string spectacle is performed
on fantastically small distances, so called Planck distances, lP ≈ 10−34cm.
Physicists have (at least) the feeling that space-time on Planck distances has
some distinguishing features that could not be described by the standard math-
ematical model based on the field of real numbers R. In particular, there are
ideas (that also are strongly motivated by cosmology 2) that on Planck distances
we could not more assume that there presents a kind of an order structure on the
real line R. We remark that there is no order structure on Qp (this is a disordered
field).

Another argument to consider a p-adic model of space-time on Planck dis-
tances is that Qp is a non-Archimedean field. We do not plan to discuss here
Archimedean axiom on the mathematical level of rigorousness.

From the physical point of view this axiom can be interpreted in the following
way. If we have some unit of measurement l, then we can measure each interval
L by using l. By addition of this unit: l, l+ l, l+ l+ l, . . . , l+ . . .+ l, we obtain
larger and larger intervals that, finally, will cover L. The precision of such a
measurement is equal to l. The process of such a type we can be realized in the
field of real numbers R. Therefore all physical models based on real numbers
are Archimedean models. However, Archimedean axiom does not hold true in
Qp. Here successive addition does not increase the quantity. And there were
(long before p-adic physics) intuitive cosmological ideas that space-time on
Planck distances has non-Archimedean structure.

In 80th and 90th there was demonstrated large interest to various p-adic
physical models, see, for example, papers on p-adic string theory of Aref’eva,
Brekke, Dragovich, Framton, Freud, Parisi, Vladimirov, Volovich, Witten and
many others, [213, 62, 178, 11, 35] 3, p-adic quantum mechanics and field
theory [212, 211, 188, 96, 99, 3], p-adic models for spin glasses [179], [17].
These p-adic physical investigations stimulated the large interest to dynamical
systems in fields of p-adic numbers Qp and their finite and infinite extensions
(and, in particular, in the field of complex p-adic numbers Cp).

Continuous dynamical systems, namely p-adic differential equations, were
studied by purely mathematical reasons. We can mention investigations of B.
Dwork, P. Robba, G. Gerotto, F. J. Sullivan [53, 56, 54, 55], G. Christol [41],
A. Escassut [60] on p-adic ordinary differential equations. However, p-adic
physics stimulated investigations on new classes of continuous dynamical sys-
tems; in particular, partial differential equations over Qp, see, for example, [95,
98, 97, 61, 47, 48] (p-adic Schrödinger, heat, Laplace equations, Cauchy prob-

2We remark that one of the aims of string theory was to provide a new approach to general relativity.
Therefore string investigations are closely connected to investigations on fields of gravity and cosmology.
3We remark that these investigations inp-adic string theory were strongly based on the results of mathematical
investigations of I. M. Gelfand, M. I. Graev and I. I. Pjatetskii-Shapiro [68] on distributions on p-adic fields.
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lem, distributions). We do not consider continuous p-adic dynamical systems
in this book, see e.g. the book [99].

This book is devoted to discrete p-adic dynamical systems, namely iterations

xn+1 = f(xn) (1.1)

of functions f : Qp → Qp or f : Cp → Cp.
The development of investigations on p-adic discrete dynamical systems

is the best illustration of how physical models can stimulate new mathemati-
cal investigations. Starting with the paper on p-adic quantum mechanics and
string theory [188] (stimulated by investigations of Vladimirov and Volovich) E.
Thiren, D. Verstegen and J. Weyers performed the first investigation on discrete
p-adic dynamical systems [203] (iterations of quadratic polynomials). After
this paper investigations on discrete p-adic dynamical systems were proceeded
in various directions e.g. : 1) conjugate maps [203, 13, 14] and [150] – general
technique based on Lie logarithms, [110], [148] - problem of small denomina-
tors in Cp; 2) ergodicity [80], [180], [148], [36]; 3) random dynamical systems
[1], [122]4 ; 4) behaviour of cycles [124], [167], [125], [126], [113]; 5) dynam-
ical systems in finite extensions of Qp [173], [200], [113]; 6) holomorphic and
meromorphic dynamics [89], [90], [23–25].

Recently discrete p-adic dynamical systems were applied to such interesting
and intensively developed domains as cognitive sciences and psychology. [101],
[102, 5, 52, 6, 106, 109] and [108, 107, 112, 114]. These cognitive applications
are based on coding of human ideas by using branches of hierarchic p-adic
trees and describing the process of thinking by iterations of p-adic dynamical
system. p-adic dynamical cognitive models were applied to such problems as
memory recalling, depression, stress, hyperactivity, unconscious and conscious
thought and even Freud’s psychoanalysis. These investigations stimulated the
development of p-adic neural networks [6]. 5 Recently p-adic numbers were
applied to problems of image recognition and compression of information, see
[27], [116].

4See L. Arnold [12] for the general theory of random dynamical systems.
5We remark that in cognitive models there naturally appear m-adic trees for nonprime m. Therefore we also
have to develop analysis and theory of dynamical systems in such a general case.



Chapter 2

P -ADIC NUMBERS AND P -ADIC ANALYSIS

1. Ultrametric spaces
Let X be a set and let ρ be a metric on X . Then ρ by definition has the

following properties

For all x, y ∈ X , ρ(x, y) � 0 and ρ(x, y) = 0 if and only if x = y.

For all x, y ∈ X , ρ(x, y) = ρ(y, x).

For all x, y, z ∈ X ,

ρ(x, z) � ρ(x, y) + ρ(y, z),

(the triangle inequality).

We say that the pair (X, ρ) is a metric space. For more details on metric spaces
see, for example, [134, 197]. If ρ also has the property that

ρ(x, z) � max(ρ(x, y), ρ(y, z)) (2.1)

(the strong triangle inequality) then ρ is said to be an ultrametric. A set endowed
with an ultrametric is called an ultrametric space .

Proposition 1.1. In an ultrametric space all triangles are isosceles. More
precise, if X is an ultrametric space with metric ρ and a, b, c ∈ X such that
ρ(a, b) �= ρ(b, c) then ρ(a, c) = max(ρ(a, b), ρ(b, c)).

Proof. Assume that ρ(a, b) < ρ(b, c). We then have

ρ(a, c) � max(ρ(a, b), ρ(b, c)) = ρ(b, c)

and
ρ(b, c) � max(ρ(a, b), ρ(a, c)) = ρ(a, c)
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A B C D

Figure 2.1. An ultrametric tree.

since ρ(a, b) < ρ(b, c).

It is impossible to embed an ultrametric space of more than three points in a
plane. But it is possible to use other frameworks for visualizing an ultrametic
space, for example trees.

Example 1.2. Consider the space of leaves in the tree of Figure 2.1. We
introduce a metric ρ on this space and say that ρ(x, y) is the height to which
one must climb to get from x to y. The metric ρ defined in this way becomes
ultrametric. The leaf B is closer to leaf C than to leaf D. All of the leaves B,
C and D have the same distance till leaf A.

Definition 1.3. Let (X, ρ) be a metric space. Let a ∈ X and let r ∈ R+. The
open ball of radius r with center a is the set

B−
r (a) = {x ∈ X : ρ(a, x) < r}.

The closed ball of radius r with center a is the set

Br(a) = {x ∈ X : ρ(a, x) � r}.
The set

Sr(a) = {x ∈ X : ρ(a, x) = r}
is called the sphere of radius r with center a .

In further considerations it is sometimes important to underline in which
metric space a ball or a sphere is taken. We then use the symbols B−

r (a, X),
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Br(a, X) and Sr(a, X). Proposition 1.1 have some remarkable consequences
for the balls in X .

Proposition 1.4. Every element of a ball can be regarded as a center of it.

Proof. We prove the proposition in the case of an open ball B−
r (a) ⊂ X . Let

b ∈ B−
r (a). We want to prove that B−

r (b) = B−
r (a). Take x ∈ B−

r (b) then

ρ(x, a) � max(ρ(x, b), ρ(b, a)) < r

so B−
r (b) ⊆ B−

r (a). In the same way we obtain B−
r (a) ⊆ B−

r (b). Thus
B−
r (a) = B−

r (b).

Proposition 1.5. Each open ball is both open and closed as sets.

Proof. It is trivial that an open ball is an open set. We prove that each ball
B−
r (a) is closed. Let b be a limit point of B−

r (a). Let s � r. Then

B−
s (b) ∩B−

r (a) �= ∅
since b is a limit point. Let c ∈ B−

s (b) ∩ B−
r (a). By the strong triangle

inequality we have
ρ(b, a) � max(ρ(b, c), ρ(c, a))

so b ∈ B−
r (a). That is, B−

r (a) contains all its limit points and it is therefore
closed.

Proposition 1.6. Each closed ball of positive radius is both open and closed.

Proof. We will prove that the ball Br(a), r > 0 is open. Let b ∈ Br(a) and let
s ∈ R such that 0 < s < r. We then have B−

s (b) ⊆ Br(a) since if x ∈ B−
s (b)

then
ρ(x, a) � max(ρ(x, b), ρ(b, a)).

The proof that a closed ball is closed is similar to the proof that the open ball is
closed.

Proposition 1.7. Let B1 and B2 be balls in X . Then either B1 and B2 are
orderd by inclusion (B1 ⊆ B2 or B2 ⊆ B1) or B1 and B2 are disjoint.

Proof. We will prove this for two open balls the proof of the other cases are
identical. Let a, b ∈ X and let r, s ∈ R+ such that r � s > 0. Assume that
B−
s (b) ∩ B−

r (a) �= ∅. Then there is c ∈ B−
s (b) ∩ B−

r (a) such that B−
r (c) =

B−
r (a) and B−

s (c) = B−
s (b). Of course, B−

s (c) ⊆ B−
r (c) so B−

s (b) ⊆ B−
r (a)

and the proposition is proved.

Definition 1.8. A topological space X is connected if it cannot be represented
as a union of two disjoint non-empty open sets. A connected subspace of X
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which is not properly contained in a larger connected subspace of X is called
a connected component of X .

Definition 1.9. A topological space X is said to be totally disconnected if we
for each pair a, b ∈ X can find open subsets A, B of X such that a ∈ A, b ∈ B,
A ∩B = ∅ and A ∪B = X .

It is easy to prove that the components of a totally disconnected space are
the singleton sets {x}, for x ∈ X .

Theorem 1.10. An ultrametric space is totally disconnected.

Proof. Let x ∈ X and let C be the connected component containing x. Take
y ∈ C such that x �= y. Then there exists a positive real number r such that
|x− y| = r. Let Ox = B−

r (x) and let Oy = X \B−
r (x). Both Ox and Oy are

open sets, Ox ∩Oy = ∅ and

(Ox ∩ C) ∪ (Oy ∩ C) = C,

so C is disconnected. We have a contradiction and our assumption that C
contained another point different from x was wrong. Thus C = {x} and X is
totally disconnected.

2. Non-archimedean fields
Definition 2.1. Let K be a field. An absolute value on K is a function |.| :
K → R such that

|x| � 0 for all x ∈ K,

|x| = 0 if and only if x = 0,

|xy| = |x||y|, for all x, y ∈ K,

|x + y| � |x|+ |y|, for all x, y ∈ K.

If |.| in addition satisfies the strong triangle inequality

|x + y| � max(|x|, |y|) (2.2)

for all x, y ∈ K then we say that |.| is non-Archimedean.

If |x| = 1 for all non-zero x ∈ K we call |.| the trivial absolute value. It is
easy to see that the trivial absolute value is non-Archimedean.

Proposition 2.2. Let K be a field and let |.| be a non-Archimedean absolute
value on K. Let x, y ∈ K such that |x| �= |y|. Then

|x + y| = max(|x|, |y|). (2.3)
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Proof. Assume that |x| > |y|. By the strong triangle inequality we have

|x| = |(x + y)− y| � max(|x + y|, |y|).
The assumption |x| > |y| implies max(|x + y|, |y|) = |x + y|. Thus |x| �
x + y. By the strong triangle inequality,

|x + y| � max |x|, |y| = |x|.
We can conclude that |x + y| = |x|.

Every non-Archimedean field can be regarded as an ultrametric space with
the metric ρ(x, y) = |x− y| induced by the absolute value.

3. The field of p-adic numbers
Let p be a fixed prime number. By the fundamental theorem of arithmetics,

each non-zero integer n can be written uniquely as

n = pvp(n)n′,

where n′ is a non-zero integer, p � n′, and vp(n) is a unique non-negative integer.
The function vp : Z \ {0} → N is called the p-adic valuation. If a, b ∈ Z+

then we define the p-adic valuation of x = a/b as

vp(x) = vp(a)− vp(b). (2.4)

One can easily show that the valuation is well defined. The valuation of x does
not depend on the fractional representration of x. By using the p-adic valuation
we will define a new absolute value on the field of rational numbers.

Definition 3.1. The p-adic absolute value of x ∈ Q \ {0} is given by

|x|p = p−vp(x) (2.5)

and ||p0 = 0.

Example 3.2. If p = 2 then v2(1/2) = −1 and |1/2|2 = 2. Moreover
v2(3) = 0 and |3|2 = 1. If p = 3 then v3(1/2) = 0, v3(3) = 1, |1/2|3 = 1 and
|3|3 = 1/3.

It is easy to prove that the p-adic absolute value is non-archimedean, and that
the metric ρ(x, y) = |x − y|p induced by it, is an ultrametric. It is called the
p-adic metric . Two absolute values on a field K are said to be equivalent if
they generate the same topology on K. Essentially there are only two types of
non-trivial absolute values on Q. This is the essence of the following theorem.

Theorem 3.3 (Ostrovski). Every non-trivial absolute value on Q is either
equivalent to the real absolute value or to one of the p-adic absolute values.

For a proof of Ostrovski’s theorem see, for example, [190] or [73].
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p-adic numbers as a completion of Q

Let ρ be the (ultra)metric induced by the p-adic absolute value on Q, (Q, ρ)
is then an (ultra)metric space. However, this space is not complete. There exist
Cauchy sequences which do not converge to any element of Q. We shall use
the following result:

Theorem 3.4. A sequence (xj) in Q is a Cauchy sequence with respect to the
p-adic absolute value if and only if

lim
j→∞

|xj+1 − xj |p = 0. (2.6)

Proof. If (xj) is a Cauchy sequence then it is clear that xj+1 − xj → 0, when
j →∞.

Assume now that (xj) is a sequence that satisfies (2.6). Let i > j. Then
there exists k ∈ Z+ such that i = j + k. We have

|xi − xj | � max(|xj+k − xj+k−1|p, |xj+k−1 − xj+k−2|p, . . . , |xj+1 − xj |p).
If xj+1 − xj → 0 when j → ∞ it follows that xi − xj → 0 when i, j → ∞.
Hence (xj) is a Cauchy sequence.

Example 3.5. There is no rational number x satisfying x2 = 7. But since this
equation has a solution modulo 3 (x ≡ 1) it is possible to construct a sequence
(xj)j�0 such that xj ≡ xj+1 (mod 3j) and x2

j ≡ 7 (mod 3j+1). We have that
(xj)j�0 is a Cauchy sequence because

|xj − xj+1|p � 3−(j+1) → 0, j →∞.

It is clear that the limit of this sequence must be a solution of x2 = 7, since

|(xj)2 − 7|p � 3−(j+1) → 0, j →∞.

Thus the limit does not belong to Q. We have proved that Q endowed with the
metric induced by the 3-adic absolute value is not complete.

In fact, we can generalize this example to any metric space (Q, ρ), where ρ
is the metric induced by the p-adic absolute value. See [73].

Theorem 3.6. The metric space (Q, ρ), where ρ is the metric induced by the
p-adic absolute value is not complete.

The completion of Q will be a field, the field of p-adic numbers, Qp . The
p-adic absolute value is extended to Qp and Q is dense in Qp. It is worth noting
that

{|x|p : x ∈ Qp} = {|x|p : x ∈ Q} = {pm : m ∈ Z} ∪ {0}.
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Canonical expansion of p-adic numbers
The set B1(0) = {x ∈ Qp; |x|p � 1} is called the set of p-adic integers . It is

denoted by Zp. In fact, Zp is a subring of Qp and B−
1 (0) = {x ∈ Zp; |x|p < 1}

is a maximal ideal of Zp. The quotient ring Zp/B−
1 (0) is then a field, called

the residue class field of Qp.

Theorem 3.7. For each x ∈ Zp there exists a sequence (xj)j�0 such that

xj ∈ Z, 0 � xj � pj+1 − 1, xj+1 ≡ xj (mod pj+1)

for all j � 0 and |x− xj |p � p−(j+1).

Proof. Let x ∈ Zp. Because of the fact that Q is dense in Qp we can find a
rational number a/b such that |x − a/b|p � p−(j+1) for every j. In fact, this
number can be chosen to be an integer. Since

|a/b|p � max(|x|p, |a/b− x|p) � 1

it is clear that p � b, so gcd(pj+1, b) = 1. Therefore there exist b′ and p′ such
that p′pj+1 + b′b = 1 or equivalently b′b ≡ 1 (mod pj+1). We then have

|a/b− ab′|p = |a/b|p|1− b′b|p � p−(j+1),

and |x − ab′|P � max(|x − a/b|p, |a/b − ab′|p) � p−(j + 1). There is a
unique integer xj satisfying 0 � xj � pj + 1 − 1 and xj ≡ ab′ (mod j + 1).
It is clear that |xj − x|p � p−(j+1).

It remains to show that xj+1 ≡ xj (mod pj+1). This follows from the fact
that

|xj+1−xj | � max(|xj+1−x|p, |x−xj|p) � max(p−(j+2), p−(j+1)) � p−(j+1).

Corollary 3.8. The residue class field of Qp is isomorfic to the finite field Fp of
p elements.

Proof. It follows from the theorem that the integers {0, 1, . . . , p − 1} is a
complete set of representatives of the cosets of B−

1 (0).

Theorem 3.9. Every x ∈ Zp can be expanded in the following way

x = y0 + y1p + y2p
2 + . . . + yjp

j + . . . .
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Proof. By expanding the elements of the sequence (xj) from Theorem 3.7 in
the base p we get

x0 = y0, 0 � y0 � p− 1,

x1 = y0 + y1p, 0 � y1 � p− 1,

x2 = y0 + y1p + y2p
2, 0 � y2 � p− 1,

...

xj = y0 + y1p + . . . yjp
j , 0 � yj � p− 1.

It is clear that sum
∑

j�0 yjp
j converges.

Corollary 3.10. Every x ∈ Qp can be expanded in the base p in the following
way

x =
∑

j�jmin

yjp
j , (2.7)

where jmin = vp(x) ∈ Z and 0 � yj � p− 1 for j � jmin.

Proof. Let x ∈ Qp and assume that x ∈ Zp. Let y = p−vp(x)x. Then

|p−vp(x)x|p = pvp(x) · p−vp(x) = 1.

Thus y ∈ Zp. That is, every x �∈ Qp can be written as x = y · p−m for some
positive integer m and y ∈ Zp. By Theorem 3.9 we obtain an expansion of y.
If we then divide it by pm we get (2.7).

For each positive integer m � 2 we can expand a real number r with respect
to the base m in the following way:

r =
∑

i�imax

rim
i, (2.8)

for some integer imax. A real number r can have infinitely many negative
powers in this expansion, but a p-adic number can have infinitely many positive
powers in the expansion (2.7).

Example 3.11. For every prime p we have the following expansion of −1,

−1 = (p− 1) + (p− 1)p + (p− 1)p2 + . . . ,

since 1 + (p− 1) + (p− 1)p + (p− 1)p2 + . . . = 0.

Example 3.12. In Q2, the rational number 1/3 has the expansion

1/3 = 1 + 1 · 2 + 0 · 22 + 1 · 23 + 0 · 24 + . . . .
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Topological properties of the field of p-adic numbers
Definition 3.13. A topological space is locally compact if every point has a
compact neighbourhood.

Theorem 3.14. The space Qp is locally compact.

Proof. Since Zp is a neighbourhood of 0 it sufficies to show that this is compact.
Since Zp is a closed set of a complete metric space it is complete. If we can
show that it also is totally bounded the proof will be completed. A set is totally
bounded if we, for each ε > 0, can cover it with finitely many balls of radius ε.
In our case it sufficies to take ε = p−n for some integer n � 0. It follows from
Theorem 3.9 that there are finitely many balls Bp−n that cover Zp.

Definition 3.15. A field K endowed with a topology is said to be a topological
field if the operations of addition, subtraction, multiplication and division are
continuous.

Theorem 3.16. The field of p-adic numbers is a topological field.

Proof. The topology is the one induced by the metric ρ(x, y) = |x− y|p. It is
clear that addition is continuous. To prove that multiplication is continuous fix
x, y ∈ Qp and let x′, y′, k, h ∈ Qp be such that x−x′ = h and y− y′ = k. We
have

|xy − x′y′|p = |xy − (x− h)(y − k)|p = |xk + yh− hk|p
� max(|x|p, |y|p, 1) max(|k|p, |h|p, |hk|p)

which tends to 0 as |h|p, |k|p → 0. This proves the continuity of multiplication.
We now turn to the proof of the fact that the operation of taking the multiplicative
invers is continous. Fix x ∈ Qp\{0} and let x′, k ∈ Qp\{0} satisfy x−x′ = h.
If |h|p < |x|p/2 then

|1
x
− 1

x′ | =
|h|p

|x|p|x− h|p
� |h|p
|x|p(|x|p − |h|p) <

2|h|p
|x|2p

→ 0,

when |h|p → 0.

4. Tree-like structure of the p-adic numbers
In this section we fix p = 3. Of course, the structure for other prime numbers

is the same but it is a little bit harder to illustrate. In Figure 2.2 we have drawn
the tree for Z3. This tree has infinitely long branches. This branches represents
the 3-adic integers. The distance between two numbers x, y ∈ Z3 can be at
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Valuation Distance
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Figure 2.2. The structure of the ring of 3-adic integers.

most 1, corresponding to vp(x − y) = 0. The next possible distance is 1/3,
corresponding to vp(x− y) = 1, and so on. The 3-adic distance between two
3-adic integers, x and y, is defined by the height in the tree where the two
branches splitt. The branch leading from the root (in the top of the picture)
to a leaf, a 3-adic number, is intimately related to the 3-adic expansion of this
number. At each level we have three branches leading down from each node, as
well as we have three possible numbers, {0, 1, 2}, at each position in the 3-adic
expansion. In Figure 2.3 a ball of radius 1/9 in Z3 is drawn. It is easy to see
that each point in the ball is actually the center of the ball.

Figure 2.4 illustrates the structure of the 3-adic numbers. In contrary to the
3-adic integers there are no upper bound for the differens between two 3-adic
numbers. Hence there are no upper bound for the levels in the tree for Q3

5. Extensions of the field of p-adic numbers
Finite extensions of Qp

Everywhere below we denote by K a finite extension of the p-adic numbers.
Let m = [K : Qp] denote the dimension of K as a vector space over Qp. The
p-adic absolute value |.|p can be extended to K, in the unique way. See [73],
[190] or [187] for detail.

Suppose that L and K are two finite extensions of Qp which form a tower
Qp ⊂ K ⊂ L. Let |.|K be the unique extention of the p-adic valuation on K,
and let |.|L be the unique extention of the p-adic valuation on L. The restriction
of |.|L to elements of K is a non-Archimedean valuation on K and therefore,
by uniqueness, |x|K = |x|L for every x ∈ K. Hence, the valuation of x does
not depend on the context.
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Figure 2.3. A ball of radius 1/9 in Z3.
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Figure 2.4. A part of the tree that describe the structure of Q3.

Still, we know that there exists a unique extension of the p-adic valuation,
but how can we evaluate the p-adic valuation on elements in K? To be able to
evaluate the p-adic valuation on elements in K \Qp, we need a function

NK/Qp
: K → Qp,

which satisfies the equality

NK/Qp
(xy) = NK/Qp

(x) NK/Qp
(y).
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This function is called the norm from K to Qp. There exists several ways to
define NK/Qp

, all equivalent. Below, three of them are listed.

(1) Let α ∈ K and consider K as a finite dimensional Qp-vector space. The
map from K to K defined by multiplication by α is a Qp-linear map.
Since it is linear it corresponds to a matrix. Then define NK/Qp

to be the
determinant of this matrix.

(2) Let α ∈ K and consider the subfield Qp(α). Let r = [K :Qp(α)], T (α, Qp)
be the minimal polynomial of α over Qp and let n = deg(T (α, Qp)). Then
the norm is defined as

NK/Qp
(α) = (−1)nrar0,

where T (α, Qp) = anxn + an−1x
n−1 + · · ·+ a1x + a0.

(3) Suppose that K is a normal extension of Qp. Let G(K/Qp) be the Galois
gruop of this extension. Then, for α ∈ K, the norm is defined as

NK/Qp
(α) =

∏
σ(α), for all σ ∈ G(K/Qp).

Observe that |G(K/Qp)| = [K :Qp], because K is a normal extension of
Qp and Qp is of characteristic zero.

Example 5.1. Let ε be an element in Qp such that
√

ε �∈ Qp. Consider the
quadratic extension K = Qp(

√
ε). Then [K : Qp] = 2 and {1,

√
ε} is a basis

for K over Qp, that is, each element in K can be written in the form a + b
√

ε,
where a, b ∈ Qp.

(1) The linear map x �→ (a+ b
√

ε)x, maps 1 to a+ b
√

ε, and
√

ε to εb+a
√

ε,
so its matrix with respect to the basis {1,

√
ε} is

M =
(

a εb
b a

)
.

Therefore, NK/Qp
(a + b

√
ε) = det(M) = a2 − εb2.

(2) If α = a + b
√

ε then r = 1, and if α = a then r = 2. In the case r = 2 are
T (α, Qp) = x − a, and the norm is (−1)1·2a2 = a2. In the case r = 1,
the irreducible polynomial for α over Qp must be of degree two. Since
(a + b

√
ε)2 = a2 + εb2 + 2ab

√
ε is equivalent with

(a + b
√

ε)2 − 2a(a + b
√

ε) + (a2 − εb2) = 0,

we must have that T (α, Qp) = x2−2ax+(a2−εb2), and the norm is equal
to (−1)2·1(a2 − εb2)1 = a2 − εb2. Hence NK/Qp

(a + b
√

ε) = a2 − εb2,
either if b is equal to zero or not.
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(3) Since |G(K/Qp)| = [K :Qp] = 2, there exists two Qp-automorphisms:

ι : a + b
√

ε �→ a + b
√

ε and σ : a + b
√

ε �→ a− b
√

ε,

and NK/Qp
(a + b

√
ε) = ι(a + b

√
ε)σ(a + b

√
ε) = a2 − εb2.

Theorem 5.2. Let K be a finite extension of Qp and n = [K : Qp]. Then the
function |.| : K → R+ defined by

|x| = n

√
|NK/Qp

(x)|p
is a non-Archimedean valuation on K that extends |.|p.

Since |.| is unique, |.|p can also be used to denote the extended p-adic valua-
tion. From algebra we know that for each finite extension K of Qp there exists
a finite normal extension of Qp which contains K. The smallest such normal
extension of Qp is called the normal closure of Qp over K. If K is not a normal
extension of Qp and we want to define a norm by using Qp-automorphisms,
then we consider the normal closure of Qp over K and use the third definition
of the norm.

Let K be a finite field extension of Qp and n = [K : Qp]. For x ∈ K set
y = NK/Qp

(x). Then we have by Theorem 5.2 that

|x|p = n

√
|y|p = n

√
p− ordp(y) = p− ordp(y)/n = p− ordp(x),

where ordp(x) = ordp(y)/n, that is, ordp(x) ∈ 1
nZ, because ordp(y) ∈ Z.

If a, b ∈ K then ordp(ab) = ordp(a) + ordp(b). This gives that ordp() is
a homomorphism from the multiplicative group K× to the additive group Q.
Then the image Im(ordp()) is an additive subgroup of Q, and Im(ordp()) ⊆
1
nZ. Let d/e be in Im(ordp()), where d and e are relatively prime, chosen so
that the denominator e is the largest possible. This choice can be done because
e has to be a divisor of n, and the set of possible divisors is bounded. Since d
and e is relatively prime, there must be a multiple of d which is congruent to 1
modulo e, that is, we can find r and s such that rd = 1 + se. But then

r
d

e
=

1 + se

e
=

1
e

+ s

is in Im(ordp()). Since s ∈ Z ⊂ 1
nZ, it follows that 1/e ∈ Im(ordp()). Since

e was chosen to be the largest possible denominator in Im(ordp()), it follows
that Im(ordp()) = 1

eZ. This unique positive integer e is called the ramification
index of K over Qp. The extension K over Qp is called unramified if e = 1,
ramified if e > 1 and totally ramified if e = n.

Example 5.3. Consider an extension of degree 2of Q3. Either such an extension
is totally ramified or unramified since the degree is a prime number. In Figure
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Figure 2.5. Tree structure of extensions of degree 2 of Q3.

2.5 we have illustrated the two possible cases. The number of nodes at integer
valuations are the same in the two trees, but in the totally ramified case there is
a structure between these levels.

Definition 5.4. We say that an element π ∈ K is a uniformizer if
vp(π) = 1/e.

We call the set
OK = {x ∈ K; |x| � 1}

the valuation ring of K. The set

PK = {x ∈ K; |x| < 1}
is its maximal ideal. Since OK is a local ring (this means that it has a unique
maximal ideal) all the elements of OK \ PK are units (invertible elements) of
OK . The quotient ringOK/PK is a field (because PK was maximal). We call
it the residue class field of K. The set of units in OK are denoted by O×

K and
it is equal to S1(0, K). The valuation group is

VK = {|x|p; x ∈ K \ {0}}.
We state a few facts about the extention K:

K is locally compact and complete.

Each x ∈ K can be written as x = uπvπ(x), where u ∈ O×
K and vπ(x) =

vp(x)/e.

The degree of K as a field extension of Fp (the residue class field of Qp is
isomorphic to Fp) is f = m/e. Hence K = Fpf .

The multiplicative group K× is cyclic and it has pf − 1 elements.
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Let C = {c0, c1, . . . , cpf−1} be a fixed complete set of representatives of
the cosets of PK inOK . Then every x ∈ K has a unique π-adic expansion
of the form

x =
∑
i�i0

= aiπ
i,

where i0 ∈ Z and ai ∈ C for every i � i0.

The algebraic closure of Qp

We now want to construct a field that contains all zeros of all polynomials
over Qp.

Definition 5.5. Let K be a field. If every polynomial in K[x] has a zero in K
then K is said to be algebraically closed. If K is a field extension of L and K
is algebraically closed then K is said to be an algebraic closure of L: K = L̄.

Let U be the union of all finite extentions of Qp. It can be proven that it is
an algebraic closure of Qp, that is U = Qp. If x ∈ Qp then x belongs to the
finite extension Qp(x). We can define |x| by using the unique extension of the
p-adic absolute value to Qp(x). It can be shown that the absolute value does
not depend on the field we take it in. Therefore, it makes sense to say that it is
the absolute value of x ∈ Qp. So, we have extended the p-adic absolute value
to Qp. The image of Qp \ {0} under the extended p-adic valuation is Q. In
other words, the possible positive absolute values are pr, where r ∈ Q.

The algebraic closure Qp of Qp is an infinite extension, this follows from the
fact that there exist irreducible polynomials of any degree over Qp. See [73] or
[187] for details.

Complex p-adic numbers
Unfortunately, Qp is not complete with the metric induced by the extended

p-adic absolute value. We complete Qp and obtain a new field Cp which is
algebraically closed. The latter fact is Krasner’s theorem. We are lucky that
in the p-adic case by completing the algebraic closure we again obtain an al-
gebraically closed field. In principle it might occur that the completion is not
algebraically closed. So the process “algebraic closure→ completion→ alge-
braic closure→ completion→ . . .” might have many (or even infinitely many)
steps. But by Krasner’s theorem this process has only one step.

We call Cp the complex p-adic numbers . We sum up some more facts about
Cp:

The possible positive absolute values of the elements of Cp is pr, where
r ∈ Q.

The field Cp is algebraically closed (Krasner’s theorem).
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The field Cp is not locally compact.

As we can see, there is a great difference between the real and the p-adic
case. The algebraic closure of R is C that is an extension of degree 2. The
field C is complete with respect to the ordinary absolute value. The algebraic
closure of Qp is an infinite extension of Qp that is not complete.

Krasner’s lemma
The following theorem give us some information about the internal structure

of an algebraically closed non-Archimedean field.

Theorem 5.6 (Krasner’s lemma). Let K be a complete non-Archimedean field
of characteristic zero. Let x and y be elements in the algebraic closure of K
and let x1, x2, . . . xn be the conjugates of x (different from x) over K. If

|x− y|p < |x− xi|p
for 1 � i � n then K(x) ⊆ K(y).

6. Analysis in complete non-Archimedean fields
Let K be a complete non-Archimedean field. For example K can be Qp,

a finite extension of Qp or Cp. The concepts of convergence, continuity and
derivative are defined in K in the same way as in R. A sequence (xn) in K
converges to x ∈ K if limn→∞ |xn − x| = 0.

Definition 6.1. Let O ⊆ K be an open set and let x ∈ O. A function f : O →
K is said to be continous at x if for every ε > 0 there exists δ > 0 such that,
for every y ∈ O, |f(y)− f(x)| < ε whenever |y − x| < δ.

Definition 6.2. Let O ⊆ K be an open set, let f : O → Qp be a function and
let x ∈ O. We say that f is differentiable at x if the limit

f ′(x) = lim
h→0

f(x + h)− f(x)
h

exists. If f ′(x) exists for every x ∈ O we say that f is differentiable in O and
we call x �→ f ′(x) the derivative of f .

Let us now state some remarkable results of the analysis in K. First we can
extend Theorem 3.4 to a general non-archimedean field:

Theorem 6.3. A sequence (xn) in K is Cauchy if and only if

lim
n→∞ |an+1 − an| = 0.

Theorem 6.4. If a sequence (xn) in K converges to a non-zero element x ∈ K
then we have |xn| = |x| for sufficiently large n.
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Theorem 6.5. Let (xn) be a sequence in K. The series
∑∞

n=0 xn converges if
and only if limn→∞ xn = 0.

Proof. Let sn =
∑n

j=0 xj . The sequence converge if and only if sn is a Cauchy
sequence, since K is complete. By Theorem 6.3 sn is a Cauchy sequence if
and only if

|sn+1 − sn| → ∞, n→∞.

Since |an| = |sn+1 − sn| we are done.

The following lemma is presented in [101].

Lemma 6.6. Let the natural number n be written in the canonical representa-
tion n = a0 + a1p + · · ·+ ampm. Let Sn =

∑m
k=0 ak. Then

ordp(n!) =
n− Sn

p− 1
.

Example 6.7. Let an = n, bn = n! and cn = pn. Since |an+1 − an|p = 1 it
follows that (an) is not a Cauchy sequence and hence it is not convergent. From
Lemma 6.6 it follows that the number of factors of p in n! is (n−Sn)/(p− 1),
where Sn = a0 + a1 + . . .+ aN if n = a0 + a1p+ . . . + aNpN . If k +1 is the
number of digits in n then Sn � (k + 1)(p− 1). We also have pk � n < pk+1

so k � logp n < k + 1. This implies that

lim
n→∞−

n− Sn

p− 1
� lim

n→∞
−n + (logp n + 1)(p− 1)

p− 1
= −∞,

hence |bn|p = |n!|p → 0 as n→∞. That cn → 0 when n→∞ is clear since
|pn|=p−n.

Example 6.8. Since n! → 0 and pn → 0 as n → ∞ it is clear that
∑∞

n=0 n!
and
∑∞

n=0 pn converge.

Example 6.9. In Qp a differentiable function may have zero derivative every-
where but still not beeing locally constant. The function f : Qp → Qp is
defined by

f(x) =

⎧⎪⎨⎪⎩
1, |x|p � 1,

p2n, 1/pn � |x|p < 1/pn−1,

0, x = 0.

Then f is not locally constant around x = 0, but still f ′(0) = 0. In fact

lim
h→0

f(0 + h)− f(0)
h

= lim
h→0

f(h)
h
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and if 1/pn � |h|p < 1/pn−1 then

f(h)
h

� 1/p2n

1/pn
=

1
pn
→ 0

as n→∞ (h→ 0).

Example 6.10. (This example is taken from [26].) There exists a function
g : Zp → Zp such that g′ = 0 and g is injective. Let x ∈ Zp. Then x =∑∞

j=0 ajp
j , where aj ∈ {0, 1, . . . , p− 1} for all j � 0. We define

g(x) =
∞∑
j=0

ajp
2j .

First we prove that g is injective. Let x =
∑∞

j=0 ajp
j ∈ Zp, y =

∑∞
j=0 bjp

j and
assume that x �= y. Then we can find an integer n � 0 such that |x−y|p = p−n,
an �= bn but aj = bj for 0 � j � n− 1. If g(x) = g(y) then

0 = |g(x)− g(y)| = p−2n.

This is impossible. Hence x = y and g is injective.
Let us now prove that g′ = 0. Let x and y be as above. We can find h ∈ Zp

such that y = x + h. We have

|g(x)− g(x + h)|p = p−2n = |x− (x + h)|2p = |h|2p
and

lim
h→0

|g(x)− g(x + h)|p
|h|p = lim

h→0
|h|p = 0.

We have proved that g′(x) = 0 for all x ∈ Zp.

7. Analytic functions
Let K be a complete non-Archimedean field and let (an) be a sequence in K.

We say that f(x) =
∑

anxn is a formal power series. It defines a continuous
function on the open ball of radius ρ = 1/ lim sup(|an|)1/n. The function can
be extended to the closed ball of radius ρ if |an|ρn → 0. As in the classical case
we call ρ the radius of convergens. In contrary to what happens in the classical
case the power series converges for all or none of the points of the sphere of
radius ρ.

Theorem 7.1. Functions defined by power series are differentiable.

As in the complex case, functions defined by powerseries are called analytic
functions.
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Theorem 7.2 (Maximum principle). Let K = Cp and f : Br(a)→ Cp be an
analytic function having the power series expansion

f(x) =
∑

bn(x− a)n.

Then
sup
Br(a)

|f(x)|p = sup
Sr(a)

|f(x)|p = max
n
|bn|prn.

The proof can be found in [187] and in [190]. It is based on the fact that Cp

is not locally compact. The maximum principle is not true for locally compact
spaces such as Qp and its finite extensions.

Example 7.3. What about the radius of convergens of the exponential function?
Let

e(x) =
∞∑
j=0

xj

j!
,

and let x ∈ Cp. Then e(x) converges if and only if |x|p < p−1/(p−1). If
x ∈ Qp, p �= 2 then e(x) converges if and only if |x|p � 1/p. If x ∈ Q2 then
e(x) converges if and only if |x|2 � 1/4.

8. Hensel’s lemma
Let K be a finite extension of Qp, OK = {x; |x|p � 1} and let π be a

uniformizer. Let α, β ∈ OK . We say that α ≡ β (modπγ) if α and β belongs
to the same coset in OK/πγOK or that |α− β|p � |π|γp .

Theorem 8.1. Let F (x) be a polynomial over OK . Assume that there exists
α0 ∈ OK and γ ∈ N such that

F (α0) ≡ 0 (mod π2γ+1)
F ′(α0) ≡ 0 (mod πγ)

F ′(α0) �≡ 0 (mod πγ+1).

Then there exists α ∈ OK such that F (α) = 0 and α ≡ α0 (modπγ+1).

Proof. Assume that we have constructed a sequence (αn) ∈ OK such that

F (αn) ≡ 0 (modπ2γ+1+n), n � 0, (2.9)

αn ≡ αn−1 (modπγ+n), n � 1. (2.10)

In the first part of this proof we will show that under this assumption the theorem
is true.

It is easy to see that (αn) is a Cauchy sequence in K. In fact

|αn − αn−1|p � |π|γ+n
p → 0,
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when n→∞ since |π|p < 1.
Let α be the limit of (αn). This limit exists, since K is a complete field (it is

a finite dimensional vectorspace over a complete field). It is clear that α ∈ OK .
Let us prove that F (α) = 0. For every n ∈ N we have

|F (α)− 0|p � max(|F (αn)|p, |F (αn)− F (α)|p).
By (2.9), |F (αn)|p → 0, when n→∞, and by the continuity of F , |F (αn)−
F (α)|p → 0. Hence |F (α)|p = 0 and therefore F (α) = 0.

We have to show that α ≡ α0 (modπγ+1). Since (αn) converges we can
find a natural number n such that |α− αn|p � |π|γ+1

p . For such n we have

|αn − α0|p � max(|α0 − α1|p, . . . , |αn−1 − αn|p) � |π|γ+1
p

and
|α0 − α|p � max(|α0 − αn|p, |αn − α|p) � |π|γ+1

p .

In other words α ≡ α0 (modπγ+1).
We have left to construct the sequence (αn). Let

αn = αn−1 − F (αn−1)
F ′(αn−1)

for n � 1. We will prove by induction that (αn) satisfies (2.9) and (2.10). For
n = 0 the congruence (2.9) holds by the assumptions. Let us now assume that
(2.9) and (2.10) hold for a fixed n. We will now prove that they hold for n + 1.

By the hypotesis we have αn ≡ α0 (modπγ+1) and therefore αn = α0 +
βnπγ+1 for some βn ∈ OK . Since F ′(α0) ≡ 0 (mod πγ) and F ′(α0) �≡
0 (mod πγ+1), we have F ′(α0) = β0π

γ , where |β0| = 1, or β0 ∈ O×
K .

By formal differentiation we obtain

F ′(αn) = F ′(α0) + βπγ+1 = (β0 + πβ)πγ

and therefore we can write F ′(αn) = δnπγ for some δn such that |δn|p = 1.
By the induction hypotesis we have F (αn) = εnπ2γ+1+n for some εn such that
|εn|p � 1. Therefore

αn+1 = αn +
εn
δn

πγ+1+n,

and hence αn+1 ∈ OK and αn+1 ≡ αn (modπγ+1+n). We have to prove that
F (αn+1) ≡ 0 (mod π2γ+2+n). A formal Taylor series expansion of F at αn is

F (x) = F (αn) + F ′(αn)(x− αn) + G(x)(x− α2
n),

where G(x) is polynomial over OK . Hence

F (αn+1) =
(

F (αn)
F ′(αn)

)2

G(αn+1) =
(

εn
δn

πγ+1+n

)2

G(αn+1)
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and therefore
F (αn+1) ≡ 0 (modπ2γ+2+n).

Thus, we have constructed the sequence and the proof is finished.

In particular, for γ = 0 we have:

Corollary 8.2 (Hensel’s lemma). Let F ∈ OK [x] and suppose that there exits
α0 ∈ OK such that F (α0) ≡ 0 (mod π) and F ′(α0) �≡ 0 (mod π). Then there
exists α ∈ OK such that F (α) = 0 and α ≡ α0 (modπ).

We have a more general form of Hensel’s lemma.

Theorem 8.3 (General form of Hensel’s lemma). Let K be a complete non-
Archimedean field and let OK = {x ∈ K; |x|p � 1}. Let f be a polynomial
with coefficients in OK . If x ∈ OK and

|f(x)|p < |f ′(x)|2p
then there exists a root y ∈ OK of f such that

|y − x|p = |f(x)/f ′(x)|p < |f ′(x)|p.
Moreover, this is the only root of f in the open ball of center x and radius
|f ′(x)|p.

A proof of this theorem can be found in [187].

9. Roots of unity
Let K be a finite extension of Qp and let K be the residue class field. The

multiplicative group K× is cyclic and has pf −1 elements. Since a cyclic group
has a cyclic subgroup of order d for each divisor d of pf−1, for every d | pf−1
there exists x ∈ K that generates the subgroup of d elements and we also have
xd = 1. We say that x is a primitive root of unity. It generates a group of
d roots to the polynomial xd − 1 in K. Let us denote the d roots x1, . . . , xd.
Take now d elements y1, . . . yd of O×

K such that yj ∈ xj . Then there are d
approximate roots of F (x) = xd − 1 = 0 in O×

K because F (yj) ≡ 0 (modπ)
and F ′(yj) �≡ 0 (mod π).

Of course, the d different yj are located in d different cosets of PK . Hence
they are noncongruent modulo π. By Hensel’s lemma, for each d | pf − 1, the
equation xd − 1 = 0 has d solutions in K.

Proposition 9.1. O×
K contains the (pf − 1)-roots of unity.

Proposition 9.2. Let n be an integer that is relatively prime to pf − 1. Let
xn = 1. Then x ≡ 1 (mod π) or in other words x ∈ B−

1 (1).
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Proof. It is clear that x belongs to an element of K× (since |x|p = 1). Since
m is realtively prime to the order of the group K×, the only possibility is that
x ∈ 1 in K×. [There are no groups of order m in K× since the order of the
subgroup must divide the order of the group (Lagrange’s theorem).]

Lemma 9.3. Ifx ≡ 1 (mod π) thenxp ≡ 1 (modπ2)andxpr ≡ 1 (mod πr−1).

Proof. We first prove that xp ≡ 1 (modπ2). There exists y ∈ PK such that
x = 1 + y. We then have

xp = (1 + y)p = 1 + py + y2
p∑

j=2

(
p

j

)
yj−2.

Since p ∈ PK we have that x ≡ 1 (modπ2). We will now prove that xpr ≡
1 (mod πr−1) by induction over r. If we assume that xpr−1 ≡ 1 (modπr−2)
then there is y ∈ πr−1OK such that xpr−1

= 1 + y. Then

xpr
= (1 + y)p = 1 + py + y2

p∑
j=2

(
p

j

)
yj−2

and hence xpr ≡ 1 (mod πr−1).

Proposition 9.4. If x ∈ B−
1 (1) such that xn = 1 then n is divisible by a power

of p and x is a root of unity for that power of p.

Proof. Assume that p � n, then there exits r such that pr ≡ 1 (modn). Since
x ≡ 1 (mod π) it follows from the lemma that

x = xpr ≡ 1 (modπr−1).

If we replace r by a multiple of r then we see that x is congruent to 1 for an
arbitrary large power of π. We can draw the conclusion that x = 1. If n = n′pη,
for some η ∈ N and p � n′, then xn = (xpη

)n
′
= 1. It also follows that xpη

= 1.
Hence, x is a root of unity for some power of p.

Theorem 9.5. Let ζ be a ptth root of unity in K. Then |ζ − 1|p = |p|1/ϕ(pt)
p ,

where ϕ(pt) = pt−1(p− 1) (Euler’s ϕ-function).

See [187] for a proof.

Corollary 9.6. Let e be the ramification index of K. Then the number of roots
of unity having order a power of p is less than or equal to e/(1− 1/p).

Theorem 9.7. Let n ∈ N, n � 2 and p � n. Then the equation xn − 1 = 0 has
(n, pf − 1) different solotions in O×

K .

Proof. For such n,O×
K contains only roots of xn−1 = 0, that is (pf −1)-roots

of unity. Hence the equation has (n, pf − 1) different solutions.
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10. Some facts from number theory
To be able to derive a formula for the number of cycles of some dynamical

systems, we need to use some tools of number theory.

Möbius inversion
Let us begin with the definition of the Möbius function.

Definition 10.1. Let n ∈ Z+. Then we can write n = pe11 pe22 · · · per
r , where

pj , 1 � j � r, are prime numbers and r is the number of different primes.
The function μ on Z+ defined by μ(1) = 1, μ(n) = 0 if any ej > 1 and
μ(n) = (−1)r, if e1 = . . . = er = 1 is called the Möbius function.

The Möbius function has the following property, see for example [84] or [10],

∑
d|n

μ(d) =

{
1, if n = 1,

0, if n > 1,

where d is a positiv divisor of n. This property is used for proving the following
classical result

Möbius inversion formula. Let f and g be functions defined for each n ∈ Z+.
Then,

f(n) =
∑
d|n

g(d) (2.11)

if and only if
g(n) =

∑
d|n

μ(d)f(n/d). (2.12)

We recall the definition of Euler’s ϕ-function and Euler’s Theorem.

Definition 10.2. Let n be a positive integer. Henceforth, we will denote by
ϕ(n) the number of natural numbers less than n which are relatively prime to
n. The function ϕ is called Euler’s ϕ-function.

An equivalent definition of ϕ is that ϕ(n) is the number of elements in Z/nZ
that are units. If p is a prime number then ϕ(pl) = pl−1(p− 1).

Theorem 10.3 (Euler’s theorem). If a is an integer relatively prime to b then
aϕ(b) ≡ 1 (mod b).

For later use we also recall that

ϕ(n) =
∑
d|n

μ(d)
n

d
. (2.13)
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Theorem 10.4. Let a, b and m be integers with m positive. If gcd(a, m) | b
then the congruence

ax ≡ b (modm)

has exactly gcd(a, m) solutions.

Definition 10.5. Let p be an odd prime and let a be an integer. Suppose p � a.
If the congruence

x2 ≡ a (mod p) (2.14)

is solvable then a is called a quadratic residue modulo p, and if it has no solution,
then a is called a quadratic nonresidue modulo p.

Definition 10.6. Let p be an odd prime and a an integer. Then define the
function (·/p) : Z→ Z as

(a/p) =

⎧⎪⎨⎪⎩
1, if p � a and a is quadratic residue modulo p,

0, if p | a,

−1, if p � a and a is quadratic nonresidue modulo p.

This function is called the Legendre symbol.

Theorem 10.7 (Lagrange). If f is a polynomial of one-variable of degree n
defined over Fp then it cannot have more than n roots, unless it is identically
zero.

Lagrange theorem gives that the congruence (2.14) has exactly two solutions
if (a/p) = 1. If (a/p) = 0, then the congruence (2.14) has the unique solutions
x = 0. Hence, the congruence (2.14) has (a/p) + 1 solutions.

Theorem 10.8. The Legendre symbol has the following properties:

(i) (ab/p) = (a/p)(b/p),

(ii) if a ≡ b (mod p) then (a/p) = (b/p),

(iii) (a2/p) = 1 and specially (1/p) = 1,

(iv) (−1/p) = (−1)(p−1)/2,

(v) if gcd(a, p) = 1 then (a/p) = 1 if and only if a(p−1)/2 ≡ 1 (mod p),
(Euler’s criterion).

Corollary 10.9. Let p be an odd prime, Then

(i) (p− 1/p) = 1 if and only if p ≡ 1 (mod 4).

(ii) (p− 1/p) = −1 if and only if p ≡ 3 (mod 4).
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Proof. Because, p − 1 ≡ −1 (mod p), Theorem 10.8 gives that (p − 1/p) =
(−1/p) = (−1)(p−1)/2. We prove (i). Suppose that (−1)(p−1)/2 = 1, that is,
(p− 1)/2 = 2k for some integer k. This is equivalent with p = 4k + 1, and (i)
is proved. The proof of (ii) is done with same method.

Theorem 10.10. Let p be a prime. The Diophatine equation

x2 + y2 = p

is solvable in integers x and y if and only if p = 2 or p ≡ 1 (mod 4).

Primes in arithmetical progression
Let x ∈ R, x > 0 and let π(x) denote the number of primes not exceeding x.

Since there are infinitely many primes, π(x) → ∞, when x → ∞. Legendre
and Gauss conjectured at the end of the 18th century that

lim
x→∞

π(x) log(x)
x

= 1. (2.15)

or in other words, π(x) is asymptotic to x/ log x. This conjecture was proved in
1896 by Hadamard and de La Vallée Poussin [83, 49] and is known as the prime
number theorem. They used the theory of analytic functions and properties of
the Riemann zeta function

ζ(s) =
∞∑
n=1

1
ns

.

An elementary proof was presented in 1949 by Erdös and Selberg
Let πa,k(x) be the number of primes not exceeding x in the arithmetic pro-

gression nk + a, n = 0, 1, 2 . . .. Dirichet proved that πa,k(x) → ∞ when
x → ∞ if and only if (a, k) = 1. This is known as Dirichlet’s theorem. We
also have a prime number theorem for arithmetic progressions:

lim
x→∞

πa,k(x)ϕ(k)
π(x)

= 1 (2.16)

if (a, k) = 1. A proof can be found in [146].



Chapter 3

P -ADIC DYNAMICAL SYSTEMS

This chapter is devoted to discrete p-adic dynamical systems, namely itera-
tion

xn+1 = f(xn) (3.1)

of functions f : K → K on a complete non-archimedean field K. Mostly, we
will let K be Qp, a finite extension of Qp, or Cp. Below, we will sometimes
write “the dynamical system f(x)” when referring to the dynamical system that
is described by iterations of f .

1. Periodic points and their character
For a given point x0 the set of points {f [m](x0); m ∈ N} is called the

trajectory or orbit through x0. Some orbits of a dynamical system are of
particular interest:

Definition 1.1. A point x0 ∈ X is said to be a periodic point if there exists
r ∈ N such that f [r](x0) = x0. The least r with this property is called the
period of x0. If x0 has period r, it is called an r-periodic point. A 1-periodic
point is called a fixed point. The orbit of an r-periodic point x0 is

{x0, x1, . . . , xr−1},
where xj = f [j](x0), 0 � j � r − 1. This orbit is called an r-cycle.

An r-cycle consists of r different r-periodic points. See Figure 3.1. Each
element of the cycle has the cycle as its orbit. As a simple consequence we
have that the number of r-periodic point of a discrete dynamical system is
always divisible by r.

To study the long-time behaviour of a dynamical system,we have to introduce
a metric on X . Let K be a complete non-Archimedean field. We consider the
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x0

x1

x2

x3

x4

f

f

f

f

f

Figure 3.1. A 5-cycle contains five different 5-periodic points.

dynamical system:
f : B → K, x �→ f(x), (3.2)

where B = BR(a), for some R ∈ R+ and some a ∈ K, or B = K and
f : B → B is an analytic function.

Definition 1.2. Let x0 be a r-periodic point and let g(x) = f [r](x). If there
exists a ball B−

ρ (x0) such that for every x ∈ B−
ρ (x0) we have

lim
s→∞ g[s](x) = x0

then we say that x0 is an attractor. The set

A(x0) = {x ∈ X; lim
s→∞ g[s](x) = x0}

is called the basin of attraction of x0.

Definition 1.3. Let x0 be an r-periodic point. If there exists a ball B−
ρ (x0)

such that |x− x0| < |g(x)− x0| for every x ∈ B−
ρ (x0), x �= x0 then x0 is said

to be a repeller.

Definition 1.4. See [101]. Let x0 be a r-periodic point. If there exists an open
ball B−

ρ (x0) such that for every ρ′ < ρ the spheres Sρ′(x0) are invariant under
the map g = f [r] then B−

ρ (x0) is said to be a Siegel disk and x0 is said to be a
center of a Siegel disk. The union of all Siegel disks with center x0 is the Siegel
disk of maximal radius of x0. It is denoted by SI(x0).
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Definition 1.5. An r-periodic point x0 is said to be attractive if |g′(x0)| < 1,
indifferent if |g′(x0)| = 1 and repelling if |g′(x0)| > 1.

The following lemma and theorem and their proofs are taken from [101].

Lemma 1.6. Let f : B → K be an analytic function and let a ∈ B and
f ′(a) �= 0. Then there exists r > 0 such that

s = max
2�n<∞

∣∣∣∣ 1n!
dnf

dxn
(a)
∣∣∣∣
K

rn−1 < |f ′(a)|K . (3.3)

If r > 0 satisfies this inequality and Br(a) ⊂ B then

|f(x)− f(y)|K = |f ′(a)|K |x− y|K (3.4)

for all x, y ∈ Br(a).

Proof. We consider the case B = BR(a). We have: f(x)− f(y) = [f ′(a) +
T (x, y, a)](x− y) with

T (x, y, a) =
∞∑
n=2

1
n!

dnf

dxn
(a)[(x−a)n−1+(y−a)(x−a)n−2+· · ·+(y−a)n−1].

(3.5)
Denote the expression in the square brackets byUn(x, y, a).Letx, y ∈ Br(a), r �
R. By the strong triangle inequality we obtain: |Un(x, y, a)|K � rn−1. Set

σ(ρ) = max
2�n<∞

∣∣∣∣ 1n!
dnf

dxn
(a)
∣∣∣∣
K

ρn−2, ρ > 0.

By the analyticity of f on BR(a) we have σ(R) � ‖f‖R/R2 <∞. As σ(r) �
σ(R) for any r � R, we obtain:

sup
x,y∈Br(a)

|T (x, y, a)|K � rσ(R)→ 0, r → 0. (3.6)

Hence, if f ′(a) �= 0 then there exists r > 0 satisfying (3.3). We obtain (3.4)
for such an r.

Theorem 1.7. Let a be a fixed point of the analytic function f : B → K. Then:

(i) If a is an attracting point of f then it is an attractor of the dynamical system
(3.2). If r > 0 satisfies the inequality

q = max
1�n<∞

∣∣∣∣ 1n!
dnf

dxn
(a)
∣∣∣∣
K

rn−1 < 1, (3.7)

and Br(a) ⊂ B then Br(a) ⊂ A(a).
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(ii) If a is an indifferent point of f then it is the center of a Siegel disk. If r > 0
satisfies the inequality (3.3) and Br(a) ⊂ B then Br(a) ⊂ SI(a).

(iii) If a is a repelling point of f then a is a repeller of the dynamical system
(3.2).

Proof. If f ′(a) �= 0 and r > 0 satisfies (3.3) (with Br(a) ⊂ B), then it suffices
to use the previous lemma.

If a is an arbitrary attracting point then again by (3.6) there exists r > 0
satisfying (3.7). Thus we have |f(x) − f(y)|K < q|x − y|K , q < 1, for all
x, y ∈ Br(a). Consequently a is an attractor of (2.1) and Br(a) ⊂ A(a).

For stronger results on the basin of attraction and the maximal Siegel disk,
see [123].

The following lemma follows directly from the chain rule:

Lemma 1.8. Let x0 be an r-periodic point and let g(x) = f [r](x). Then

dg

dx
(x0) =

r∏
j=0

f ′(xj), (3.8)

where xj = f [j](x0).

Theorem 1.9. If one r-periodic point of an r-cycle is an attractor (repeller,
center of a Siegel disc) then all the r-periodic points of that cycle are attractors
(repellers, centers of Siegel discs).

Proof. It is easy to see that all (dg)/(dx)(xj) for 0 � j � r − 1 are equal. It
is just a matter of reordering the factors in the product of (3.8). From Theorem
1.7 it follows that they all have the same character.

In view of this theorem, it makes sense to speak about the basin of attraction of
a cycle.

Definition 1.10. Let γ be an r-cycle {x0, x1, . . . , xr−1}. The basin of attraction
of γ is defined as A(γ) =

⋃
x∈γ A(x), where A(x) is the basin of attraction of

x.

2. Monomial dynamical systems
By a monomial dynamical system in Qp we mean a discrete dynamical system

that is described by iterations of

f(x) = xn, n ∈ N, n � 2. (3.9)

In this section we will only consider dynamical systems of this type. This
systems have been studied in [101], [124], [168], [169] and in [126]. In this
section we will render and combine the results from these publications.
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Monomial systems in Cp and in finite extensions of Qp

We shall consider some results for the dynamical system p(x) = xn, n =
2, 3, . . .,in Cp. Recall that Cp is the completion of the algebraic closure of
Qp. To find the fixed points we have to solve the equation p(x) = x. It is
easy to see that 0 is a fixed point to p(x) and A(0, Cp) = B−

1 (0, Cp). Further,
A(∞, Cp) = Cp\B1(0, Cp). So the other fixed points are elements in S1(0, Cp)
and are roots of unity.

We denote by Γ(n) the set of all nth roots of unity in Cp and define the
following subsets in Cp,

Γn =
∞⋃
j=1

Γ(nj) and Γu =
⋃

(n,p)=1

Γn.

Each Γ(n) contains a primitive nth root of unity, since each Γ(n) is a cyclic
group under multiplication. The set Γn contains therefore an infinite number
of primitive roots of unity which are not elements of Qp. So Qp(Γn) must be
an infinite field extension of Qp. If E is a finite field extension of Qp then
Γn \ E �= ∅.
Lemma 2.1. If x, y ∈ Γu, x �= y, then |x− y|p = 1.

Proof. Let ξ ∈ Γu ∩B−
1 (1, Cp) be a nth root of unity, gcd(n, p) = 1. Then it

exists an element γ ∈ B−
1 (0, Cp) such that ξ = 1 + γ. Hence, from 1 = ξn =

(1 + γ)n = 1 +
(
n
1

)
γ +
(
n
2

)
γ2 + · · ·+ (nn)γn it follows that

|γ|p|
(
n
1

)
+
(
n
2

)
γ + · · ·+ (nn)γn−1|p = 0.

But |(n1)|p = 1 and |(n2)γ + · · ·+ (nn)γn−1|p < 1, so by the isosceles triangle
principle |(n1) +

(
n
2

)
γ + · · · + (nn)γn−1|p = 1. Thus, γ = 0, that is, ξ = 1

and therefore is Γu ∩ B−
1 (1, Cp) = {1}. This proves that if x ∈ Γu, x �= 1,

then |1 − x|p = 1, because |1 − x|p � max{|1|p, |x|p} = 1. Let x, y ∈ Γu,
x �= y. Then there exist positive integers m and n such that xm = 1, yn = 1,
gcd(m, p) = 1 and gcd(n, p) = 1. Since gcd(mn, p) = 1 we have that
y/x ∈ Γu and therefore |x− y|p = |x|p · |1− y/x|p = 1.

It is clear that B−
1 (1, Cp) ⊂ S1(0, Cp). Lemma 2.1 says that if x, y ∈ Γu

then the open balls B−
1 (x, Cp) and B−

1 (y, Cp) are disjoint. It can be shown
(see Schikhof [190], Lemma 33.2, p. 103) that each cosets of B−

1 (0, Cp) in
S1(0, Cp) contains exactly one element of Γu.

Let E be a finite field extension of Qp and ξ ∈ Γu. To prove that B−
1 (ξ, Cp)∩

E = ∅, we use the Teichmüller character, which is defined as

ωp : S1(0, Cp)→ Γu where ωp(x) = lim
n→∞xpn!

.
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The Teichmüller character ωp maps an element x ∈ S1(0, Cp) into the unique
element ξ ∈ Γu for which |ξ−x|p < 1 (see Schikhof [190], pp. 103–104). Let
x ∈ S1(0, Cp). Then, the sequence x, xp, xp2! , xp3! , . . . is a Cauchy sequence.

Lemma 2.2. Let E be finite field extension of Qp and ξ ∈ Γu \ E. Then

B−
1 (ξ, Cp) ∩ E = ∅.

Proof. Suppose B−
1 (ξ, Cp)∩E �= ∅ and let x ∈ B−

1 (ξ, Cp)∩E. Since E is a
field we have that xpn! ∈ E for all positive integers n and therefore ωp(x) ∈ E,
since E is complete. But ωp(x) = ξ, so we have a contradiction.

There are two main catagories of the dynamical systems x �→ xn in Cp;
p | n and p � n. First, let us consider the case when p � n. In [101] we find the
following theorem.

Theorem 2.3. Suppose that p � n. Then, the dynamical system p(x) = xn has
n− 1 fixed points ξj,n−1, j = 1, 2, . . . , n− 1, on the sphere S1(0, Cp) and all
these points are centers of Siegel disks. Moreover, SI(ξj,n−1) = B−

1 (ξj,n−1).
If n − 1 = pl for some positive integer l then SI(ξj,n−1) = SI(1, Cp) for all
j, 1 � j � n − 1. If instead p � n − 1 then ξj,n−1 ∈ S1(1) and SI(ξj,n−1) ∩
SI(ξi,n−1) = ∅ if j �= i.

Let us now consider the case when p | n. The next two theorems are proved
in [101].

Theorem 2.4. The dynamical system p(x) = xn has n− 1 fixed points ξj,n−1,
j = 1, 2, . . . , n− 1, on the sphere S1(0, Cp). These points are attractors and
B−

1 (ξj,n−1, Cp) ⊂ A(ξj,n−1, Cp). For any k = 2, 3, . . ., all k-cycles are also
attractors and open unit balls are contained in basins of attraction.

Theorem 2.5. For the dynamical systemp(x) = xn, wheren = mpk, gcd(m, p) =
1 and k � 1, the basin of attraction of 1 is

A(1, Cp) =
⋃
ξ

B−
1 (ξ, Cp), ξ ∈ Γm.

The open balls B−
1 (ξ, Cp) has empty intersection for different points ξ.

Corollary 2.6. Let E be a finite field extension of Qp and e the ramification
index of E over Qp. For the dynamical system p(x) = xn, where n = mpk,
gcd(m, p) = 1 and k � 1, the basin of attraction of 1 is

A(1, E) =
⋃

Bp−1/e(ξ, E), ξ ∈ Γm ∩E.

Proof. It is a direct consequence of Lemma 2.2 and Theorem 2.5.
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From now on, let E be a finite field extension of Qp and e the ramification
index of E over Qp. The image of ordp() is the set{

0,±1
e
,±2

e
, . . . ,±e− 1

e
,±1,±e + 1

e
, . . .

}
.

Let x ∈ S1(0, E) and γ ∈ Bp−1/e(0, E). Lemma 6.6 implies that

ordp(k!) � k − 1 (3.10)

with strict inequality for p > 2. Thus∣∣∣∣ 1k!

∣∣∣∣
p

= pordp(k!) � pk−1.

Since |γ|p � p−1/e, it follows that∣∣∣∣γk−1

k!

∣∣∣∣
p

� p−(k−1)/epk−1 = p(k−1)(e−1)/e.

Then for 1 � k � n∣∣(n
k

)∣∣
p
|γ|kp = |n(n− 1) · · · (n− k + 1)|p|γ|p

∣∣∣∣γk−1

k!

∣∣∣∣
p

� p(k−1)(e−1)/e|n(n− 1) · · · (n− k + 1)|p|γ|p
� p(k−1)(e−1)/e|n|p|γ|p.

Especially, if e = 1, p = 2 and n is an odd integer then we have that∣∣(n
k

)∣∣
2
|γ|2 < |n|2|γ|p, since |n|2 = 1 and |n− 1|2 < 1. Finally,

|(x + γ)n − xn|p =

∣∣∣∣∣
n∑

k=1

(n
k

)
xn−kγk

∣∣∣∣∣
p

� max
1�k�n

{∣∣(n
k

)∣∣
p
|γ|kp
}

� p(n−1)(e−1)/e|n|p|γ|p.

If e = 1, that is, E is an unramified field extension of Qp, and if p > 2 or if
p = 2 when n is an odd integer then we have equality, by the isosceles triangle
principle and (3.10). If e > 1 then we have strict inequality for all p. But this
is not a good estimate of (x + γ)n − xn when E is a ramified field extension
of Qp.

Lemma 2.7. Let x ∈ S1(0, E) and γ ∈ E. Then

|(x + γ)n − xn|p � |γ|p max{|n|p, |γ|p}. (3.11)
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If E is a unramified field extension of Qp and γ ∈ Bp−1/e(0, E) then

|(x + γ)n − xn|p � |n|p|γ|p,

with equality for p > 2 or for p = 2 when n is an odd integer.

Proof. It remains to show the inequality (3.11). We have that

|(x + γ)n − xn|p =
∣∣(n

1

)
xn−1γ +

(
n
2

)
xn−2γ2 + · · ·+ (nn)γn

∣∣
p

= |γ|p
∣∣(n

1

)
xn−1 + γ

[(
n
2

)
xn−2 + · · ·+ (nn)γn−2

]∣∣
p
.

Moreover,
∣∣(n

1

)
xn−1

∣∣
p

= |n|p, |γ|p
∣∣(n

2

)
xn−2 + · · ·+ (nn)γn−2

∣∣
p

� |γ|p and
by the strong triangle inequality is the inequality (3.11) proved.

Number of Cycles of x �→ xn in Qp.
In this section we will study the dynamical system (3.9) over Qp. From

the former section we know that 0 and∞ are attractive fixed points, A(0) =
B1(0, Qp) and A(∞) = Qp \B1(0, Qp). All other periodic points are located
on S1(0, Qp).

Fixed points of (3.9) on S1(0) are solutions of the equation xn−1 = 1, hence
they are (n− 1)th roots of unity. Periodic points, of period r, are solutions of
the equation

xnr−1 = 1 (3.12)

and are therefore (nr−1)th roots of unity. It follows directly from the definition
of the periodic points that the set of solutions of equation (3.12)not only contains
the periodic points of period r but also the periodic points with periods that
divides r.

We use (m, n) to denote the greatest common divisor of two positive integers
m and n. The following fact follows directly from the theorems of Section 9
in Chapter 2.

Theorem 2.8. The equation xl = 1 has (l, p− 1) solutions in Qp for p > 2. If
p = 2 then xl = 1 has two solutions (x = 1 and x = −1) if l is even and one
solution (x = 1) if l is odd.

Corollary 2.9. The only roots of unity in Qp are the (p− 1)th roots of unity.

We also mention some other facts about the roots of unity in Qp.

Lemma 2.10. If p � n and x and y are n:th roots of unity, x �= y, then
|x− y|p = 1.
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Proof. Since |x|p = |y|p = 1 it is clear that |x − y|p � 1. Assume that
|x− y|p < 1. Then there is z such that |z|p < 1 and x = y + z. We have

0 = |xn − yn|p = |(y + z)n − yn|p =

∣∣∣∣∣∣
n∑

j=1

(
n

j

)
yn−jzj

∣∣∣∣∣∣
p

= |z|p

∣∣∣∣∣∣nyn−1 + z
n∑

j=2

(
n

j

)
yn−jzj−2

∣∣∣∣∣∣
p

.

Because of the fact that |nyn−1|p = 1 and that |∑n
j=2

(
n
j

)
yn−jzj−2|p � 1, we

have that ∣∣∣∣∣∣nyn−1 + z
n∑

j=2

(
n

j

)
yn−jzj−2

∣∣∣∣∣∣
p

= 1

from Theorem 2.2. We must then have |z|p = 0 so z = 0. This implies that
x = y that is a contradiction. This gives us |x − y|p = 1 and the theorem is
proved.

Corollary 2.11. If p � n, x �= 1 and xn = 1 then |x−1|p = 1. Thus x ∈ S1(1).

Proof. Just set y = 1 in the theorem above.

Theorem 2.12. Let x and y be two nth roots of unity in Qp and let x �= y. If
p > 2 then |x− y|p = 1. If p = 2 then |x− y|2 = 1/2.

Proof. If p > 2 then any nth root of unity in Qp is a (p− 1)th root of unity, see
Corollary 2.9. Since p � p−1 it follows from Lemma 2.10 that |x−y|p = 1. If
p = 2 the only possibility that x �= y is that x = 1 and y = −1 (or vice versa).
Hence |1− (−1)|2 = |2|2 = 1/2.

Let N(n, r, p) denote the number of periodic points of period r of (3.9) on
S1(0) ⊆ Qp. We know that each r-cycle contains r r-periodic points. If we
denote by N (n, r, p) the number of r-cycles in S1(0) ⊆ Qp, then

N (n, r, p) = N(n, r, p)/r. (3.13)

In [101] we find the following theorem about the existence of r-cycles.

Theorem 2.13. Let p > 2 and let mj = (nj−1, p−1). The dynamical system
f(x) = xn has r-cycles (r � 2) in Qp if and only if mr does not divide any
mj , 1 � j � r − 1.

Proof. Let us assume that mr � mj for 1 � j � r − 1. Consider the equation

xnr−1 = 1. (3.14)
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According to Theorem 2.8 this equation has mr roots in Qp. Hence, all solutions
of (3.14) are solutions of

xmr = 1.

Let a1 = ξmr be a mrth primitive root of unity. The sequence

(a1, a
n
1 , an

2

1 , . . . , an
r−1

1 ) (3.15)

is a cycle which length divides r. We now prove that the length of the sequence
in (3.15) is actually r. Suppose that this is a cycle of length s, where s < r (and
s | r). We then have an

s

1 = a1 and an
s−1

1 = 1. The equation xns−1 = 1 has ms

roots in Qp and these roots satisfy xms = 1. Since a1 is a primitive mrth root
of unity we must have mr | ms, but this is a contradiction to our assumption.

Let us now assume that mr divides some mj , 1 � j � r − 1. We want to
prove that there are no cycles of lenght r. Suppose that there exists b ∈ S1(0)
such that bn

r−1 = 1. This equation has mr solutions in Qp, therefore bm
r

= 1.
The fact that mr divides mj implies that bmj = 1 and that bn

j−1 = 1, since
mj | bn

j−1. We can make the conclusion that there are no cycles of lenght
r.

We have the following relation between mj , N(n, j, p) and N (n, j, p)

mj =
∑
i|j

N(n, i, p) =
∑
i|j

iN (n, i, p). (3.16)

When considering the phenomena involving p-adic numbers, the case p = 2 is
often the odd man out. Let us consider this case.

Theorem 2.14. The dynamical system f(x) = xn over Q2 has no cycles of
order r � 2.

Proof. If n is even then it follows from Theorem 2.8 that (3.9) has only one
fixed point in Q2. It also follows that nr is even for all r � 2 and this implies
that f r(x) = xnr

only has one fixed point in Q2 which also is the fixed point
of f(x) = xn. Hence f has no periodic points of period r. The case when n is
odd is studied in a similar way.

We are now ready to derive a formula for the number of periodic points of
the monomial system (3.9). Observe that according to Theorem 2.8 we have
for p > 2 that (nr − 1, p− 1) gives the number of periodic points of period r
and periods that divides r. We have the following theorem.

Theorem 2.15. Assume that p > 2. Then the number of r-periodic points of
(3.9) in S1(0) is given by

N(n, r, p) =
∑
d|r

μ(d)(nr/d − 1, p− 1). (3.17)
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Proof. The theorem follows directly from Möbius inversion formula and(3.16).

The number of cycles of lenght r of (3.9) is given by

N (n, r, p) =
N(n, r, p)

r
=

1
r

∑
d|r

μ(d)(nr/d − 1, p− 1). (3.18)

Remark 2.16. If we assume that r � 2 then by Theorem 2.14, N(n, r, 2) = 0.
If p = 2 in (3.17) we get that N(n, r, 2) = 0. Hence, we can use formula (3.17)
also for p = 2 if r � 2.

Remark 2.17. Formula (3.18) implies the following result which may be inter-
esting in number theory: For every natural number n � 2 and prime number
p > 2 the number

∑
d|r μ(d)(nr/d − 1, p− 1) is divisible by r.

Total Number of Cycles
In this section we will determine the total number of cycles of a monomial

dynamical system in Qp for a fixed p. Let n � 2 be a natural number. Denote
by p∗(n) the number we obtain if we remove the factors dividing n from the
factorization of p − 1. That is, p∗(n) is the largest divisor of p − 1 which is
relatively prime to n.

Lemma 2.18. We have for each r ∈ N

(nr − 1, p− 1) = (nr − 1, p∗(n)). (3.19)

Proof. Since nr − 1 ≡ −1 (mod q) if q | n we can remove the prime factors
from p− 1 that divide n without changing the value of (nr − 1, p− 1).

Lemma 2.19. Let (q, n) = 1. Then there exists a least positive integer r̄ such
that nr̄ ≡ 1 (mod q) and if nr ≡ 1 (mod q) then r̄ | r.

Proof. Since (q, n) = 1 it follows from Theorem 10.3 that nϕ(q) ≡ 1 (mod q).
It is clear that there exists a least r̄ such that nr̄ ≡ 1 (mod q) and r̄ � ϕ(q).
There are numbers a and b, such that r = ar̄ + b, and b < r̄. If we assume that
nr ≡ 1 (mod q), we have the following relation

1 ≡ nr ≡ nar̄+b ≡ nb.

Since r̄ was the least positive integer such that nr̄ ≡ 1 (mod q) we have b = 0
and hence r̄ | r.

Lemma 2.20. There is a least integer r̂(n), such that

(nr̂(n) − 1, p∗(n)) = p∗(n).
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Proof. By Lemma 2.19 there is a least integer r̂(n)such thatnr̂(n)≡1 (mod p∗(n)).
Hence p∗(n) | nr̂(n) − 1 and the theorem is proved.

Theorem 2.21. Let p > 2 be a fixed prime number, let n � 2 be a natural
number. If R � r̂(n) then

R∑
r=1

N(n, r, p) = p∗(n). (3.20)

Proof. We first prove that N(n, r, p) = 0 if r > r̂(n). Since (nr̂(n)−1, p−1) =
p∗(n) and every mr = (nr − 1, p − 1) | p∗(n), r > r̂(n), by Theorem 2.13
N(n, r, p) = 0.

Next we want to prove that if r � r̂(n) then N(n, r, p) = 0. Let l1 be a
divisor of p∗(n). Let q be the least integer such that nq − 1 ≡ 0 (mod l1).
Since nr̂(n) ≡ 1 (mod p∗(n)) we have nr̂(n) ≡ 1 (mod l1). By Lemma 2.19
we obtain q | r̂(n).

The only possible values of (nr − 1, p − 1) are the divisors of p∗(n). In
the above paragraph we have shown that the least number q for which we have
(nq−1, p−1) = l1 and l1 | p∗(n), must be a divisor of r̂(n). Hence if r � r̂(n)
then N(n, r, p) = 0.

So far we have proved that

R∑
r=1

N(n, r, p) =
∑
r|r̂(n)

N(n, r, p).

it remains to prove that ∑
r|r̂(n)

N(n, r, p) = p∗(n).

From (3.16) we know that

(nr − 1, p∗(n)) =
∑
d|r

N(n, d, p)

By setting r = r̂(n) we finish the proof of the theorem.

Corollary 2.22. Let p > 2. The dynamical system (3.9) has p∗(n) periodic
points on S1(0) ⊆ Qp.

Theorem 2.23. Let p > 2. The total number, NTot(n, p), of cycles of (3.9) on
S1(0) ⊆ Qp is given by

NTot(n, p) =
∑
r|r̂
N (n, r, p) =

∑
r|r̂

1
r

∑
d|r

μ(d)(nr/d − 1, p− 1). (3.21)
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Proof. From the proof of Theorem 2.21 we know that there are only cycles of
lengths that divides r̂(n). The rest follows from (3.18).

Example 2.24. Let us consider the monomial system f(x) = x2 (n = 2). If
p = 137 then by Corollary 2.22 the dynamical system has p∗(2) = 17 periodic
points. By Theorem 2.23 it has KTot(2, 137) = 3 cycles. In fact, the monomial
system f(x) = x2 has one cycle of length 1 (one fixed point) and two cycles
of length 8.

If we consider the same system, for p = 1999, then the total number of
periodic points is p∗(2) = 999 and the total number of cycles is KTot(2, 1999) =
31. In fact, the system has one cycle of length 1, 2, 6 and 18 and also 27 cycles
of length 36.

Example 2.25. Let us now consider the dynamical system f(x) = x3. If
p = 137 then there are 136 periodic points and 13 cycles. In fact, there are two
fixed points, three cycles of length 2 and 8 cycles of length 16. If p = 1999 then
there are two fixed points and four cycles of length 18, so there are 74 periodic
points and six cycles.

Distribution of cycles
In this chapter we use probabilistic methods to study the behaviour of cycles

in Qp for p→∞. By calculating the average p→∞ we obtain some number
theoretical relations. The result presented in this section can also be obtained
by algebraic methods, see [126].

Possible Values of the Number of Cycles
Let n and r be given integers n, r � 2. Let s(n, r, p) = (nr− 1, p− 1). It is

clear that the values s(n, r, p) can attain are divisors of nr − 1. The number of
possible values of s(n, r, p) is, of course, less or equal to the number of positive
divisors of nr− 1. Henceforth we will denote by τ(m), the number of positive
divisors of m.

Lemma 2.26. If d | r then nr/d − 1 | nr − 1.

Proof. Let k = r/d, then we can write nr − 1 = ndk − 1. Since

(nk − 1)
d−1∑
j=0

nkj = nk
d−1∑
j=0

nkj −
d−1∑
j=0

nkj

=
d∑

j=1

nkj −
d−1∑
j=0

nkj = ndk − 1

we have nk − 1 | nr − 1. We have proved the lemma.
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s(3, 6, p) N (3, 6, p)

1 0
2 0
4 0
14 2
28 4
56 8
26 0
52 4
104 12
182 26
336 56
728 116

Table 3.1.

Theorem 2.27. For fixed n and r it is possible to express N (n, r, p) as a
function η of s(n, r, p). In fact,

N (n, r, p) = η(s(n, r, p)) =
1
r

∑
d|r

μ(d)(nr/d − 1, s(n, r, p)). (3.22)

Proof. Lemma 2.26 implies that

(nr/d − 1, p− 1) = (nr/d − 1, s(n, r, p))

and the theorem follows.

Of course, the number of possible values of N (n, r, p) for fixed n and r is
finite.

Example 2.28. Let n = 3 and r = 6. We have nr − 1 = 728 = 23 · 7 · 13.
Table 3.1 shows the possible values of s(3, 6, p) andN (3, 6, p). The divisors 7,
13 and 91 of 728 are not possible values of s(3, 6, p), because p− 1 is divisible
by 2 for every prime p > 2. s(3, 6, p) takes value 1 only for p = 2.

Example 2.29. Let n = 2 and r = 12. We then have nr − 1 = 4095 =
32 ·5 ·7 ·13. Table 3.2 shows the possible values of s(2, 12, p) andN (2, 12, p).
In this case all the divisors of nr − 1 are possible values of s(n, r, p).

Probability on the Set of Prime Numbers
In this section we will define an analogue of a probability measure on the set

of prime numbers. Let us first recall the definition of a Kolmogorov probability
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s(2, 12, p) N (2, 12, p)

1 0
3 0
5 0
7 0
9 0
13 1
15 0
21 0
35 2
39 3
45 2
63 0

s(2, 12, p) N (2, 12, p)

65 5
91 7
105 6
117 9
195 15
273 21
315 20
455 37
585 47
819 63
1365 111
4095 335

Table 3.2.

space, see for example [195]. A probability space is a triple (Ω,G,P) where Ω
is any set and G is a σ-algebra of subsets of Ω and P is a σ-additive measure
on G with values in [0, 1].

Let Ωprime denote the set of prime numbers and let PM be the set of the first
M prime numbers. It is natural to define the “probability” of a set A ∈ Ωprime

by

P(A) = lim
M→∞

|A ∩ PM |
M

. (3.23)

Let F be the family of subsets A ⊆ Ωprime such that the limit in (3.23) exists.
The problem is now that if A, B ∈ F it is not necessary that A∪B ∈ F . Hence
F is not an algebra of sets and definitly not a σ-algebra, see [174] and [105].
Instead we consider the generalized probability space (Ωprime,F ,P), see [105]
for the general theory.

The absence of the conventional probability measure induces some difficul-
ties. However, some “probabilistic features” are preserved, see the following
propositions which proofs can be found in [105].

Proposition 2.30. If A, B ∈ F and A ∩B = ∅ then A ∪B ∈ F and

P(A ∪B) = P(A) + P(B).

Proposition 2.31. Let A, B ∈ F . Then the following properties are equivalent:
1) A∪B ∈ F , 2) A∩B ∈ F , 3) A \B ∈ F , and 4) B \A ∈ F . We also have
the following relations

P(A ∪B) = P(A) + P(B)−P(A ∩B)
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and
P(A \B) = P(A)−P(A ∩B).

Another problem is to define an analogue of a random variable in the case
of generalized probability space. We will define it only in a special case,
see [105] for the general theory. We first recall that a random variable, see
for example [195], on a probability space (Ω,G,P) is a measurable function
ξ : (Ω,G)→ (R,B), where B is the Borel σ-algebra of R. Let ξ be a mapping
from Ωprime to a finite subset F ∈ N. If ξ−1({x}) ∈ F for every x ∈ F , we
will call ξ a random variable. If ξ is a random variable, then we define the
probability that ξ = x as P(ξ−1({x})). We define the expectation of ξ as

Eξ =
∑
x∈F

xP(ξ−1({x})), (3.24)

and the variance of ξ as

Vξ =
∑
x∈F

x2P(ξ−1({x}))− (Eξ)2. (3.25)

It is easy to show that

Eξ = lim
M→∞

1
M

∑
p∈PM

ξ(p) (3.26)

and

Vξ = lim
M→∞

1
M

∑
p∈PM

ξ(p)2 − (Eξ)2. (3.27)

Distribution of Cycles
For fixed n and r, we considerN (n, r, p) as a random variable (in the sense

of the previous section), ξ(p), on Ωprime. Let us also consider s(n, r, p), for
fixed n and r as a random variable, ζ(p), on Ωprime.

From Section 2.0 we know that ξ only takes a finite number, say γ, of values.
Let us denote them by ξj , where 1 � j � γ. In this section we will compute
the probability for ξ having the value ξj . Denote the number of prime numbers
in PM such that d | p− 1 by the symbol π(d, M).

Lemma 2.32. Let n and r be fixed numbers (n � 2 and r � 2). If A(t, M) is
the number of primes p ∈ PM such that (nr − 1, p− 1) = t then

A(t, M) =
∑

k|nr−1
t

μ(k)π(kt, M). (3.28)

Proof. Let m = nr − 1. It is easy to see that

π(t, M) =
∑
r|m

t

A(rt, M).
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Since
π(kt, M) =

∑
r|m

kt

A(rkt, M),

the right-hand side of (3.28) can be written∑
k|m

t

∑
r|m

kt

μ(k)A(rkt, M).

If k′ = rk then∑
k|m

t

μ(k)π(kt, M) =
∑
k′|m

t

A(k′t, M)
∑
k|k′

μ(k) = A(t, m)

by the properties of the Möbius function.

Theorem 2.33. Let sj , 1 � j � τ(nr−1) be a positive divisor of nr−1. Then
the probability, ω(sj), that ζ(p) = sj is given by

ω(sj) =
∑

k|nr−1
sj

μ(k)
1

ϕ(ksj)
.

Proof. Let A(sj , M) denote the number of prime numbers, p � pM such that
ζ(p) = sj . By Lemma 2.32

A(sj , M) =
∑

k|nr−1
sj

μ(k)π(sjk, M).

The probability that ζ(p) = sj is given by limit

lim
M→∞

A(sj , M)
M

=
∑

k|nr−1
sj

μ(k) lim
M→∞

π(sjk, M)
M

.

By the prime number theorem for primes in arithmetic progressions, see (2.16),

lim
M→∞

A(sj , M)
M

=
∑

k|nr−1
sj

μ(k)
1

ϕ(ksj)

and the theorem is proved.

Theorem 2.34. The probability of ξ(p) = ξi is given by

ν(ξi) =
∑
sj∈Si

ω(sj), (3.29)
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Figure 3.2. The probabilities of the possible values of ξ for n = 3 and r = 6. The probability
that ξ = 0 is 0.80.
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(a) The real part of ψ(t).
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(b) The imaginary part of ψ(t).

Figure 3.3. The characteristic function for ξ when n = 3 and r = 6.

where Si is the set of positive divisors x of nr − 1 such that η(x) = ξi.

Proof. The theorem follows directly from Theorem 2.33 and Theorem 2.27.

Example 2.35. Let n = 3 and r = 6 then the probabilities of the possible
values of ξ(p) is shown in Figure 3.2. In Figure 3.3 we see the graphs of the
characteristic function of ξ. In this case the characteristic function is given by

ψ(t) =
∑
j

ν(ξj) (cos(tξj) + i sin(tξj)) , (3.30)

where ν is given by (3.29). Since 2 is the least positive value of ξ in this case
ψ(t) has period π.
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Figure 3.4. The probabilities for the possible values of ξ for n = 2 and r = 12. The probability
that ξ = 0 is 0.85.
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Figure 3.5. The characteristic function for ξ when n = 2 and r = 12.

Example 2.36. Let n = 2 and r = 12. In Figure 3.4 we can see the probabilities
of the possible values of ξ, and in Figure 3.5 we can see the characteristic
function (3.30) of ξ. In this case the least positive value of ξ is 1, so ψ(t) has
the period 2π.

Expectation and Variance of ξ

In this section we will calculate expectation and variance of ξ. First, we will
do this calculations for ζ. The cornerstone of these calculations is the following
theorem.
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Theorem 2.37. Let m ∈ Z+. Then

lim
M→∞

1
M

∑
p∈PM

(m, p− 1) = τ(m).

Proof. With the notations of Lemma 2.32 we have∑
p∈PM

(m, p− 1) =
∑
d|m

dA(d, M).

According to Lemma 2.32 we have

A(d, M) =
∑
k|m

d

μ(k)π(kd, M).

This gives us ∑
p∈PM

(m, p− 1) =
∑
d|m

∑
k|m

d

dμ(k)π(kd, M)

ans if we set t = kd then∑
p∈PM

(m, p− 1) =
∑
t|m

π(t, M)
∑
k|t

t

k
μ(k) =

∑
t|M

π(t, M)ϕ(t),

according to (2.13). From (2.16) we obtain

lim
M→∞

1
M

∑
p∈PM

(m, p− 1) =
∑
t|m

lim
M→∞

π(t, M)ϕ(t)
M

= τ(m).

We set m = nr − 1. By (3.26) we get Eζ = τ(nr − 1). We are now ready to
calculate the expectation value of ξ.

Theorem 2.38. We have

Eξ = lim
M→∞

1
M

∑
p∈PM

ξ(p) =
1
r

∑
d|r

μ(d)τ(nr/d − 1) (3.31)

The proof follows immediatelly from (3.26) and Theorem 2.37 and the fact that

ξ(p) =
1
r

∑
d|r

μ(d)(nr/d − 1, p− 1).

Example 2.39 (Computer simulation). Let f(x) = x2. We are interested in
the number of cycles of length 12 of this system for different primes p. We
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Figure 3.6. The number of cycles or length 12 for the first 10, 000 primes.
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Figure 3.7. The graph of S(p, 12) for the first 10,000 primes.

can use formula (3.17) and plot the number of cycles of length 12 as a function
of p. See Figure 3.6. In Figure 3.7 we have ploted

∑
p∈PM

N(p, 12) for the
first 10,000 primes (that is M � 10, 000). The asymptotical inclanation of the
graph is the expectation 1

12

∑
d|12 μ(d)τ(212− 1) given by (3.31)

We calculate the variance of ξ. As in the calculation of Eξ we first calculate the
variance of ζ. In fact, we have the following theorem that is a generalization of
Theorem 2.37.
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Theorem 2.40. If m and n are non-negative integers then

lim
M→∞

1
M

∑
p∈PM

(m, p− 1)(n, p− 1) =
∑
a|m

∑
b|n

ϕ(a)ϕ(b)
ϕ(lcm(a, b))

. (3.32)

Proof. We start with some notations. We set

B(n, m, M) =
1
M

∑
p∈PM

(m, p− 1)(n, p− 1).

If d | m and k | n then A(d, k, M) denotes the number of prime numbers
p ∈ PM such that (m, p− 1) = d and (n, p− 1) = k. It is easy to see that

B(n, m, M) =
∑
d|m

∑
k|n

dkA(d, k, M).

Let π(d, k, M) be the number of prime numbers p ∈ PM such that d | p − 1
and k | p− 1. We have the following relation between π and A:

π(d, k, M) =
∑
r|m

d

∑
s|n

k

A(dr, ks, M). (3.33)

We will now prove that

A(d, k, M) =
∑
r|m

d

∑
s|n

k

μ(r)μ(s)π(dr, ks, M). (3.34)

By (3.33)

π(dr, ks, M) =
∑
r1| m

dr

∑
s1| n

ks

A(drr1, kss1, M).

We can now write the right-hand side of (3.34) as∑
r̂|m

d

∑
ŝ|n

k

∑
r|r̂

∑
s|ŝ

μ(r)μ(s)A(dr̂, kŝ, M),

where r̂ = rr1 and ŝ = ss1. By the properties of the Möbius function we
obtain that the right-hand side of (3.34) is equal A(d, k, M) which completes
the proof of (3.34).

By (3.34) we obtain:

B(m, n, M) =
∑
d|m

∑
r|m

d

dμ(r)
∑
k|n

∑
s|n

k

kμ(s)π(dr, ks, M). (3.35)
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Let a = dr and b = ks. Then

B(m, n, M) =
∑
a|m

∑
b|n

π(a, b, lcm(a, b, M))
∑
r|b

a

r
μ(r)

∑
s|b

b

s
μ(s)

=
∑
a|m

∑
b|n

π(a, b, lcm(a, b, M))ϕ(a)ϕ(b).

For a positive integer x, π(x, M) denotes the number of prime numbers p ∈ PM

such that x | p− 1. It is easily seen that π(a, b, M) = π(lcm(a, b), M).
We are now ready to calculate the limit limM→∞ B(m, n, M)/M . We have

lim
M→∞

1
M

B(n, m, M) =
∑
a|m

∑
b|n

ϕ(a)ϕ(b) lim
M→∞

π(lcm(a, b), M)
M

=
∑
a|m

∑
b|n

ϕ(a)ϕ(b)
ϕ(lcm(a, b))

,

where the last equality follows from (2.16).

It follows from the theorem above and (3.27) that

Vζ(p) =
∑

a,b|nr−1

ϕ(a)ϕ(b)
lcm(a, b)

− τ(nr − 1)2. (3.36)

Corollary 2.41. Let ξ be as above. Then

Eξ2(p) =
1
r2

∑
d|r

∑
k|r

μ(d)μ(k)
∑

a|n(r/d)−1

∑
b|n(r/k)−1

ϕ(a)ϕ(b)
ϕ(lcm(a, b))

. (3.37)

Proof. We have

Eξ2(p) = lim
M→∞

1
M

∑
p∈PM

1
r2

∑
d|r

∑
k|r

μ(r)μ(k)(n(r/d) − 1, p− 1)(n(r/k) − 1)

=
1
r2

∑
d|r

∑
k|r

lim
M→∞

μ(r)μ(k)
1
M

∑
p∈PM

(n(r/d) − 1, p− 1)(n(r/k) − 1).

The corollary now follows from the theorem.

The variance of ξ is according to Corollary 2.41 and (3.27) given by

Vξ(p) =
1
r2

∑
d|r

∑
k|r

μ(d)μ(k)
∑

a|n(r/d)−1

∑
b|n(r/k)−1

ϕ(a)ϕ(b)
ϕ(lcm(a, b))

−
⎛⎝1

r

∑
d|r

μ(d)τ(n(r/d) − 1)

⎞⎠2

.
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Fuzzy cycles
To describe the dynamics outside the cycles on S1(0) we introduce the con-

cept of fuzzy cycles, see Khrennikov [101].

Definition 2.42. A set of m different balls of radius r = 1/pl in Qp

{Br(a0), Br(a1), . . . , Br(am−1)}
is said to be a fuzzy cycle of order l and length m if

f(Br(ai)) ⊆ Br(ai+1 (modm))

for 0 � i � m− 1.

There is a one-to-one correspondence between the fuzzy cycles of order 1
and the cycles in Qp, Proposition 4.3, p. 296, Khrennikov [101]. However,
the structure of fuzzy cycle of orders l � 2 is not trivial. Some numerical
experiments to clearify the structure were performed in Khrennikov [101]. In
this paper the structure of fuzzy cycles is investigated by analytic methods.

Global dynamics

We begin this section with two theorems about monomial functions that will
be usefull in the description of the dynamics.

Theorem 2.43. Let x, y ∈ S1(0) ⊂ Qp and suppose that |x− y|p < 1. Then
for all natural numbers n,

|xn − yn|p = |n|p|x− y|p
for p > 2.

The proof of this theorem can for example be found in Schikhof [190]. The
next theorem can be found in Khrennikov [109].

Theorem 2.44. The image, under f(x) = xn, of a ball in B1(0) \ {0} is
again a ball in B1(0) \ {0}. Moreover, if a ∈ B1(0) \ {0} and ρ is such that
Bρ(a) ⊆ B1(0) \ {0} then f(Bρ(a)) = Bs(f(a)), where s = ρ|n|p|a|n−1

p .

Proof. Let Bρ(a) ⊆ B1(0) \ {0}, where ρ = 1/pm for some positive integer
m. Since 0 �∈ Bρ(a), |a|p > ρ

By using Lemma 1.6 one can prove that if a, ξ ∈ B1(0) and |a|p > |ξ|p then

|(a + ξ)n − an|p � |n|p|ξ|p|a|n−1
p (3.38)

for all positive integers n. From (3.38) we can easily conclude that f(Bρ(a)) ⊆
Bs(f(a)).
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We are now going to prove that f(Bρ(a)) = Bs(f(a)). Let y ∈ Bs(an).
Hence, y = an + β, where |β|p � s. To prove that f(Bρ(a)) = Bs(f(a)) we
must find ξ, such that |ξ|p � ρ and (a + ξ)n = an + β. The last equation is
equivalent to (1 + ξ/a)n = 1 + β/an, which has the formal solution

ξ = a((1 + β/an)1/n − 1).

The p-adic binom (1 + x)1/n, see [190], is analytic over Qp for |x|p � |n|p/p.
Since,

|β/an|p � ρ|n|p/|a|p � |n|p/p

it follows that ξ ∈ Qp. It remains to be shown that |ξ|p � ρ. We know from
[190] that for |x|p � |n|p/p,

(1 + x)1/n =
∞∑
j=0

(
1/n

j

)
xj ,

where
(
1/n
j

)
= (1/n)(1/n−1) · · · (1/n− j +1)/j!. From, for example, [190]

we also have the estimate |j!|p � p(j−1)/(1−p).
We get

|ξ|p � |a|p max
1�j<∞

|β|jp
|an|jp|j!|p

� ρ max
1�j<∞

(
ρp1/(p−1)

|a|p

)j−1

� ρ.

Corollary 2.45. Let f(x) = xn. Then the image of the ball B1/p(j), 1 � j �
p− 1 is equal to the ball B1/p(k), where k ≡ jn (mod p), 1 � k � p− 1.

Proof. From Theorem 2.44 it follows that B1/p(j) is mapped onto

B|n|p/p(f(j)) ⊆ B1/p(f(j)).

Since k ∈ B1/p(f(j)) we have B1/p(f(j)) = B1/p(k).

Observe that ifp � n thenf(B1/p(j)) = B1/p(k)but ifp | n thenf(B1/p(j)) ⊂
B1/p(k).

Theorem 2.46. (See [101] p. 296.) All the elements of a ball of radius 1/p
that does not contain a periodic points are after a number of iterations of f
mapped into a ball (of radius 1/p) that contains a periodic point.

Proof. Follows directly from the fact that there is a one-to-one correspondence
between the fuzzy cycles of order 1 and of cycles in Qp.
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In the rest of this section we will study the dynamics of the balls of radius 1/p
in S1(0). We do this by identifying each ball with an element of F∗

p � (Z/pZ)∗.
Each ball in S1(0) of radius 1/p can be written as B1/p(j), where 1 � j � p−1.
Indentify this ball with j̄, the residue class in (Z/pZ)∗ containing j.

We know that there is a one-to-one correspondence between the periodic
points of f over Fp and over Qp.

Definition 2.47. Let GP denote the set of periodic points of f(x) over F∗
p. Let

GA denote the set of points in F∗
p that are attracted to 1.

Theorem 2.48. The set GP is a cyclic subgroup of F∗
p. An element x ∈ GP is

a generator of GP if and only if x is an r̂(p)-periodic point.

Proof. We begin to show that GP is a subgroup of F∗
p. Let x, y ∈ GP . Then

there is least integers s and t such that xns
= x, yn

t
= y, m = sm′ and

m = tm′′. Let now m be the least common multiple of s and t then

xyn
m

= xnm
yn

m
= xnsm′

yn
tm′′

= x(ns)m′
y(nt)m′′

= xy.

Hence, xy ∈ GP since it is a m-periodic point. Let x−1 be the inverse of x in
F∗
p. We must show that x−1 ∈ GP . We have

(x−1)n
s−1 = (x−1)n

s−1xns−1 = (x−1x)n
s−1 = 1n

s−1 = 1

so x−1 ∈ GP . That is, GP is a subgroup of F∗
p. Since F∗

p itself is cyclic it
follows that GP is cyclic.

We now show that if g is a generator of GP then it is a r̂(p)-periodic point.
Remember that r̂(p) was the least positive number such that nr̂(p) − 1 was
divisible by p∗(n). Assume that there is a number d such that d | r̂(p) and
gn

d−1 = 1. Since g is a generator of GP and the order of GP is p∗(n) we must
have p∗(n) | nd − 1 and hence d = r̂(p). We also know that GP has ϕ(p∗(n))
generators.

Since xnr̂(p)−1 = 1 has (nr̂(p)−1, p−1) solutions and ϕ((nr̂(p)−1, p−1))
primitive solutions, there are ϕ((nr̂(p) − 1, p− 1)) r̂(p)-periodic points in F∗

p.
Since (nr̂(p) − 1, p − 1) = p∗(n) there are exactly the same number of r̂(p)-
periodic points and generators of GP . Every generator is an r̂(p)-periodic point.
Thus every r̂(p)-periodic point is a generator of GP .

Theorem 2.49. The set GA is a cyclic subgroup of F∗
p.

Proof. We can describe GA in the following way

GA = {x ∈ F∗
p : xnm

= 1 for some m ∈ Z+}.
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Let x, y ∈ GA then there are m1 and m2 such that xnm1 = 1 and yn
m2 = 1. Let

m be the least common multiplier of m1 and m2 then (xy)m = xnm
yn

m
= 1,

so xy ∈ GA. Let x−1 be the inverse of x in F∗
p. Then

(x−1)n
m1 = (x−1)n

m1
xnm1 = (x−1x)n

m1 = 1

and wherefore x−1 ∈ GA. We have proved that GA is a subgroup of F∗
p. Since

F∗
p is cyclic it follows that GA is cyclic.

Definition 2.50. We call GP the periodic group of the dynamical system and
GA the attractor group.

It might seem strange to call GA the attractor group of the whole system,
since it only contains points that are attracted to the fixed point 1. But, we will
see that GA determines completely the dynamics outside of balls containing
periodic points.

Theorem 2.51. F∗
p/GA � GP and for |GA| = (p− 1)/p∗(n).

Proof. Let ψ : F∗
p →, ψ(x) = xnp−1

. Let x, y ∈ F∗
p then

ψ(xy) = (xy)n
p−1

= xnp−1
yn

p−1
= ψ(x)ψ(y),

so ψ is a homomorphism. After at most p−1 iterations every x ∈ F∗
p is mapped

onto a periodic point. Hence Imψ ⊆ GP . Let y ∈ GP and assume that y has
period r. Let now m be such that m + p− 1 ≡ 0 (mod r) then

ψ(yn
m

) = (yn
m

)n
p−1

= yn
m+p−1

= y.

This proves that Im ψ = GP . We also have that kerψ = GA. By the fun-
damental homomorphism theorem F∗

p/GA � GP . Since |GP | = p∗(n) we
obtain that |GP | = (p− 1)/p∗(n).

Definition 2.52. Let x ∈ GP . For j � 1 we denote by Aj(x) the set of points
in F∗

p that are mapped into x at first time after j iterations of f without passing
any other periodic point on its way. We call Aj(x) the jth attractor set of x.
Observe that the pre-image of x is an element in A1(x).

We can now make a partition of the attractor group GA in the following way

GA = ∪j�1Aj(1). (3.39)

Definition 2.53. Let x ∈ GP . By GA(x) we denote the set of points of F∗
p that

are mapped onto x without passing any other periodic point on the way.

We have the following partition of GA(x)

GA(x) = ∪j�1Aj(x).
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Of course, GA(1) = GA, the attractor group.
Let us now study the cosets of GA. Let y ∈ GP and assume that y is

r-periodic then
yGA =

⋃
j�1

{ys : s ∈ Aj(1)}.

Since (ys)n
j

= yn
j

for every s ∈ Aj(1) we have

{ys : s ∈ Aj(1)} = Aj(yn
j (mod r)

)

and hence
yGA =

⋃
j�1

Aj(yn
j (mod r)

).

We also have
Aj(y) = yn

r−j (mod r)
Aj(1)

so
GA(y) =

⋃
j�1

yn
r−j (mod r)

Aj(1).

There is a one-to-one correspondence between the sets Aj(1) and Aj(y). We
therefore have

|GA(y)| = |GA| = (p− 1)/p∗(n). (3.40)

We are now going to show that the structure of GA also inherites to GA(y).
Remember that GA was the set of points in F∗

p that were attracted to 1 ∈ F∗
p Let

b1 ∈ Aj(1) and take a1 ∈ f−1({b1}) arbitrary. Of course a1 ∈ Aj+1(1). Let by
be the corresponding element to b1 in Aj(y) (that is by = yn

r−j (mod r)
b1). The

question is now: Will the corresponding elements, ay, in Aj+1(y) be mapped
onto by? The answer is yes, because

(ay)n =
(
yn

r−j (mod r)a1
)n

= yn
r−j (mod r)

b1 = by.

We end this section with two visualizations of the theory to the dynamical system
generated by f(x) = x2. In Figure 3.8 there is a picture of the dynamics of f on
the unit sphere in Q7. The circle with the number i inside represents B1/p(i).
In Figure 3.9 we see the dynamics of f on the unit sphere of Q41.

Local dynamics

Let us now investigate the dynamics on the balls of radius 1/p on S1(0) that
contain a periodic point.

Definition 2.54. Let a be an r-periodic point of f and let l ∈ Z+. The sphere

Spl(a) = {x : |x− a|p = 1/pl}
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16

2 43 5

Figure 3.8. The dynamics on S1(0) ⊆ Q7 of f(x) = x2.

is called the l-sphere of a. Let A = {a0, a1, . . . , ar−1} be a cycle of length r.
Then by the l-sphere of A we mean the union of the l-spheres of the periodic
points contained in A.

If p � n then the maximal Siegel disk of a periodic point x0 is SI(x0) =
B1/p(x0) and the Siegel annulus of an r-cycle {x0, . . . , xr−1} is

SI({x0, . . . , xr−1}) = ∪jB1/p(xj).

We can find out more about the dynamics by using the notion of l-sphere.

Theorem 2.55. Let a be an indifferent r-periodic point. If x belongs to the
l-sphere of a then f(x) belongs to the l-sphere of f(a).

Proof. Let x be a point in the l-sphere of a. Then |x−a|p = 1/pl. We are going
to show that |f(x) − f(a)|p = 1/pl. Since a is indifferent, p � n. Therefore,
by Lemma 2.43,

|f(x)− f(a)|p = |xn − an|p = |x− a|p = 1/pl.

See Figure 3.10.

Theorem 2.56. Let a be an attractive r-periodic point and let n = pkn′, where
p � n′. If x belongs to the l-sphere of a then f(x) belongs to the l + k-sphere
of f(a). Moreover, f(S1/pl(a)) = S1/pl+k(f(a)).

Proof. Take x in the l-sphere of a arbitrary, then |x − a| = 1/pl. Since
|n| = 1/pk it follows from Theorem 2.43 that

|f(x)− f(a)|p = |xn − an|p = |n|p|x− a|p = 1/pk · 1/pl = 1/pl+k.
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Figure 3.9. The dynamics on S1(0) ⊆ Q41 of f(x) = x2.

To prove the second part we observe that f(B1/pl(a)) = B1/pl+k(f(a)) and
f(B1/pl+1(a)) = B1/pl+k+1(f(a)). Together with the first part we now get
f(S1/pl(a)) = S1/pl+k(f(a)).
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Figure 3.10. The l-sphere dynamics around a 3-cycle, where the periodic points are centers of
Siegel disks.

Corollary 2.57. If a is an attractive r-periodic point of f(x) = xn, n = pkn′
where p � n′ and x belongs to the l-sphere with center at a then f [r](x) belongs
to the l + rk-sphere with center at a. Moreover, f(S1/pl(a)) = S1/pl+rk(a).

Proof. Apply the theorem r times.

See Figure 3.11. It follows from the discussion above that the basin of
attraction of an r-cycle {x0, . . . , xr−1} is

A({x0, . . . , xr−1}) =
⋃

0�j�r−1

⋃
y∈x̄jGA

B1/p(y),

where x̄jGA are cosets of the attractor group.

Dynamics around neutral points

We will start to investigate fuzzy cycles in the spheres around an indifferent
fixed point a ∈ S1(0). Let l � 1 and consider the l-sphere of a. Let t � 0, t
will play the role of depth parameter in the l-sphere. See Figure 3.12. Let

It = {i0, i1, . . . , it},
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Figure 3.11. The l-sphere dynamics around a 3-cycle, where n and p are such that p | n but
p2 � n.

Figure 3.12. An l-sphere in Q7. Balls down to depth 3 are shown.

where 1 � i0 � p− 1 and 0 � ij � p− 1 for 1 � j � t. We set

b(l, It) = a + i0p
l + i1p

l+1 + · · ·+ itp
l+t.

We are interested in fuzzy cycles inside of the l-sphere of a. The balls in the
l-sphere of a at depth t are B1/pl+t+1(b(l, It)). Our aim is to determine the
fuzzy cycles of order l+ t+1. So we are interested in finding the least positive
number m such that

f [m](B1/pl+t+1(b(l, It))) ⊆ B1/pl+t+1(b(l, It)).
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In fact we can prove equality.

Lemma 2.58. Let m0 be the order of n̄ (the canonical image of n) in F∗
p. The

least m for which

f [m](B1/pl+1(b(l, I0))) = B1/pl+1(b(l, I0)).

is equal to m0.

Proof. First, we prove that f [m](B1/pl+1(b(l, I0))) ⊆ B1/pl+1(b(l, I0)). We
have

||pf [m](b(l, I0))− b(l, I0) = ||p(a + i0p
l)n

m − (a + i0p
l)

= ||pan
m − a + nmi0p

lan
m−1 − i0p

l +
nm∑
k=2

(
nm

k

)
an

m−k(i0pl)k

� ||pi0p
l(nm − 1),

since lk � l + 1 for every k � 2. This is less than or equal to 1/pl+1 if and
only if nm ≡ 1 (mod p). Hence, the least m, satisfying

f [m](B1/pl+1(b(l, I0))) ⊆ B1/pl+1(b(l, I0))

is m = m0, the order of n̄ in F∗
p. By Theorem 2.44 f [m] maps B1/pl+1(b(l, I0))

onto a ball of radius 1/pl+1 and this ball must be B1/pl+1(b(l, I0)), so we have
proved the equality.

The number m0 will play a large role in the future analysis of the dynamics.
Let s0 � 0 be the unique number satisfying nm0 = 1 + n′ps0 , where p � n′.
Like m0, s0 will also be crucial for the dynamics on the l-spheres. This we will
see in the following theorem.

Theorem 2.59. Let m0 be as in the lemma above and let

mj =

{
1, 1 � j < s0,

p, j � s0.
(3.41)

The least positive integer m for which

f [m](B1/pl+t+1(b(l, It))) = B1/pl+t+1(b(l, It)).

is equal to
∏t

j=0 mj . Moreover the unique number st, t � 1 defined by

n
Qt

j=0mj = 1 + n′
tp

st , p � n′
t,
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is given by

st =

{
s0, t < s0

t + 1, t � s0.

Proof. We will prove this theorem by induction. By Lemma 2.58 the theorem
is true for t = 0. We assume that the theorem is true for t and prove that it is
then also true for t + 1. First, we find the least positive integer m such that

|f [m](b(l, It+1))− b(l, It+1)| � 1/pl+t+2.

(That f [m](B1/pl+t+1(b(l, It))) = B1/pl+t+1(b(l, It)) will follow in the same
way as in the proof of Lemma 2.58.) Of course, m must be a multiple of∏t

j=0 mj . Set m = mt+1
∏t

j=0 mj and let N = nm. We have to prove that
mt+1 = 1 if t + 1 < s0 and that mt+1 = p if t + 1 � s0. We have

f [m](b(l, It)) = (b(l, It))N = a + N(i0pl + · · ·+ it+1p
l+t+1)

+
N∑
k=2

(
N

k

)
aN−k(i0pl + · · ·+ it+1pl + t + 1)k.

We declare that the sum in the last term has an absolute value that is less than
or equal to 1/pl+t+2, that is, each term in the sum contains at least l + t + 2
factors of p.

Consider the binomial coefficent for k � 2(
N

k

)
=

N(N − 1)
(k − 1)k

· (N − 1− 1) · · · · · (N − 1− (k − 2))
1 · · · · · (k − 2)

(3.42)

By the induction hypothesis we know that we can write

N − 1 = (1 + n′
tp

st)mt+1 − 1 = mt+1n
′
tp

st + higher powers of p.

Let us first consider the case when k < t+3. Observe that pst � pt+1 � t+3
for any positive integer t. Then the factors of p that occur in the denominator
of the last fraction in (3.42) are canceled by the factors of p that occur in the
corresponding factor in the nominator. Moreover, (k − 1)k can have at most
k − 2 factors of p, since we exclude p = 2. The number of factors of p in(N
k

)
pkl is then greater or equal to

st − (k− 2) + kl � t + 1 + 2 + k(l− 1) � t + 2 + 2(l− 1) + 1 � t + 2 + l,

when l � 1.
Let us now consider the case when k � t + 3. Then the number of factors

of p in
(
N
k

)
pkl is greater or equal to

lk � l(t + 3) � 3l + t � l + t + 2l � l + t + 2.
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So far, we have proved that

||p(b(l, It))N − a + N(i0pl + · · ·+ it+1p
l+t+1) � 1/pl+t+2.

Since the number of factors of p in
(mt+1

j

)
pstpl are greater or equal to

jst + l � j(t + 1) + l � t + 2 + l

it follows that

||p(b(l, It))N − a + (1 + n′
tp

st)mt+1(i0pl + · · ·+ it+1p
l+t+1)

� ||pa + mt+1n
′
tp

st(i0pl + · · ·+ it+1p
l+t+1) � 1/pl+t+2.

For
||pb(l, It)n − b(l, It) � ||p(i0pl + · · ·+ it+1p

l+t+1)mt+1n
′
tp

st

to the less than or equal to 1/pl+t+2 , it is necessary that the number of factors
of p in mt+1p

st is greater than or equal to t + 2.
If t + 1 < s0 then

vp(mt+1p
s0) = vp(mt+1) + s0 � vp(mt+1) + t + 2

so the least positive integer mt+1 fullfilling this must be mt+1 = 1. If t+1 = s0

then
vp(mt+1p

st) = vp(mt+1) + s0 = vp(mt+1) + t + 1.

The least positive integer mt+1 making this greater than or equal to t + 2 is
mt+1 = p. If t + 1 > s0 then

vp(mt+1p
st) = vp(mt+1) + t + 1

so again we must choose mt+1 = p. This proves the first part of the theorem.
If t + 1 < s0 then

n
Qt+1

j=0mj = (1 + n′
tp

st)mt+1 = (1 + n′
tp

s0),

so st+1 = s0. If t + 1 = s0 then there is n′
t+1 such that

n
Qt+1

j=0mj = (1 + n′
tp

s0)p = 1 + n′
t+1p

s0+1,

hence st+1 = t + 1 + 1. Finally if t + 1 > s0 then there is n′
t+1 such that

n
Qt+1

j=0mj = (1 + n′
tp

t+1)p = 1 + n′
t+1p

t+2

so st+1 = t+1+1 also in this case. The proof of the theorem is completed.
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Figure 3.13. The fuzzy cycles of order l + 1 in the l-sphere are of length m0. In this case
m0 = 2. One fuzzy cycle in each sphere are indicated, by color.

Notice that m in the theorem above is independent of l and the values of the
elements in It, see also Figure 3.13. This implies that all the balls at depth t
in each l-sphere with center at a belong to fuzzy cycles of the same length. At
depth t there are (p− 1)pt balls of radius 1/pl+t+1 in each l-sphere. Since all
these balls belong to a fuzzy cycle of length m there are (p − 1)pt/m fuzzy
cycles of length m and order l + t+1 in each l-sphere. If t < s0 then m = m0

so there are (p − 1)pt/m0 cycles of length m0 and order l + t + 1 in each
l-sphere. If instead t � s0 then m = m0p

t−s0+1, so in this case there are
(p− 1)ps0−1/m0 fuzzy cycles of length m0p

t−s0+1 and order l + t+1 in each
l-sphere of a. We have proved the following theorem.

Theorem 2.60. Let a be a fixed point of the dynamical system f . Let l and t be
integers such that l � 1 and t � 0. Then the l-sphere with center a contains

(p− 1)
m0

pmin(t+1,s0)−1

fyzzy cycles of length m0p
max(t+1,s0)−s0 and order l + t + 1.

So far we have studied the dynamics around fixed points. The same technique
can be used to study the dynamics around cycles.

Theorem 2.61. Let A = (a0, a1, . . . , ar−1) be an r-cycle in Qp of f . Let
m0(r) be the order of nr in F∗

p and let s0(r) be the unique number that satisfies

(nr)m0(r) = 1 + m′ps0(r), p � m′. Let l � 1 and t � 0. Then the l-sphere of A
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contains
(p− 1)
m0(r)

pmin(t+1,s0(r))−1

fuzzy cycles of length rm0(r)pmax(t+1,s0(r))−s0(r) and order l + t + 1.

Proof. Each element of A is a fixed point of f [r](x) = xnr
. We can then copy

the proof of Theorem 2.60 and multiply the length of the cycles by r.

What are the relations between m0 and m0(r), and s0 and s0(r)? Since
m0(r) is the order of nr in F∗

p and m0 is the order of n̄ in F∗
p it follows that

m0(r) =
m0

(m0, r)
.

Lemma 2.62. Let r be the length of a cycle of f in Qp. Then s0(r) = s0.

Proof. The length of the longest cycle of f in Qp, r̂(p), is the order of n modulo
p∗(n). Remembering that p∗(n) | (p− 1) we obtain that

r̂(p) � p∗(n) � p− 1 < p.

Hence, p can not divide r̂(p) and because r | r̂(p) we have that p � r.
We have, since m0(r) = m0/(m0, r), that

1 + m′ps0(r) = (nr)m0(r) = (nm0)r/(m0,r)

= (1 + n′ps0)r/(m0,r) = 1 +
r

(m0, r)
n′ps0 + higher powers of p.

We have that p � r. It is therefore clear that p does not divide r/(m0, r). That
is s0(r) = s0.

Definition 2.63. Let A = (a0, a1, . . . , ar−1) be an r-cycle in Qp of f . The
number of fuzzy cycles in the set

⋃r−1
j=0 B1/p(aj) of order j + 1 and length l is

denoted by Nlocal(A, j, l, p). This quantity is called the local number of fuzzy
cycles. By the global number of fuzzy cyclesNglobal(j, l, p) we denote the total
number of fuzzy cycles of order j and length l in Qp.

Let a be a fixed point and let ω ∈ Z+. We are now interested in counting
the number of fuzzy cycles of order ω +1 in B1/p(a). The smallest sphere that
contains balls of radius 1/pω+1 is the ω-sphere. It follows from Theorem 2.60
that it contains

(p− 1)
m0

pmin(1,s0)−1

fuzzy cycles of length m0p
max(1,s0)−s0 (at depth 0). The (ω − 1)-sphere (just

outside of the ω-sphere) contains

(p− 1)
m0

pmin(2,s0)−1
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fuzzy cycles of length m0p
max(2,s0)−s0 (at depth 1), and so on until the 1-sphere

that contains
(p− 1)

m0
pmin(ω,s0)−1

fuzzy cycles of length m0p
max(ω,s0)−s0 (at depth ω − 1).

If ω � s0 then there are only fuzzy cycles of length m0 and they are

ω∑
j=1

p− 1
m0

pj−1 =
pω − 1

m0

in number. If ω > s0 there are

s0∑
j=1

p− 1
m0

pj−1 =
ps0 − 1

m0

fuzzy cycles of length m0 and

p− 1
m0

ps0−1

fuzzy cycles of length m0p
i, where 1 � i � ω − s0.

If we generalize this in the obvious way to cycles we obtain the following
theorem.

Theorem 2.64. Let A be an r-cycle of the dynamical system f . Then

Nlocal(A, ω, rm0(r), p) =
pmin(ω,s0) − 1

m0(r)
,

and for ω > s0, 1 � i � ω − s0,

Nlocal(a, ω, m0p
i, p) =

p− 1
m0(r)

ps0−1.

Dynamics around attractors

The following theorem follows directly from Theorem 2.56.

Theorem 2.65. If p | n then the dynamical system generated by f(x) = xn

has no fuzzy cycles except the fuzzy cycles of radius 1/p that correspond to the
cycles of f .

Even if the dynamical system does not have fuzzy cycles, we can still get
more information about the dynamics around the cycles. We introduce a new
concept, fuzzy orbit.
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Definition 2.66. A set of balls {Br0(a0), Br1(a1), . . .} such that ri � ri+1 and
f(Bri(ai)) ⊆ Bri+1(ai+1) for every i � 0, is called the fuzzy orbit of Br0(a0).

Theorem 2.67. Let a be an attractive fixed point. Let {a1, a2, . . . , ap−1} be a
set of representatives of the balls of radius 1/pl+1 in the l-sphere of a. Then
we have fuzzy orbits of B1/pl+1(ai) such that rj = 1/pl+1+kj , j � 0, where
k = vp(n). Let i �= j then the fuzzy orbits of B1/pl+1(ai) and B1/pl+1(aj) never
intersect, that is we can never find a ball in one of the orbits that is included in
a ball of the other orbit.

Proof. From Theorem 2.56 we know that the l-sphere of a is mapped into the
l + k-sphere of a. Let x ∈ B1/pl+jk+1(b) for some non-negative integer j and
some b in the l + kj-sphere of a. Then

|f(x)− f(b)| = |xn − bn| = |n||x− b|
� 1/pk · 1/pl+jk+1 = 1/pl+k(j+1)+1

so the fuzzy orbits of B1/pl+1(ai) are well defined. Let x belong to the jth ball
of the fuzzy orbit of B1/pl+1(ai) and let y belong to the jth ball of the fuzzy
orbit of B1/pl+1(ah). Then |x− y| = 1/pl+kj and

|f(x)− f(y)| = |xn − yn| = |n||x− y| = 1/pl+k(j+1)

so f(x) and f(y) belong to different balls in the l + k(j + 1)-sphere of a. By
induction the fuzzy orbits never intersect.

In Figure 3.14 there is a visualization of the fuzzy orbits mentioned in the
theorem above.

Distribution of Fuzzy Cycles

Let ω ∈ Z+ and ρ ∈ Z+. From now on we consider fuzzy cycles of order
ω + 1 and length ρ. We can get a fuzzy cycle of length ρ in Qp only if there is
k � 0 such that

ρ = rm0(r)pk =
r

(m0, r)
m0p

k

where r is a length of a cycle in Qp. For which prime numbers p is this possible?
Certainly, there must be a divisor d of ρ such that d = m0. Since m0 is the
least integer such that nm0 ≡ 1 (mod p) it is necessary that p < nd. That is, to
have a chance of getting a fuzzy cycle of length ρ we must have p < nρ. We
have proved the following theorem.

Theorem 2.68. For a fixed order and a fixed length of a fuzzy cycle there are
only a finite numbers of fields Qp where it occurs.
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Figure 3.14. The fuzzy orbits (indicated by color) around a fixed point in a system where p | n
but p2 � n.

Let, as always, PM denote the set of the first M prime numbers and let τ be
a functions that counts the number of positive divisors. In Theorem 2.38 the
limit

lim
M→∞

1
M

∑
p∈PM

N(n, r, p) =
1
r

∑
d|r

μ(d)τ(nr/d − 1)

is computed. By Theorem 2.68 we have

lim
M→∞

1
M

∑
p∈PM

Nglobal(ω, ρ, p) = 0

sinceNglobal(ω, ρ, p) = 0 for all but finitely many prime numbers p.



Chapter 4

PERTURBATION OF MONOMIAL SYSTEMS

In this section we will consider perturbations of monomial dynamical sys-
tems. We will investigate how large (in a p-adic sense) the perturbation can
be to have a similar dynamics as in the monomial case. In particular, we find
conditions such that the monomial and the perturbated system have the same
number of cycles.

1. Existence of Fixed Points of a Perturbated System
By a perturbation we mean a polynomial with small coefficients in the p-adic

sense. More formally:

Definition 1.1. A polynomial

q(x) =
N∑
j=0

qjx
j ,

over Zp (N ∈ N) is said to be a k-perturbation if

‖q‖ = max
j
|qj |p � 1

p2k+1
(4.1)

where k ∈ N. If ‖q‖ � 1/p (k = 0) then q is called a perturbation.

Henceforth we will consider the dynamical system

fq(x) = xn + q(x), (4.2)

where n ∈ N, n � 2 and q(x) is a k-perturbation, where k is the unique number
satisfying n− 1 = pkm, where p � m.
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Theorem 1.2. Let us consider the dynamical system (4.2). If x ∈ S1(0) then
fq(x) ∈ S1(0).

Proof. Since ‖q‖ � 1/p and |x|p = 1, we have

|q(x)|p � max
0�j�N

(|qjxj |p) � 1/p.

As |xn|p = |x|np = 1 and |q(x)|p < 1, we have that

|fq(x)|p = max (|xn|p, |q(x)|p) = |x|np = 1.

Theorem 1.3. The dynamical system (4.2) has a fixed point α such that |α|p �
1/p. This fixed point is an attractor and B−

1 (0) ⊆ A(α).

Proof. Let ϕ(x) = fq(x) − x. Since ϕ(0) = fq(0) = q0 and ‖q‖ � 1/p
we have ϕ(0) ≡ 0 (mod pZp). Since ϕ′(x) = nxn−1 + q′(x) − 1 and
ϕ′(0) = q′(0)− 1 = q1 − 1 we have |ϕ′(0)|p = max (|q1|p, |1|p) = 1, that is
ϕ′(0) �≡ 0 (mod pZp). The two conditions in Hensel’s Lemma (Corollary 8.2)
are satisfied and from this Lemma we conclude that there exists α ∈ Zp such
that ϕ(α) = 0 and α ≡ 0 (mod pZp). That is, the dynamical system (4.2) has
a fixed point α and |α|p < 1.

Let x ∈ B−
1 (0), that is |x| � 1/p. Then we have

|fq(x)| = |xn + q(x)| � max (|xn|, |q(x)|) � 1
p
.

By induction we obtain |f r
q (x)|p � 1/p for all r ∈ Z+. We will now prove that

B−
1 (0) ⊆ A(α). Observe first that

|fq(x)− α|p = |fq(x)− fq(α)|p = |xn − αn + q(x)− q(α)|p

=

∣∣∣∣∣∣xn − αn +
N∑
j=1

qj(xj − αj)

∣∣∣∣∣∣
p

=

∣∣∣∣∣∣(x− α)
n−1∑
j=0

xjαn−j−1 +
N∑
j=1

qj(x− α)
j−1∑
i=0

xiαj−1−i

∣∣∣∣∣∣
p

= |x− α|p

∣∣∣∣∣∣
n−1∑
j=0

xjαn−j−1 +
N∑
j=1

qj

j−1∑
i=0

xiαj−1−i

∣∣∣∣∣∣
p

.

Since each term in the second factor on the right-hand side in the equation above
contains at least one x or one α we have for all x ∈ B−

1 (0), that there exists a
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real number c < 1 such that

|fq(x)− α|p < c|x− α|p.
Since |f r

q (x)|p � 1/p for all r ∈ Z+ and

|f r
q (x)− α|p = |fq(f r−1

q (x))− α|p � c|f r−1
q (x)− α|p

by induction we obtain

|f r
q (x)− α|p < cr|x− α|p. (4.3)

Hence f r
q (x) → α, when r → ∞ for all x ∈ B−

1 (0), that is B−
1 (0) ⊆ A(α).

The proof is completed.

In the above theorem we only need that q is a perturbation.

Theorem 1.4. Let us consider the dynamical system (4.2) and assume that the
degree of q is less or equal to n. We have that |f r

q (x)|p →∞, when r →∞, if
and only if |x|p > 1.

Proof. Assume first that |x|p > 1; so |x|p � p. If we use the inverse triangle
inequality we get

|fq(x)|p =

∣∣∣∣∣∣xn +
n∑

j=0

qjx
j

∣∣∣∣∣∣
p

=

∣∣∣∣∣∣(1 + qn)xn +
n−1∑
j=0

qjx
j

∣∣∣∣∣∣
p

� |xn|p−
∣∣∣∣∣∣
n−1∑
j=0

qjx
j

∣∣∣∣∣∣
p

� |xn|p −max
j
|qjxj |p � |xn|p − ‖q‖|xn−1|p = |x|n−2

p (|x|p − ‖q‖)|x|p.

Since the parenthesis in the last expression is positive, there is a constant, c > 1,
such that

|fq(x)|p > c|x|p.
for all x satisfying |x|p > 1. By induction it is easy to prove that

|f r
q (x)|p > cr|x|p.

Hence, |f r
q (x)|p →∞ as r →∞ if |x|p < 1.

If |x|p � 1 it follows directly from the strong triangle inequality that |fq(x)|p �
1 and by induction that |f r

q (x)|p � 1.

If we assume that the degree of the perturbation polynomial q is less or equal
to n then by Theorem 1.2 and Theorem 1.4, A(α) = B−

1 (0). If we assume
that deg q � n, then α and∞ are attractors of the dynamical system f(x) =
xn + q(x), and the basins of attraction are B−

1 (0) and Qp \B1(0), respectively.
See Figure 1.
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S1(0) 0

Figure 4.1. The large scale dynamics of the monomial and the perturbed monomial system.

If deg q > n we do not always have A(α) = B−
1 (0), see the following

example.

Example 1.5. Letpbe a fixed prime number and letn � 2be an integer such that
p � n−1. Let q(x) = −pxn+1. It is clear that q is a perturbation of the dynamical
system f(x) = xn. Consider the dynamical system fq(x) = xn + q(x). Let
x = 1/p (|x| = p) then

fq(1/p) = 1/pn − p
1

pn+1
= 0.

From Theorem 1.3 it follows that there is a fixed point α ∈ B−
1 (0) and that

B−
1 (0) ⊆ A(α). Since 0 ∈ A(α), it follows that 1/p ∈ A(α).

We will now start to investigate the behaviour of the dynamical system on the
sphere S1(0).

Theorem 1.6. Let a ∈ S1(0) be a fixed point of the dynamical system (3.9).
Then there exists a fixed point, α ∈ Zp, of the dynamical system (4.2) such that
α ≡ a (mod pk+1Zp).

Proof. Let ψ(x) = f(x)−x = xn−x and let ϕ(x) = fq(x)−x = ψ(x)+q(x).
Since ‖q‖ � 1/p2k+1 it follows that

ϕ(a) = ψ(a) + q(a) ≡ ψ(a) (mod p2k+1Zp),

and since ψ(a) = 0 (a is a fixed point of that dynamical system) it follows that
ϕ(a) ≡ 0 (mod p2k+1Zp). We also have that ϕ′(x) = ψ′(x) = nxn−1 − 1 +
q′(x), this implies that

ϕ′(a) = nan−1 − 1 + q′(a) = n− 1 + q′(a),
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since an−1 = 1 (an = a). It follows now, from the fact that pk | n − 1 and
pk+1 � n− 1, that

ϕ′(a) ≡ 0 (mod pkZp), (4.4)

ϕ′(a) �≡ 0 (mod pk+1Zp). (4.5)

By Theorem 8.1 there exists α ∈ Zp such that ϕ(α) = 0 (that is, a fixed point
of f(x)) and α ≡ a (mod pk+1Zp).

We now prove the inverse to this theorem.

Theorem 1.7. If α ∈ S1(0) is a fixed point of the dynamical system (4.2), then
there exists a fixed point, a, (a root of unity) of the monomial system (3.9) such
that a ≡ α (mod pk+1Zp).

Proof. We will use Theorem 8.1 to prove this. Let

ψ(x) = f(x)− x = xn − x = fq(x)− q(x)− x

and observe that fq(α) = α. First of all we have

|ψ(α)| = |fq(α)− q(α)− α| = |q(α)| � 1
p2k+1

,

that is, ψ(α) ≡ 0 (mod p2k+1Zp). If we observe that

αn−1 = −q(α)
α

+ 1

then

|ψ′(α)|p = |n(−q(α)
α

+ 1)− 1|p

= | 1
α
|p|n(−q(α) + α)− α|p = | − nq(α) + (n− 1)α|p.

Since |q(α)|p � 1/p2k+1 and |n − 1|p = 1/pk we have |ψ′(α)|p = 1/pk.
Hence, ψ′(α) ≡ 0 (mod pkZp) and ψ′(α) �≡ 0 (mod pk+1Zp). By Theorem
8.1 there exists a ∈ Zp such that ψ(a) = 0 and a ≡ α (mod pk+1Zp).

Theorem 1.8. If p > 2 there is a one to one correspondence between the fixed
points on S1(0) of the dynamical systems (4.2) and (3.9).

Proof. Let a and b (a �= b) be two fixed points in S1(0) of the monomial
dynamical system (3.9). According to Theorem 1.6 there exist fixed points α
and β on S1(0) of (4.2) such that |a − α|p � 1/p and |b − β|p � 1/p. By
Theorem 2.12, |a− b|p = 1. We therefore have

|α− β|p = |(α− a) + (a− b) + (b− β)|p = 1,
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since |(α − a) + (b − β)|p � 1/p. Hence α �= β. The second part of the
theorem is proved similarily.

Remark 1.9. If ‖q‖ � 1, Theorem 1.8 no longer holds.

Example 1.10. Let p = 3, f(x) = x2 and fq(x) = x2 − 2. The dynamical
system f has only one fixed point (x = 1) on S1(0). But the dynamical system
fq has the fixed points x = 2 and x = −1 on S1(0).

Theorem 1.11. Let p > 2 and p � (nr − 1). The monomial system and
the perturbed system (4.2) has the same character of all its fixed points on
S1(0) ⊂ Zp.

Proof. Let a ∈ S1(0) be a fixed point of the monomial system and let α be
the corresponding fixed point to the perturbed system. Let us first assume that
p | n then |f ′(a)|p = |n|p|x|n−1

p < 1. Hence a is an attractor of the monomial
system. We also have

|f ′
q(α)|p � max |f ′(x)|p, |q′(x)|p � 1/p < 1,

since all the coefficients of q′ have absolute values less than 1/p. So, α is an
attractor of the perturbed system.

We now consider the case when p � n. We have |f ′(a)|p = 1, thus a is a
center of a Siegel disk. For the perturbed system we have

|f ′
q(α)|p = max |f ′(α)|p, |q′(α)|p = 1,

by the isoceles triangle principle since |q′(α)|p � 1/p < 1. That is, α is a
center of a Siegel disk of the perturbed system.

2. Cycles of Perturbed Systems
In this section we will start to study cycles of the dynamical system

fq(x) = xn + q(x), (4.6)

where q is a perturbation, f(x) = f0(x) = xn. To study cycles of length r of

this system, we look for fixed points of f
[r]
q . We can write

f [r]
q (x) = xnr

+ qr(x), (4.7)

where qr is a new perturbation.

Theorem 2.1. Assume that nr−1 �≡ 0 (mod p). Then f
[r]
q (x) has a fixed point

b ∈ S1(0) if and only if f [r]
0 has a fixed point a ∈ S1(0) such that |a−b|p � 1/p.

Proof. Let
gr(x) = xnr − x
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and let
gq,r(x) = xnr − x + qr(x) = gr(x) + qr(x).

First, let us assume that a is a fixed point of f
[r]
0 that is gr(a) = 0. Since

|a|p = 1 we have
gq,r(a) ≡ 0 (mod pZp)

and
g′r(a) = nran

r−1 = nr − 1.

So if nr − 1 �≡ 0 (mod pZp) (which is an assumption) we have that

g′r(a) �≡ 0 (mod pZp)

and of course
g′q,r(a) �≡ 0 (mod pZp).

Hence, by Hensel’s lemma there exists b ∈ S1(0) such that gq,r(b) = 0 and
|a− b| � 1/p.

Let us now assume that there is b ∈ S1(0) such that gq,r(b) = 0, that is b is

a fixed point on S1(0) to the function f
[r]
q . Since

gr(x) = gq,r(x)− qr(x)

we get gr(b) ≡ 0 (mod pZp). Observe that

g′r(b) = nrbn
r−1 − 1.

From the fact that gq,r(b) = 0 we get

bn
r−1 − b = −qr(b)

which in turn implies that bn
r ≡ b (mod pZp) and that bn

r−1 ≡ 1 (mod pZp).
All this give us that

g′r(b) = nrbn
r−1 − 1 ≡ nr − 1 (mod pZp).

The theorem now follows from Hensel’s lemma.

We have not this results in the case nr − 1 ≡ 0 (mod p).

Example 2.2. Let p = 3, f(x) = x2 and fq(x) = x2 − 39/4. We are going to
show that f has no cycles of length 2 but fq has one cycle of length 2. From the
fact that gcd(n2− 1, p− 1) = 1 we immediately obtain that f has no cycles of
length 2. Since

f [2]
q (x) = fq(fq(x)),
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has two fixed points, x = 5/2 and x = −7/2, and none of them are fixed points
to fq(x) it follows that fq has one cycle of length 2.

The following theorem follows directly from Lemma 2.19.

Theorem 2.3. Let p be a fixed prime number and let n ∈ N and n � 2. If p � n
there is a least r̄ such that nr̄ − 1 ≡ 0 (mod p) and 2 � r̄ � p − 1. If r̄ � r
then nr − 1 �≡ 0 (mod p).

Example 2.4. Let p = 3 and let f(x) = x2 and fq(x) = x2 + q(x), where
‖q‖ � 1/p. Then we have

mr = (2r − 1, p− 1) = (2r − 1, 2) = 1.

Thus the function f [r](x) = x2r
has no fixed points on S1(0) by Theorem 2.13.

By using Theorem 2.1 we conclude that f
[r]
q (x) = x2r

+ qr(x) has no fixed
points on S1(0) if 2r − 1 �≡ 0 (mod 3). Since 2r − 1 ≡ (−1)r − 1 (mod 3) we
have that

2r − 1 ≡
{

0 (mod 3), if r is even,

1 (mod 3), if r is odd.

So, the dynamical system fq has no cycles of odd length on the sphere S1(0).

Example 2.5. Let f and fq be as in the example above, but let p = 7. It is easy
to show that 2r − 1 �≡ 0 (mod 3) if and only if 3 � r. Since 2r − 1 does not
contain any factor of 2 we have

gcd(2r − 1, 6) = gcd(2r − 1, 3).

Let us now study two cases: (i) If r = 2l then 2r−1 ≡ 0 (mod 3), so gcd(2r−
1, 3) = 3. (ii) If r = 2l + 1 then 2r − 1 ≡ 1 (mod 3), so gcd(2r − 1, 3) = 1.
We can now make the following conclusions: The dynamical system fq has
cycles of order 2 and there exists no cycles of order r if 2 � r and 3 � r (or
r �≡ 3 (mod 6)).

Example 2.6. Let p = 43 and let f and fq be as above. One can prove (or
show by using a computer) that 2r − 1 �≡ 0 (mod 43) if and only if 14 � r. The
values of mr are given in Table 4.1. The dynamical system fq has cycles of
length 2, 3 and 6. If r > 3, r �= 6 and 14 � r, then the dynamical system fq has
no r-cycles.

To get more information about the cycles of the dynamical system (4.6), we
have to use stronger restrictions on the perturbation polynomial.

Theorem 2.7. Let nr − 1 = pκm, where p � m, and let q be a κ-perturbation.
If a ∈ S1(0) is a fixed point to the dynamical system f [r] then there exists a
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r ≡ 0 (mod 6) mr = 21

r ≡ 1 (mod 6) mr = 1

r ≡ 2 (mod 6) mr = 3

r ≡ 3 (mod 6) mr = 7

r ≡ 4 (mod 6) mr = 3

r ≡ 5 (mod 6) mr = 1

Table 4.1.

fixed point α ∈ S1(0) of the dynamical system f
[r]
q and |a − α| � 1/pκ+1.

Conversely, if b ∈ S1(0) is a fixed point to f
[r]
q then there exists a fixed point

β ∈ S1(0) to f [r] such that |b− β| � 1/pκ+1.

Proof. We begin this proof by introducing two functions:

gr(x) = f [r](x)− x = xnr − x

and
gq,r(x) = f [r]

q (x)− x = gr(x) + qr(x).

Let us first assume that a ∈ S1(0) is a fixed point to f [r], that is gr(a) = 0. We
have that

gq,r(a) = qr(a) ≡ 0 (mod p2κ+1Zp).

Since (d/dx)gq,r(x) = nrxnr−1 − 1 + q′r(x) we also have (d/dx)gq,r(a) ≡
0 (mod pκZp) and (d/dx)gq,r(a) �≡ 0 (mod pκ+1Zp). By Theorem 8.1 there
exists α ∈ S1(0) such that gq,r(α) = 0 and |a− α| � 1/pκ+1.

Assume now that b ∈ S1(0) is a fixed point of f
[r]
q . Since gr(x) = gq,r(x)−

qr(x), we have
gr(b) = −qr(b) ≡ (mod p2κ+1Zp).

Since bn
r ≡ b (mod p2κ+1), and therefore bn

r−1 ≡ 1 (mod p2κ+1) we have

(d/dx)gr(b) = nrbn
r−1 − 1 ≡ nr − 1 ≡ 0 (mod pκZp)

and (d/dx)gr(b) �≡ 0 (mod pκ+1Zp). The conditions of Theorem 8.1 are sat-
isfied, so there exists β ∈ S1(0) such that gr(β) = 0 and |b − β|p � 1/pκ+1.
The proof is completed.

Observe that for p > 2 we have a one-to-one correspondence between the
periodic points with periods that divides r of the perturbated dynamical system
fq and the monomial system f . This follows directly from Theorem 1.8. Before
we present some examples we state some theorems which will help us in the
construction of these examples.
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Theorem 2.8. Let p be a fixed prime number and let l � 2, n � 2. If p is not
a divisor of n, then there is a least integer r̄ such that nr̄ − 1 ≡ 0 (mod pl),
1 � r̄ � ϕ(pl). If nr − 1 ≡ 0 (mod pl) then r̄ | r.

Proof. Follows from Lemma 2.19.

Theorem 2.9. Let n, m and l be positive integers. If n ≡ 1 (mod ml), then
nm ≡ 1 (modml+1). If m = p is a prime number and n �≡ 1 (mod pl+1) then
p is the least m such that nm ≡ 1 (mod pl+1).

Proof. Since n ≡ 1 (mod ml) we can write n = qml + 1. By the binomial
theorem we have

nm =(qml + 1)m =
m∑
j=0

(
m

j

)
(qml)j

=1 +
(

m

1

)
qml +

m∑
j=2

(
m

j

)
(qml)j

≡1 (mod ml+1).

This proves the first part of the theorem. Let us now assume that m = p is a
prime number. The fact that n ≡ 1 (mod pl) implies that n and p are relatively
prime. By Theorem 2.8 there is a least r such that nr ≡ 1 (mod pl+1). If
n �≡ 1 (mod pl+1) then it is obvious that the least r must be p, since the only
positive divisors of p are p and 1. (We know from the first part of this theorem
that np ≡ 1 (mod pl+1).)

Theorem 2.10. Assume that n ≡ 1 (mod pl) for some l ∈ Z+, where p is
a prime number. Assume also that this prime number is the least positive
integer d such that nd ≡ 1 (mod pl+1). The least positive integer k such that
(np)k ≡ 1 (mod pl+2) is then p.

Proof. We can write n = qpl + 1. Since p is the least positive integer d such
that nd ≡ 1 (mod pl+1) it follows that n �≡ 1 (mod pl+1), hence p � q. We have

np =
p∑

k=0

(
p

k

)
(qpl)k = 1 +

(
p

1

)
qpl +

p∑
k=2

(
p

k

)
(qpl)k.

If np ≡ 1 (mod pl+2) then qpl+1 ≡ 0 (mod pl+2). This contradicts to the
fact that p � q. Hence, by Theorem 2.9, the least positive integer k such that
(np)k ≡ 1 (mod pl+2) is p.

Example 2.11. Let fq(x) = x2 + q(x), where q is a perturbation. Due to
Theorem 2.13, f(x) = x2 has no cycles of any lenght. According to Example
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2.4, fq has no cycles of odd length. Assume that r = 2r1, r1 ∈ Z+, then we
have that

2r − 1 ≡ (22)r1 − 1 ≡ 0 (mod 3). (4.8)

That is, Theorem 2.1 tells us nothing about possible cycles of fq in this case.
Since 4 �≡ 1 (mod 32) we have that 43 ≡ 1 (mod 32), and 3 is the least positive
integer, d, such that 4d ≡ 1 (mod 32), by Theorem 2.9. Due to this remark
it is easy to see that if r = 2(3r2 + α), (r2 ∈ Z+ and α = 0, 1, 2) then
2r ≡ 1 (mod 32) if and only if α = 0. That is

2r − 1 �≡ 0 (mod 32). (4.9)

If we assume that q is a 1-perturbation, that is ‖q‖ � 1/33, then by (4.8), (4.9)
and Theorem 2.7, fq has no cycles of order r if 6 � r.

We can continue this investigations by repeating the above arguments. If we
assume that q is a 2-perturbation then we can make the conclusion that fq has
no cycles of length r if 18 � r. More general, if we assume that ‖q‖ � 1/32κ+1

then, by Theorem 2.10 there are no cycles of length r if 2 · 3κ � r.

Example 2.12. Let p = 7 and let fq(x) = x2 +q(x), where q is a perturbation.
By Theorem 2.3 the dynamical system f(x) = x2 has cycles only of length 2.
According to Example 2.5, fq has cycles of length 2 and we also know that fq
has no cycles of order r if r > 2 and 3 � r. Let us now assume that r = 3r1,
where r1 ∈ Z+, then 23r1−1 ≡ 0 (mod 7). Since 8 �≡ 1 (mod 49), by Theorem
2.9 we have that 7 is the least positive integer d such that 8d ≡ 1 (mod 49). We
therefore have that 23(7r2+α)− 1 �≡ 0 (mod 49) if 1 � α � 6. If ‖q‖ � 1/p3 it
follows from Theorem 2.7 that there are no cycles of order r of the dynamical
system fq if r > 2 and 21 � r.

If we assume that ‖q‖ � 1/72κ+1 then by Theorem 2.7 and 2.10 the dynam-
ical system fq has no cycles of length r if 3 · 7κ � r.

Example 2.13. Let n = 10 and let p = 3. Since

mr = gcd(nr − 1, p− 1) = gcd(10r − 1, 2) = 1

we have by Theorem 2.13 that the dynamical system f(x) = x10 has no cycles.
We have that nr − 1 ≡ 0 (mod 9) for every r � 2 and if 3 � r we have
nr − 1 �≡ 0 (mod 27). If we assume that ‖q‖ � 1/35 we have by Theorem
2.7 that fq has no cycles of length r if 3 � r. If ‖q‖ � 1/32κ+1 then fq has no
cycles of length r if 3κ−1 � r.

Example 2.14. Let n = 2 and p = 251. Computer calculations show that
r = 50 is the least positive integer such that nr−1 ≡ 0 (mod 251). According
to Theorem 2.13 we have that f only has cycles of lengths 4, 20 and 100. Due
to Theorem 2.1 we can make the conclusion that fq has cycles of order 4 and
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20, and that fq has no cycles of order r if r �= 4, r �= 20 and 50 � r. By using a
computer we get that n100− 1 �≡ 0 (mod 2512). So, if q is a 1-perturbation we
have according to Theorem 2.7 that fq also has a cycle of order 100.

Since 250 − 1 ≡ 0 (mod 251) and 250 − 1 �≡ 0 (mod 2512) we have by
Theorem 2.9 that d = 251 is the least positive integer such that (250)d − 1 ≡
0 (mod 2512). So, if we assume that q is a 1-perturbation we have that fq has
no cycles of order r if r �= 4, r �= 20, r �= 100 and 12550 � r.

It is easy to see that we can write

f [r]
q (x) = xnr

+ qr(x) (4.10)

where qr(x) is a new perturbation.

Theorem 2.15. Let r ∈ Z+ and let p be a prime number such that p � (nr−1).
Then there is a one-to-one correspondence between the primitive r-periodic
points of the monomial and the primitive r-periodic points of the perturbed
monomial systems.

Proof. It follows from Theorem 1.8 that there is a one-to-one correspondence
between the fixed points of f [r] and f

[r]
q . So, we only have to show that these

points are of the same primitive period as periodic points of f and of fq. Since
we know that if d | r then (nd−1) | (nr−1) we can conclude that p � (nr−1)
implies that p � (nd − 1) for every divisor d of r. By Theorem 1.8 there is a

one-to-one correspondence between the fixed points of f [d] and f
[d]
q , for every

d | r.
We have a one-to-one correspondence between the fixed points of f and fq.

Thus, for every prime number q dividing r we have a one-to-one correspondence
between the q-periodic points of f and fq. By induction we prove that there is
a one-to-one correspondence between the primitive r-periodic points of f and
fq.

Theorem 2.16. Let r ∈ Z+. Let p > 2 and p � (nr−1). The monomial system
and the perturbed system (4.2) has the same character of all its primitive r-
periodic points on S1(0) ⊂ Zp.

Proof. By using (4.10) we can copy the proof of Theorem 1.11.

Assume that p > 2. Let r̂ denote the length of the longest cycle of f and let
Nq(n, r, p) denote the number of periodic points on S1(0) of period r of fq (a
corresponding perturbated system). If nrj −1 = pκnj , p � nj for all rj | r̂ then
it follows from Theorem 1.8 that

Nq(n, rj , p) = N(n, rj , p),

if q is a κ-perturbation.



Chapter 5

DYNAMICAL SYSTEMS IN FINITE EXTENSIONS
OF Qp

1. Some examples on behaviour of polynomial dynamical
systems in finite extensions.

Examples presented in this section where studied in [172]. Let E be a
finite field extension of Qp. Consider the non-monomial dynamical system
f(x) = anxn + an−1x

n−1 + · · ·+ a1x + a0 ∈ E[x]. Then the equation

f(x) = x ⇔ anxn + an−1x
n−1 + · · ·+ (a1 − 1)x + a0 = 0

have n roots in Cp. From now on, we shall study the finite field extension
E = Qp(α1, α2, . . . , αn), where α1, α2, . . . , αn are the roots of the equation
f(x) = x.

Lemma 1.1. Let f(x) ∈ E[x], α be a fixed point of f and γ ∈ E. Then

|f(α + γ)− α|p � |γ|p max
1�k�n
0�j<k

∣∣∣ak(kj)αjγk−j−1
∣∣∣
p
.

Proof. This follows directly from the strong triangle inequality and the fact that
anαn + · · ·+ (a1 − 1)α + a0 = 0.

Example 1.2. Let f(x) = x2 − 2x + 2 and E = Qp. This dynamical system
have 1 and 2 as fixed points. Further, |f ′(1)|p = |0|p = 0 for all p and

|f ′(2)|p = |2|p =

{
1/2, if p = 2,
1, if p > 2.

Hence, 1 is an attractor for all p, and 2 is an attractor only when p = 2 and
indifferent otherwise. Let α denote one of the two fixed points of f and set
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Fixed points Sets Primes

1 A(1, Qp) = B1/p(1) p � 2

2
A(2, Q2) = B1/2(2) 2
SI(2, Qp) = B1/p(2) p > 2

Table 5.1. Summary of the results in Example 1.2.

x = α + γ, that is, x ∈ S|γ|p(α). Then Lemma 1.1 gives that

|f(x)− α|p � |γ|p max{| − 2|p, |γ|p, |2α|p},
where

|2|p =

{
1/2, if p = 2,
1, if p > 2

and

|2α|p =

⎧⎪⎨⎪⎩
1/2, if p = 2 and α = 1,
1/4, if p = 2 and α = 2,
1, if p > 2 and α = 1, 2.

Hence, in the case p = 2 we get the inequality

|f(α + γ)− α|2 � 1
2
|γ|2

if |γ|2 � 1/2. Thus, B1/2(α) ⊆ A(α, Q2). Further

|f(2 + γ)− 2|p = |(2 + γ)2 − 2(2 + γ) + 2− 2|p = |γ|p|γ − 2|p. (5.1)

Let γ ∈ Q2 such that |γ|2 � 1. Since |2|2 = 1/2, |γ − 2|2 = |γ|2, by
the isosceles triangle principle, which gives that A(2, Q2) ⊆ B1/2(2) and
therefore A(2, Q2) = B1/2(2). Furthermore, the equality (5.1) gives that S1(2)
is invariant, that is, fn(x) ∈ S1(2) for all x ∈ S1(2), and for all positive integers
n. In the case p > 2 let γ ∈ Qp such that |γ|p < 1. Then |γ − 2|p = 1, so
|f(2 + γ) − 2|p = |γ|p, that is, the set B1/p(2) is a Siegel disk. If |γ|p = 1
then |γ − 2|p � 1. Take γ = 2 + γ1p + γ2p

2 + · · · , then 2 + γ ∈ S1(2) and
|γ− 2|p < 1, so by (5.1) the sphere S1(2) is not invariant. Therefore, is the set
B1/p(2) equal to the maximal Siegel disk SI(2, Qp).

For α = 1 is |f(1 + γ) − 1|p = |(1 + γ)2 − 2(1 + γ) + 2 − 1|p = |γ|2p.
Consequently, A(1, Qp) = B−

1 (1) and S1(1) is invariant and it follows that
A(∞, Qp) = Qp \ (B1(1) ∪B1(2)). In Table 5.1 are the results summarized.
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Lemma 1.3. Let p be a prime. Then
√

p �∈ Qp. Further, if q is a prime and
p > 2, p �= q, then

√
q ∈ Qp if and only if q(p−1)/2 ≡ 1 (mod p).

Proof. Assume that
√

p ∈ Qp, then ordp(
√

p) ∈ Z. Thus

p− ordp(p) = |p|p = |√p|2p = p−2 ordp(
√
p).

Hence, ordp(p) = 1 is even, a contradiction. Let p be a odd prime. Since
gcd(p, q) = 1, |q|p = 1 and therefore |√q|2p = 1 if

√
q ∈ Qp. Hence

ordp(
√

q) = 0 and
√

q = q0 + q1p + q2p
2 + · · · . This implies that

q = q2
0 + 2q0q1p + (2q0q2 + q2

1)p
2 + · · · . (5.2)

Observe that only a finite numbers of coefficients in (5.2) is non-zero, since q
is a positive integer. Then

q ≡ q2
0 (mod p), (5.3)

and this equation have a solution if and only if q(p−1)/2 ≡ 1 (mod p), by
Lemma 10.8. If (5.3) have a solution q0 then also p − q0 is a solution, since
(p − q0)2 = p2 − 2q0p + q2

0 ≡ q (mod p). By elementary results concerning
congruences, it follows that for each q0, the corresponding sequence q1, q2, . . .
exists and are unique.

Example 1.4. For p < 100,
√

2 ∈ Qp if and only if p = 7, 17, 23, 31, 41, 47,
71, 73, 79, 89 or 97.

Definition 1.5. When
√

q ∈ Qp, set
√

q = q0 + q1p + q2p
2 + · · · and −√q =

q′0 + q′1p + q′2p2 + · · · , such that q0 < q′0.

Example 1.6. Consider the dynamical system f(x) = x3 + x2 − x− 2. This
dynamical system have the fixed points−1 and±√2. We study the dynamical
system in the finite field extension

Ep = Qp(
√

2).

Let ep denote the ramification index of Ep over Qp and ρ(p) = p−1/ep . Then
B−

1 (x, Ep) = Bρ(p)(x, Ep). Let π ∈ Ep such that |π|p = ρ(p). Further,
by Lemma 1.3, is Qp(

√
2) = Qp if and only if 2(p−1)/2 ≡ 1 (mod p). First,

determine by using the derivative of f the type of the fixed points:

|f ′(α)|p = |3α2 + 2α− 1|p =

{
0, if α = −1,

p− ordp(5±2
√

2), if α = ±√2.

Hence, −1 is an attractor for all primes p. If Ep �= Qp then, by Example 5.1,
ordp(5 ± 2

√
2) = ordp(17)/2 = 0, because in this case p can not be equal



86 P -ADIC DETERMINISTIC . . .

to 17 since 2(17−1)/2 ≡ 1 (mod 17). Now, let p be a prime such that Ep = Qp.
Set
√

2 = q0 + q1p + q2p
2 + · · · where q2

0 ≡ 2 (mod p). Then by the strong
triangle inequality is |5 + 2

√
2|p � 1. Moreover, |5 + 2

√
2|p < 1 if and only

if 5 + 2q0 = pn for some integer n � 1. The system of congruence

(2q0)2 = 4q2
0 ≡ 8 (mod p),

(pn − 5)2 = p2n − 10p + 25 ≡ 25 (mod p)

holds only if p = 17, and analogy for −√2 = q′0 + q′1p + q′2p2 + · · · . If
p = 17 then q0 = 6 and q′0 = 11 and we have that |5 + 2

√
2|17 = 1/17 and

|5−2
√

2|17 = 1 Thus,
√

2 is attractive when p = 17 and indifferent otherwise.
Further, the fixed point −√2 is indifferent for all primes p.

Consider the fixed point −1 and let x = γ − 1, which is the same as x ∈
S|γ|p(−1, Ep). Then after one iteration the distance between f(x) and −1 is

|f(γ − 1)− (−1)|p = |f(γ − 1) + 1|p = |γ|2p|γ − 2|p. (5.4)

If |γ|p > 1 then |γ − 2|p = |γ|p, by the isosceles triangle principle, and by
(5.4), |fn(x) + 1|p →∞ when n→∞. So the basin of attraction for −1 is a
subset of B1(−1, Ep). If |γ|p < 1, p > 2, then |γ− 2|p = 1, and fn(x)→ −1
as n → ∞. In the case |γ|p < 1, p = 2, we have three subcases, since
|2|2 = 1/2 and that E2 is a totally ramified extension of Q2, for example is
ord2(2 +

√
2) = ord2(2)/2 = 1/2, that is ρ(2) = 1/

√
2:

(1) if |γ|2 < 1/2 then |γ − 2|2 = 1/2, and it follows from (5.4) that fn(x)→
−1 as n→∞,

(2) if |γ|2 = 1/2 then |γ − 2|2 � 1/2 and |f(x) + 1|2 � 1/8 < 1/2,

(3) if |γ|2 = 1/
√

2 then |γ− 2|2 = 1/
√

2 and |f(x)+ 1|2 = 1/(2
√

2) < 1/2.

So, if x ∈ S1/2(−1, E2) or x ∈ S1/
√

2(−1, E2), then f(x) ∈ B−
1/2(−1, E2)

and therefore fn(x) → −1 as n → ∞. Hence, we have for all primes that
B−

1 (−1, Ep) ⊆ A(−1, Ep). If |γ|2 = 1 then |γ − 2|2 = 1 and by (5.4)
the sphere S1(−1, E2) is invariant. Thus, A(−1, E2) = B1/

√
2(−1, E2). If

|γ|p = 1, p > 2, then |γ− 2|p � 1. So |f(γ− 1) + 1|p � 1 and there can exist
elements in the sphere S1(−1, Ep) which are attracted by −1.

We now want to find the elements in S1(−1, Ep), p > 2, which are attracted
by −1. We have OEp = Zp if Ep = Qp and OEp = Zp[

√
2] otherwise.

Moreover, B−
1 (α, Ep) = α + pOEp , where α = a + b

√
2 and a, b ∈ Fp, and

therefore is the collection of the sets α+pOEp a partition ofOEp . Furthermore,
OEp = B1(x, Ep) for all x ∈ OEp , and

S1(α1, Ep) =
⋃

α �=α1

(α + πOEp),
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where α1 = a1 + b1

√
2 (a1, b1 ∈ Fp), and especially

S1(−1, Ep) =
⋃

α �=p−1

(α + πOEp).

If Ep = Qp we let α = a, a ∈ Fp. Let x be an element in S1(−1, Ep). Then x

can be written in the form α + β, where α = a + b
√

2 �= p− 1 (a, b ∈ Fp) and
β ∈ pOEp . Further, γ = x + 1 and therefore is |γ − 2|p = |α− 1 + β|p < 1 if
and only if α = 1. So after one iteration the elements in 1 + pOEp are mapped
into B−

1 (−1, Ep). Hence, the elements in the set 1 + pOEp = B−
1 (1, Ep) is

attracted by −1.
To find all the elements in S−

1 (−1, Ep) which is attracted by−1, we have to
consider each prime separately. We shall study the ten first primes (in reality
the first nine primes after 2 since the case p = 2 is already done). But before
we do that we shall study the other two fixed points

√
2 and −√2.

Let x = γ±√2 (we will study the fixed points
√

2 and−√2 simultaneously).
Then after one iteration the distance between f(x) and ±√2 is

|f(γ ±
√

2)∓
√

2|p = |γ|p|γ(γ + 1± 3
√

2) + 5± 2
√

2|p.
By using the same technique as above we find that

|1 + 3
√

2|17 = 1, |1− 3
√

2|17 = 1/17 and |1± 3
√

2|p = 1

for all other primes p. First let p = 17 then, in the same way as for the fixed
point −1 and p = 2, we have:

B−
1 (
√

2, E17) ⊂ A(
√

2, E17) and B−
1 (−
√

2, E17) ⊂ SI(−
√

2, E17).

Now, let p �= 17. If |γ|p < 1 then |γ + 1± 3
√

2|p = 1 and therefore

|γ(γ + 1± 3
√

2) + 5± 2
√

2|p = 1.

Thus, |f(γ ± √2) ∓ √2|p = |γ|p. Hence, the sets Sr(±
√

2, Ep), r < 1, are
invariant and the open balls S1(±

√
2, Ep) are Siegel disks. Further, if |γ|p > 1

then |γ + 1± 3
√

2|p = |γ|p and

|γ(γ + 1± 3
√

2) + 5± 2
√

2|p = |γ|2p.

Consequently |f(γ ± √2) ∓ √2|p = |γ|3p. Hence, the elements outside of
B1(±

√
2, Ep) are repelled by ±√2. If |γ|p = 1 then |γ(γ + 1 ± √2)|p �

1. Thus, |f(γ ±√2)∓√2|p � 1. The can exist elements in S1(±
√

2, Ep)
which after one iteration are mapped into the open ball B−

1 (±√2, Ep). If that
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f(3OE3) = 1 + 3OE3

f(
√

2 + 3OE3) =
√

2 + 3OE3

f(2
√

2 + 3OE3) = 2
√

2 + 3OE3

f(1 + 3OE3) = 2 + 3OE3

f(1 +
√

2 + 3OE3) = 1 + 3OE3

f(1 + 2
√

2 + 3OE3) = 1 + 3OE3

f(2 + 3OE3) = 2 + 3OE3

f(2 +
√

2 + 3OE3) = 1 + 2
√

2 + 3OE3

f(2 + 2
√

2 + 3OE3) = 1 +
√

2 + 3OE3

Table 5.2. The map of each cosets of 3OE3 .

is the case then SI(±√2, Ep) = B−
1 (±√2, Ep), otherwise SI(±√2, Ep) =

B1(±
√

2, Ep).
Before we study the ten first primes we conclude that

(α1 + pOEp) + (α2 + pOEp) = (α1 + α2) + pOEp ,

(α1 + pOEp) · (α2 + pOEp) = (α1α2) + pOEp ,

implies f(α+pOEp) = f(α)+pOEp . Further, the only primes among the ten
first primes (2, 3, 5, 7, 11, 13, 17, 19, 23 and 29) when Ep = Qp are p = 7, 17
or 23. Also, observe that −√2 ∈ (p− 1)

√
2 + pOEp .

p = 2 We have already found basin of attraction and Siegel disks in this
case. But let us establish some interesting properties of this sets. From
−1 = 1 + 1 · 2 + 1 · 22 + · · · it follows that −1 ∈ B1/

√
2(1, E2). Further,

p− 1 = 1 implies −√2 ∈ B1/
√

2(
√

2, E2). Moreover

|
√

2|2 = 2− ord2(
√

2) = 2− ord2(−2)/2 = 1/
√

2

gives us that
√

2 ∈ B1/
√

2(0, E2) andOE2 = 2OE2∪(1+2OE2). Therefore

S1(±
√

2, E2) = B1/
√

2(1, E2). Hence

A(−1, E2) = B1/
√

2(1, E2),

SI(±
√

2, E2) = B1(0, E2) = OE2 .

p = 3 The map of each cosets of 3OE3 are presented in the table 5.2. We see
that an element in, for an example, 2+2

√
2+3OE3 maps after one iteration

into 1 + 2
√

2 + 3OE3 and after one more iteration into 1 + 3OE3 . Hence
2 + 2

√
2 + 3OE3 ⊂ A(−1, E3). Thus

A(−1, E3) =
⋃

α �=±√
2

Bρ(3)(α, E3),
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2
√

2

√
2

0

1 + 2
√

2

1 +
√

2

1

2 + 2
√

2

2 +
√

2

2

(a) OE3 . (b) OE5 .

(c) Z7.

Figure 5.1. Graphs over the iterations. Observe that the term “3OE3” should be added to each
coordinate in OE3 . The circles represents the sets to which the fixed points belongs.

where α = a + b
√

2 (a, b ∈ F3). Table 5.2 gives also that the elements in
Bρ(3)(±

√
2, E3) are the only elements which maps into Bρ(3)(±

√
2, E3),

and therefore

SI(±
√

2, E3) = B1(±
√

2, E3) = OE3 .

We can also view this graphical by using a directed graph, see figure 5.1(a).
Here the nodes corresponds to an set a + b

√
2 + 3OE3 , such that the node

have the coordinate (a, b).

p = 5 Henceforth, to save space, we do not list the map of each cosets
a + pOEp . However, in this case see figure 5.1(b) for a graphical analysis.
Hence

A(−1, E5) =
⋃

α∈C5
Bρ(5)(α, E5)

SI(±
√

2, E5) = B1(±
√

2, E5) = OE5 ,

where C5 = {0, 1, 2, 3, 4, 3 + 2
√

2, 3 + 3
√

2}.
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p Sets

11
A(−1, E11) = Bρ(11)(1, E11) ∪ Bρ(11)(10, E11)

SI(±√
2, E11) = Bρ(11)(±

√
2, E11)

13
A(−1, E13) = Bρ(13)(1, E13) ∪ Bρ(13)(12, E13)

SI(±√
2, E13) = B1(±

√
2, E13) = OE13

17
A(−1, E17) = Bρ(17)(1, E17) ∪ Bρ(17)(16, E17)

A(
√

2, E17) = Bρ(17)(
√

2, E17) ∪ Bρ(17)(4, E17)

SI(−√
2, E17) = B1(−

√
2, E17) = Z17

19
A(−1, E19) =

S
α∈C19

Bρ(19)α, E19
SI(±√

2, E19) = B1(±
√

2, E19) = OE19

23
A(−1, E23) = Bρ(23)(1, E23) ∪ Bρ(23)(22, E23)

SI(±√
2, E23) = Bρ(23)(±

√
2, E23)

29
A(−1, E29) =

S
α∈C29

Bρ(29)(α, E29)

SI(±√
2, E29) = Bρ(29)(±

√
2, E29)

Table 5.3. Basins of attraction and Siegel disks for the primes 11, 13, 17, 19, 23 and 29. There
C19 = {1, 9, 18, 14 + 5

√
2, 14 + 14

√
2} and C29 is a set which contains 265 elements.

p = 7 Since 32 ≡ 42 ≡ 2 (mod 7) it follows that
√

2 ∈ 3 + 7Z7 and
−√2 ∈ 4 + 7Z7. Figure 5.1(c) gives that

A(−1, E7) = Bρ(7)(1, E7) ∪Bρ(7)(2, E7) ∪Bρ(7)(−1, E7)

SI(
√

2, E7) = Bρ(7)(
√

2, E7),

SI(−
√

2, E7) = B1(−
√

2, E7) = Z7.

The basin of attraction and the Siegel disks for the next six primes, 11, 13, 17,
19, 23 and 29, can be found in the same way. The results are listed in table 5.3.

Example 1.7. Study the dynamical system f(x) = x4 + 3x2 + x + 2 in the
field extension Qp(i,

√
2), where i is a solution to x2 + 1 = 0. This dynamical

system have the fixed points ±i and ±i
√

2. Moreover, |f ′(±i)|p = |1 ± 2i|p
and |f ′(±i

√
2)|p = |1± 2i

√
2|p.

First, consider the fixed points ±i
√

2. Since the valuation of 1 ± 2i
√

2 not
depend on the field Qp(i,

√
2), can we use the field Qp(i

√
2) instead. Let p

be a prime such that i ∈ Qp and
√

2 ∈ Qp. Then |1 ± 2i
√

2|p = |1 ± (x0 +
x1p+ · · · )(q0 + q1p+ · · · )|p < 1 if and only if 1±x0q0 = pn for some integer
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i �∈ Qp,
√

2 ∈ Qp 1 ± 2i
√

2 �→ 12 − (−1)(2
√

2)2 = 9

i �∈ Qp,
√

2 �∈ Qp 1 ± 2i
√

2 �→ 12 − (−2)22 = 9

i ∈ Qp,
√

2 �∈ Qp 1 ± 2i
√

2 �→ 12 − 2(2i)2 = 9

Table 5.4. The map a + b
√

ε �→ a2 − εb2 on 1 ± 2i
√

2 (see Example 5.1).

n � 1. The system of congruence

(±x0q0)2 ≡ 2(p− 1) ≡ p− 2 (mod p),

(pn − 1)2 = p2n − 2p + 1 ≡ 1 (mod p)

is valid only if p = 3. But either i or
√

2 are elements in Q3. The three other
cases are presented in Table 5.4, see Example 5.1 for detail. Thus, |1±2i

√
2|p �

1 with strict inequality only if p = 3, |1±2i
√

2|3 = 1/3, so±i
√

2 are attractors
when p = 3 and indifferent otherwise.

Now, consider the fixed points±i. If p = 2 or p ≡ 3 (mod 4) then ordp(1±
2i) = ordp(5)/2, so |1 ± 2i|p = 1, since 5 �≡ 3 (mod 4). So for p = 2 or
p ≡ 3 (mod 4) are±i indifferent. If p ≡ 1 (mod 4) then |1± 2i|p � 1. Here
it is possibly that ±i are either attractors or indifferent. Study the canonical
representation of i, that is, i = x0 + x1p + · · · . If 1 + 2x0 ≡ 0 (mod p)
then |1 + 2i|p = |1 + 2(x0 + x1p + · · · )|p < 1. Since p ≡ 1 (mod 4),
x2

0 ≡ −1 (mod p). This implies that x2
0 − 2x0 ≡ x0(x0 − 2) ≡ 0 (mod p).

But x0 ≡ 0 (mod p) is impossible, so x0 ≡ 2 (mod p) is the only alternative.
The only prime p which satisfies

x2
0 ≡ 4 ≡ −1 (mod p).

is p = 5. Hence, ±i are indifferent when p �= 5, if p = 5 then i is an attractor
and −i is indifferent.

2. Polynomial dynamical systems over local fields
The results from this section comes from [201]. In that paper, local field

theory (see e.g. [15, 39, 144, 192]) is used to study a class of discrete dynamical
systems, where the function being iterated is a polynomial with p-adic integer
coefficients. Let K denote a p-adic field, i.e. a local field of characteristic
zero. A local field is by definition complete with respect to a non-trivial, non-
archimedean, discrete valuation, and has a finite residue class field. A p-adic
field is isomorphic to some finite extension of the field Qp of p-adic numbers,
for some prime p, the characteristic of the residue class field.
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Fixed points Type Primes

i
indifferent p �= 5
attractor p = 5

−i indifferent p � 2

±i
√

2
indifferent p �= 3
attractor p = 3

Table 5.5. Summary of the results in Example 1.7.

The ring of integers inK will be denoted byo, and the corresponding maximal
ideal by p. By Kp we will mean the residue class field of K, i.e. Kp = o/p.
Since the valuation is discrete, p is a principal ideal. A generator π of p is called
a prime in K.

Theorem 2.1. Let m(x) ∈ Kp[x] be an irreducible polynomial of degree n.
Suppose m̂(x) ∈ o[x] is of the same degree as m(x), and that m̂(x) is mapped
canonically onm(x). Then m̂(x) is irreducible overK, andL = K[x]/ 〈m̂(x)〉
is an unramified extension of degree n of K. Furthermore, if M is another
unramified extension of degree n of K, then M is isomorphic to L.

Theorem 2.2. Suppose L/K is a totally ramified extension of degree n. Then
L = K(α) for some zero α of an Eisenstein polynomial of degree n, i.e. a
polynomial

f(x) = a0 + a1x + · · ·+ an−1x
n−1 + xn ∈ K[x]

such that ordπ(ai) ≥ 1 for all i = 1, 2, . . . , n− 1, and ordπ(a0) = 1.
Conversely, if L = K(β) is an extension of K, obtained by adjoining a

zero β of an Eisenstein polynomial of degree n in K[x], then L/K is a totally
ramified extension of degree n.

Proofs of all the three theorems in this section can be found for instance in [15].
Let L be a finite extension of Qp. Given a polynomial g(x) ∈ Qp[x], we

define the corresponding discrete dynamical system (or just dynamical system,
for short) g on L, as the mapping L � β �→ g(β) ∈ L.

Since we will be dealing with dynamical systems g, where g(x) is a monic
polynomial in Zp[x], the following lemma will be useful.

Lemma 2.3. Let g(x) ∈ Zp[x] be a polynomial of degree m and α any element
in (an extension of) Qp such that |α| ≤ 1. Suppose p does not divide the highest
degree coefficient of g(x). Then r ∈ R+ fulfills the inequality (3.7), if and only
if r < 1.
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Proof. (⇒) If (3.7) is valid, then especially∣∣∣∣∣g(m)(α)
m!

∣∣∣∣∣ rm−1 < 1.

But g(m)(α) = cm!, for some c ∈ Zp such that p � | c, and hence r < 1.
(⇐) Suppose r < 1. By putting g(x) = bmxm+bm−1x

m+1+· · ·+b1x+b0

(where p � | bm) we obtain

g(n)(α)
n!

=
1
n!

m−n∑
i=0

(n + i)!
i!

bn+iα
i =

m−n∑
i=0

(
n + i

n

)
bn+iα

i,

for all n such that 2 ≤ n ≤ m. Here the right-hand side is an integer, and thus∣∣∣∣∣g(n)(α)
n!

∣∣∣∣∣ rn−1 <

∣∣∣∣∣g(n)(α)
n!

∣∣∣∣∣ ≤ 1,

which establishes the lemma.

Let f(x) ∈ Zp[x] be a monic irreducible polynomial of degree q, where q
is a prime, and put L = Qp(α) for some zero α of f(x). The extension L/Qp

is then either unramified or totally ramified, since q = e · f , where e is the
ramification index. Further, the set of all fixed points of the dynamical system

g(x) = x + f(x) (5.5)

on L coincides exactly with the set of all zeros of the polynomial f(x) in L.
We will study the character of the fixed points of g, and give a description of the
corresponding basin of attraction or maximal Siegel disc in an extension field
containing the fixed point.

The Unramified Case
Theorem 2.4. Let f(x) = xq+aq−1x

q−1+aq−2x
q−2+· · ·+a1x+a0 ∈ Zp[x]

be an irreducible polynomial of prime degree q. Suppose f(x) defines an
unramified extension L/Qp, and that f̄(x) ∈ Fp[x] is irreducible. Then every
fixed point α ∈ L of the dynamical system (5.5) is attracting, if and only if
q = p and {

a1 ≡ −1 (mod p),
an ≡ 0 (mod p), n = 2, 3, . . . , p− 1.

(5.6)

Proof. (⇒) Suppose α is attracting. Then |g′(α)| < 1, which translates to
ḡ′(ᾱ) = 0 in LP. The minimal polynomial of ᾱ over Fp is given by f̄(x),
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whence f̄(x) | ḡ′(x). Since deg ḡ′(x) < deg f̄(x), this yields a contradiction,
unless ḡ′(x) is the zero polynomial in Fp[x]. But if that is the case, then

q ≡ (q − 1)aq−1 ≡ (q − 2)aq−2 ≡ · · · ≡ 2a2 ≡ a1 + 1 ≡ 0 (mod p),

from which q = p and (5.6) immediately follows.
(⇐) If q = p and the congruences (5.6) are valid, then all coefficients but

the one of the highest degree of g(x) is divisible by p, and since deg g(x) = p,
the derivative of ḡ(x) is the zero polynomial in Fp[x]. This means especially
that ḡ′(ᾱ) = 0 for every fixed point α of g, or in other words, that |g′(α)| < 1.
Hence α is attracting.

When it comes to the case when the fixed point considered is attracting, its
basin of attraction can be determined by the following theorem.

Theorem 2.5. For every a, b ∈ Zp, put

fa,b(x) = xp + ax + b ∈ Zp[x].

If a+1 is a non-unit and b is a unit, then fa,b(x) defines an unramified extension
of degree p of Qp. Moreover, every fixed point α of the corresponding dynamical
system ga,b(x) = x + fa,b(x) is attracting, and A(α) = B−

1 (α).

Proof. We must first prove that fa,b(x) is irreducible over Qp, whenever a+1 is
a non-unit and b is a unit. This will follow, if we can prove that the polynomial
f̄a,b(x) = xp − x + b̄ (where b̄ ∈ F∗

p) is irreducible over Fp. If γ is a zero
of f̄a,b(x), then the extension Fp(γ)/Fp is normal and it has a cyclic Galois
group G, generated by the Frobenius automorphism σ on Fp(γ). Now σ(γ) =
γp = γ − b̄, whence the order of σ in G equals p. Thus

[Fp(γ) : Fp] = |G| = p = deg f̄a,b(x),

and we can conclude that f̄a,b(x) is irreducible.
By Theorem 2.1, fa,b(x) defines an unramified extension of degree p of Qp,

and Theorem 2.4 shows that every fixed point of the corresponding dynamical
system ga,b is attracting. We have |α| = 1 for every fixed point α of ga,b, so
Theorem 1.7 yields B−

1 (α) ⊆ A(α).
One readily shows that |β − α| > 1 implies |ga,b(β) − α| > |β − α|, and

thereby β /∈ A(α, L). Thus, it remains to prove that no element of the sphere
S1(α) belongs to A(α). Suppose, on the contrary, that β ∈ S1(α) belongs to
A(α). Then there exists an integer N such that

|gja,b(β)− α| < 1 ∀j ≥ N. (5.7)

Now every element in the sequence (βj)∞j=0 (where β0 = β and βj = ga,b(βj−1)
if j ≥ 1) is an integer in L, so we canonically obtain a sequence (β̄j)∞j=0 (where
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β̄0 = β̄ and β̄j = ḡa,b(β̄j−1) if j ≥ 1) in the residue class field of L. The
condition (5.7) corresponds to

ḡja,b(β̄) = ᾱ ∀j ≥ N, (5.8)

while |β−α| = 1 is equivalent to β̄ �= ᾱ. Moreover, since L/Qp is unramified
and [L : Qp] = p, the residue class field of L is isomorphic to the finite field
consisting of pp elements. We have ḡa,b(x) = xp + b̄, and by induction one
easily concludes that

β̄j = β̄pj
+ j · b̄

for every j ∈ N . Especially

β̄p = β̄pp
+ p · b̄ = β̄.

It follows that if β̄ �= ᾱ, then it is not possible for (5.8) to be true, and we can
conclude that no element of S1(α, L) belongs to A(α, L). The proof is thereby
finished.

The Totally Ramified Case
Let us first state a lemma that will be useful for us in the proof of the main

result in this section. A more general, number-theoretical version of this lemma
can be found, along with a proof, for instance in [171].

Lemma 2.6. Letpbe an odd prime andna positive integer. Then the polynomial
xn + 1 ∈ Fp[x] has a zero in Fp, if and only if (p − 1)/(n, p − 1) is an even
number.

Theorem 2.7. Let q be a prime, and suppose

f(x) = xq + aq−1x
q−1 + aq−2x

q−2 + · · ·+ a1x + a0 ∈ Zp[x] (5.9)

defines a totally ramified extension L/Qp of degree q. Let α be a fixed point of
the dynamical system g(x) = x+ f(x). Then α is indifferent, and the maximal
Siegel discSI(α, L) is given byB−

p1/q(α), if and only ifpand (p−1)/(q−1, p−1)

both are odd numbers, and B−
1 (α) otherwise.

Proof. First of all, we note that f(x) is irreducible. We will divide the proof
into two cases.

Case 1: p |a0. Since f(x) is irreducible, every ai is divisible by p.1 Further-
more, if α is a zero of f(x)—and thereby a fixed point of g(x)—then |α| < 1.
Hence α is indifferent, since

|g′(α)| = |1 + a1 + 2a2α + 3a2α
2 + · · ·+ qαq−1| = 1.

1Hence this case includes all Eisenstein polynomials, see Theorem 2.2.
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We want to prove that the maximal Siegel disc of α with respect to g is given
by B−

p1/q(α). Choose ρ in the valuation group such that ρ < p1/q. Since L/

pt is a totally ramified extension of degree q, the valuation group is given by
the cyclic group

〈
p1/q
〉

= {pk/q : k ∈ Z}, and we can therefore assume that
ρ ≤ 1.

Theorem 1.7 implies that Sρ(α) is invariant under g, if ρ < 1. The case when
ρ = 1 has to be considered separately, i.e. we need to investigate whether g(β)
belongs to S1(α) or not, provided β ∈ S1(α). We use the same technique as in
the proof of Theorem 2.5, and study the canonical sequence (β̄j)∞j=0 (β̄0 = β̄

and β̄j = ḡa,b(β̄j−1)) in the residue class field of L. In this case, the residue
class field of L is isomorphic to Fp. Moreover, ḡ(x) = xq + x ∈ Fp[x]. If
|β − α| = 1, then β̄ �= ᾱ = 0 in Fp. It follows that β /∈ SI(α), if and
only if ḡ(β̄) = 0. But ḡ(β̄) = β̄q + β̄, and since β̄ �= 0, we obtain that
g(β) /∈ S1(α, L), if and only if β̄ ∈ F∗

p is a zero of xq−1 + 1 ∈ Fp[x]. Such a
zero obviously exists, if p = 2. If p �= 2, then there is such a zero, if and only
if (p− 1)/(q − 1, p− 1) is an even number, according to Lemma 2.6.

Finally, one readily verifies that no sphere Sρ(α), where ρ ∈ VL and ρ ≥
p1/q, is invariant under g, which completes the proof of the theorem in Case 1.

Case 2: p � | a0. In this case, α is a unit in OL, the ring of integers in L. In
other words, |α| = 1. This means that there is a unique representation

α = ζη (5.10)

of α, where ζ ∈ Zp is a (p− 1)st root of unity and η ∈ 1 + PL. The minimal
polynomial of η over Qp is given by

m(x) = xq+ζ−1aq−1x
q−1+ζ−2aq−2x

q−2+· · ·+ζ−q+1a1x+ζ−qa0. (5.11)

If we fix a prime Π of L, i.e. a generator of the ideal PL, we can write

η = 1 + γΠ, (5.12)

for some γ ∈ OL. The minimal polynomial h(x) of γΠ over Qp is of degree q,
and m(x) = h(x− 1). But

h(x−1) = xq+
h(q−1)(−1)

(q − 1)!
xq−1+

h(q−2)(−1)
(q − 2)!

xq−2+· · ·+h′(−1)x+h(−1),

which combined with (5.11) yields

ai =
ζq−ih(i)(−1)

i!

for every i. If we put

h(x) = xq + bq−1x
q−1 + bq−2x

q−2 + · · ·+ b1x + b0 (5.13)
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for some bi ∈ Zp, we note that since |γΠ| ≤ |Π| < 1, every bi is divisible by p.
Hence h̄(x) = xq ∈ Fp[x] and

h̄(i)(−1) =
q!

(q − i)!
(−1)q−i,

whence

f̄(x) =
q∑

i=0

(
q

i

)
(−ζ̄)q−ixi = (x− ζ̄)q.

This yields
ḡ′(ᾱ) = 1 + q(ᾱ− ζ̄)q−1.

But a consequence of (5.10) and (5.12) is that ᾱ = ζ̄ in Fp. Hence ḡ′(ᾱ) �= 0,
which proves that α is indifferent.
In the same manner as earlier, we find (by applying Theorem 1.7 and Lemma 2.3)

that every sphere Sρ(α), where ρ < 1, is invariant under g, and that this is not
the case for any sphere Sρ(α, L) with ρ ∈ VL and ρ ≥ p1/q. The case when
ρ = 1 must yet again be considered separately. Let β be an element in S1(α, L).
Since ḡ(β̄) = β̄ +(β̄− ζ̄)q = β̄ +(β̄− ᾱ)q, we find that β̄ �= ᾱ and ḡ(β̄) = ᾱ,
if and only if (β̄ − ᾱ)q−1 = −1. This is a situation similar to the one in
Case 1 above. Thereby we can make the same conclusion about the nature of
the maximal Siegel in this case, as we did in the first one.



Chapter 6

CONJUGATE MAPS

In this section we consider the dynamics under iteration of a power series of
the form

f(x) = λx + a2x
2 + a3x

3 + . . . ,

over a complete non-archimedean field K. We say that f is semi-conjugate to
its multiplier map λ in a neighborhood of the fixed point 0 if there is a power
series g such that the Schröder functional equation

g ◦ f(x) = λg(x), (6.1)

holds in this neighborhood. We will refer to this neighborhood as the domain
of semi-conjugacy. Here the conjugating function g is supposed to satisfy
g(0) = 0 and g′(0) = 1. This gives uniqueness.

1. Introduction
The attracting and repelling cases are the easier, both in complex and non-

archimedean dynamics. We will consider attracting fixed points in Theorem
2.6 and repelling in Theorem 3.1.

For all complete non-archimedean fields, g converges on an open disk of
radius ρ � 1/c, where c is an upper bound for the coefficients of f in the sense
that |an| � cn−1. This is sometimes the best bound. In the repelling case g
converges on a disk of radius equal to the absolute value of the multiplier λ.

Neutral fixed points do not always have a semi-conjugacy due to the problem
of small divisors, see [154, 87, 110] for the complex and non-archimedean
case respectively. The non-archimedean case is less complicated. In fact, if
the characteristic of a non-archimedean field is zero there is no small divisor
problem in dimension one, but in higher dimensions there is. On the other
hand, recent results [149] show that small divisor problems on fields of strictly
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positive characteristics in many cases yield divergence of conjugating functions
although it was also shown that there are cases when the conjugating series
converges though the multiplier is not a Brjuno number. We consider neutrally
stable fixed points in Theorem 5.1.

On Cp (complex p-adic numbers), g converges on an open disk of radius
given in section 7. As mentioned above, this result does not hold on an arbitrary
non-archimedean field.

In Complex Dynamics there are both analytic and geometric proofs of the
existence of g. For attracting fixed points the oldest proof is due to Koenigs [133]
in the nineteenth century. Basically he proved that the sequence of functions
fn/λn tends uniformly to a holomorphic function gwhich satisfies the Schröder
functional equation (6.1). A proof using this technique can be found in [38]. Our
proofs are based on the technique of Siegel [196]; ansatz of a power series g in
the Schröder equation and estimation of its coefficients from formula (6.3). This
approach was also taken in the papers [22, 203] concerning the conjugation at
neutrally stable fixed points of polynomials of degree two over p-adic numbers.
We extend this study to power series over non-archimedean fields in general and,
in particular, over Cp, see [110]. Lubin, [150], has studied the same problems
over more restricted domains; finite extensions of Qp by studying the limit
g = limn→∞ f◦n/λn for attracting fixed points. Lemma 2.1 is a generalization
of Lubin’s Proposition 2.2 in two ways in that it extends Lubin’s result to every
non-archimedean field and does not contain any assumption on the Weierstrass
degree of f . The Weierstrass degree of a power series f being the lowest degree
in which a unit coefficient appears.

For neutrally stable fixed points Lubin defines the Lie-logarithm

L = lim
n→∞(f◦pn − idx)/pn,

which converge on the open unit disk. This does, however, not give the radius
of convergence of g. In fact the Lie-logarithm is, up to a constant, the quotient
between the conjugating function g and its derivative g′.

2. Attracting fixed points
In this section K is an arbitrary complete non-archimedean field with absolute

value | · |, and f is a power series with bounded coefficients and with the origin
as a fixed point. In the first part of this section we will also assume that the
coefficients of f are all in the unit disk. This implies that f is convergent on
the entire open unit disk.

Lemma 2.1. Suppose that f has its coefficients in the unit disk, f(0) = 0 and
f ′(0) = λ, where 0 < |λ| < 1. Then there is a unique function g, defined on the
open unit disk |x| < 1 with g(0) = 0, g′(0) = 1 such that the semi-conjugacy

g ◦ f(x) = λg(x), (6.2)
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is valid in the open unit disk |x| < 1.

Proof. Since f is defined in the open unit disk, the semi-conjugacy (6.2) is
proven if we find that there is a g with the required properties. Let f(x) =
λx +

∑∞
n=2 anxn and g(x) = x +

∑∞
k=2 bkx

k. By solving the equation (6.2)
for formal power series we obtain

bk(λ− λk) =
k−1∑
l=1

bl(
∑ l!

α1! · ... · αk!
aα11 · ... · aαk

k ), (6.3)

where α1+...+αk = l and α1+2α2...+kαk = k and a1 = λ. By the condition
of the lemma we have that |an| � 1. Also note that |l!/(α1! · ... · αk!)| � 1
since l!/(α1! · ... · αk!) is an integer. Thus equation (6.3) yields in view of the
strong triangle inequality

|bk| � 1
|λ− λk| max

l
|blaα11 · ... · aαk

k |, (6.4)

where b1 = 1 and the maximum is taken over all solutions (l, α1, ..., αk) to the
system ⎧⎨⎩ α1 + ... + αk = l,

α1 + 2α2... + kαk = k,
1 � l � k − 1,

(6.5)

of equations for nonnegative integers αi. Note that each αi = αi(l, k) is a
multi-valued function of l and k. For example for k = 4 and l = 2 we have
the solution α1(2, 4) = α3(2, 4) = 1 and α2(2, 4) = 0 as well as the solution
where α2(2, 4) = 2 and α1(2, 4) = α3(2, 4) = 0.

Now for |λ| < 1 and k � 2 we have |λ−λk| = |λ| ∣∣1− λk−1
∣∣ = |λ|. Recall

that a1 = λ. The equation (6.4) then yields for |λ| < 1 under the assumption
|an| � 1 that

|bk| � |λ|−1 max
[
|b1λ

α1(1,k)|, |b2λ
α1(2,k)|, ..., |bk−1λ

α1(k−1,k)|
]
, (6.6)

We will show, Lemma 2.3, that

|bk| � |λ|− log2 k , (6.7)

so that the series converges on the unit disk as required.

Lemma 2.2. If the system (6.5) has a solution with α1(l, k) = 0 and l � 2n

then k � 2n+1. Moreover k = 2n+1 is the smallest number such that (6.5) has
a solution with α1(l, k) = 0 and l � 2n. In particular, α1(2n, 2n+1) = 0.

Proof. First let l � 2n and suppose that α1(l, k) = 0 for some k(> l). Then
α2 + ... + αk � 2n, so that k = 2α2 + ... + kαk � 2(α2 + ... + αk) � 2n+1.
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The second part follows from the preceding and the observation that α2 = 2n

and α1 = α3 = ... = αk = 0 is a solution of (6.5) for l = 2n and k = 2n+1.

Lemma 2.3. The inequality |bk| < |λ|−n holds for all k < 2n and n � 1, and
consequently, |bk| � |λ|− log2 k holds for all integers k � 1.

Proof. First note that |b1| = 1 < |λ|−1. Suppose the assertion holds for n = i
so that |bk| < |λ|−i(< |λ|−(i+1)) for all k < 2i. This implies in view of (6.6)
for k = 2i that

|b2i | � |λ|−1 max
[
|b1λ

α1(1,k)|, ..., |b2i−1λ
α1(2i−1,k)|

]
� |λ|−i , (6.8)

since |bj | < |λ|−i means that |bj | � |λ|−i+1. For 2i < k < 2i+1 we thus have

|bk| � |λ|−1 max
[
|b1λ

α1(1,k)|, ..., |b2iλα1(2i,k)|, ..., |bk−1λ
α1(k−1,k)|

]
,

� |λ|−1 max
[
|λ−i+1|, |b2iλα1(2i,k)|, ..., |bk−1λ

α1(k−1,k)|
]
,

�
[
By Lemma 2.2, α1(j, k) > 0 for 2i < k < 2i+1, 2i � j < k

]
,

� max
[|λ|−i, |b2i |, ..., |bk−1|

]
,

From (6.8) we have that |b2i | � |λ|−i. Now, in view of the preceding estimate
of bk, we obtain

|b2i+1| � |λ|−i, |b2i+2| � max
[|λ|−i, |b2i+1|

]
= |λ|−i, ... and so on.

It follows from this procedure that |bk| � |λ|−i < |λ|−(i+1) for each k < 2i+1.
Thus we have proven that |bk| < |λ|−n holds for all k < 2n which is the first
part of the lemma. Consequently, since |bk| < |λ|−(n+1) for k < 2n+1 we must
have that |bk| � |λ|−n for all k � 2n. Hence |bk| � |λ|− log2 k as required.

Remark 2.4. Note that if lim sup |an|1/n = 1 the domain of definition of f is
the open unit disk. It then follows from Lemma 2.1 that the domain of semi-
conjugacy and domain of definition of f coincide. Thus we have found the best
estimate possible in this case.

Example 2.5. An interesting example is given in [14] by the map fω(x) = (1+
x)ω− 1. In fact fω(x) is the power series

∑∞
k=1

(
ω
k

)
xk defined for |ω| � 1 and

|x| < 1 in some extension of some Qp. This map has a fixed point at the origin
with multiplier ω. Moreover fω has a conjugating function g(x) = logp(1+x)
defined for |x| < 1 but with inverse g−1(x) = exp(x) defined only on the disk
|x| < p−1/(p−1).

Now suppose |ω| < 1. Then all x tend to zero under the action of fω.
Moreover, in |x| < p−1/(p−1) the dynamics is topologically conjugate to x �→
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ωx. In Qp we have {|x| < p−1/(p−1)} = {|x| < 1} so that in this case all
dynamics on the open unit disk (the domain of definition of fω) is described by
x �→ ωx. But if K is a ramified extension of Qp, fω could have several roots of
iterates in {|x| < 1}\{|x| < p−1/(p−1)} breaking the linear conjugacy there. In
fact x∗ is a root of fn

ω , if and only if it satisfies (x∗+1)ω
n

= 1, since fn
ω = fωn .

For neutrally stable fixed points (|ω| = 1, see next section) at the origin the
conjugacy is broken by periodic points which are roots of (x∗ + 1)ω

n−1 = 1,
see [14].

Now assume that the coefficients an of f are (not necessarily all in the unit
disk but) bounded from above, |an| < cn−1, for some number c in the value
group |K×| of K. In other words, we assume that c = |a|, for some non-
zero a ∈ K. Let ϕ be the map x �→ ax. Then the map f̃ = ϕ ◦ f ◦ ϕ−1

satisfies the conditions of Lemma 2.1. Consequently there is a conjugating
function g defined on |x| < 1 so that g ◦ f̃(x) = λg(x). It follows that
g ◦ ϕ ◦ f(x) = λg ◦ ϕ(x) for |x| < 1/c. This equation is well defined since
f is defined on the open disk of radius ρ = 1/ lim sup |an|1/n � 1/c. Hence
the power series g̃ = g ◦ ϕ defined on |x| < 1/c, conjugates f to its multiplier
map x �→ λx. We thus have the following generalization of Lemma 2.1.

Theorem 2.6. Let f be a power series over K with coefficients |an| � cn−1

for some c in the value group of K. Also assume that f(0) = 0 and f ′(0) = λ,
where 0 < |λ| < 1. Then there is a unique function g, defined on the disk
|x| < 1/c with g(0) = 0, g′(0) = 1 such that the semi-conjugacy

g ◦ f(x) = λg(x),

is valid in the open disk |x| < 1/c.

3. Repelling fixed points
Theorem 3.1. Let f be a power series with multiplier |λ| > 1 and |an| � 1,
n � 2. Let ρf be the domain of f . Then the conjugating function g is defined
on the disk |x| < min{|λ|, ρf}.
Proof. We prove that

|bk| � |λ|−k, for all k � 2.

First note that in this case |λ − λk| = |λ|k and as before b1 = 1. In view of
equation (6.3) |b2| � |λ|−2. Now suppose that |bn| � |λ|−n for all n � 2 then∣∣λn+1||bn+1

∣∣ � max
l�1

[
|blλα1(l,n+1)|

]
� max

l�2

[
1, |λ−lλl−1|

]
= 1.
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4. Small denominators
In this section we consider the problem of small denominators for dynamical

systems in the field of complex p-adic numbers Cp : xn+1 = f(xn) where
f : Cp → Cp is analytic (see, Section 7). Here we obtain the same result as in
the field of p-adic numbers Qp [203], [22], [14], namely there is no problem of
small denominators (compare with C-case). Such a result is based on the long
chain of estimates for the denominator:

Dn(x) =
n∏

k=1

|xk − 1|p.

The situation is essentially more complicated than in the case of Qp. The main
difference is due to the existence of psth roots (s = 1, 2, . . .) of unity in Cp

(that do not exist in Qp). The geometry of location of these roots plays the
crucial role in our considerations. Therefore the derivation of an estimate of
Dn(x) from below is split in numerous subcases which are related to the relative
position of x with respect to spheres of location of primitive psth roots and, if
x belongs to such a sphere, to the distance between x and primitive psth roots.
The latter case is the most complicated. Here we have to consider not only the
distance between x and primitive psth roots, but distances between x and some
other pqth roots, q < s.

The main result of this paper is the derivation of inequalities:

Dn(x) � lAn,

where l = l(x), A = A(x) > 0. We also found the form of the function A(x).
The latter result gives the possibility to find the radius of convergence of a
conjugate map. The corresponding machinery does not differ from R and C
cases [20]. It seems that we obtain the optimal estimates for Dn(x) (which could
not be improved). We concentrated our investigations to the most complicated
case: |x− 1|p < 1 (all psth roots are located in this ball). In particular, in this
case we have |x|p = 1. So we study dynamics in a neighborhood of a neutral
point a where f ′(a) = x.

As usual by constructing a conjugate map [20], we can essentially simplify
investigation of ergodicity for complex p-adic maps (compare with p-adic case
[14], [180],[81]).

Some preliminary results on the problem of small denominators in the field
of complex p-adic numbers has been published in[110].

Two general estimates
We set rs = 1

ps (p−1) , s = 0, 1, 2, ..., Rs = p−rs . We recall that ps+1th
roots of unity are located on the sphere SRs(1). In particular, pth roots of 1 are
located on the sphere of the minimal radius R0 = p−1/(p−1). Roots of higher
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orders are located on spheres of larger radii (Rs → 1, when s → ∞). All
are considerations will be performed in the ball B−

1 (1). The most interesting
problems are concentrated in the ring between spheres SR0(1) and S1(1).

We remark that S1(0) \ B−
1 (1) �= ∅. Therefore we study only a particular

class of neutral fixed points.
We denote the set of all primitive roots of the order k by the symbol πk; the

set of all roots of the order k by the symbol Γ(k) = {t1,k = 1, . . . , tk,k}. We
remark that πk = Γ(k) \ Γ(k−1). So πk consists of (pk − pk−1) elements.

Everywhere in this paper we study the case

|x− 1|p < 1, x ∈ Cp .

We start our calculations of |xk − 1|p with the case (k, p) = 1.

Proposition 4.1. Let (k, p) = 1. Then

|xk − 1|p = |x− 1|p. (6.9)

Proof. As (k, p) = 1, |tj,k − 1|p = 1, j �= 1. As |x − 1|p < 1, we have
|x− tj,k|p = 1, j �= 1. We have: |xk − 1|p =

∏k
j=1 |x− tj,k|p = |x− 1|p.

Proposition 4.2. Let |x− 1|p = R > Rl−1. Then

|xpl − 1|p = Rpl
.

Proof. Let a ∈ πj , j � l. We have |x− 1|p = R > Rl−1 � Rj = |a− 1|p.
Thus |x− a|p = |x− 1|p = R. But

|xpl−1|p = |x−1|p.
∏
a∈π2
|x−a|p . . .

∏
a∈πl

|x−a|p = |x−1|pl

p = Rpl
. (6.10)

As a consequence of Proposition 4.2, we obtain:

Theorem 4.3. Let |x− 1|p = R > Rl and let |k|p = p−l. Then

|xk − 1|p = Rpl
. (6.11)

Let us now consider the case:

Parameter belongs to one of spheres SRs(1) and it is
sufficiently far from primitive ps+1th roots.

Here we study the case x ∈ SRs(1)(s � 0) and |x − a| � Rs for all
a ∈ πs+1.

1

1The sphere SRs(1) is ‘very large’: the majority of its points belong to the set SRs(1)\∪a∈πsB
−
Rs

(a)( �=
∅).
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As |a − 1|p = Rs, we obtain that, in fact, |x − a|p = Rs for all a ∈ πs+1

(and |x− 1|p = Rs).

Proposition 4.4. Let l � s + 1. Then

|xpl − 1|p = p
−p
p−1 p−[l−(s+1)]. (6.12)

Proof. We again have (6.10). We know from the proof of Proposition 4.2 that,
for a ∈ πj, j < s + 1, |x− a|p = |x− 1|p = Rs. For j = s + 1, we have this
equality by our choice off x. Let a ∈ πj , j > s + 1. Here |a − 1|p = Rj >
Rs = |x− 1|p. So |x− a|p = |a− 1|p = Rj .

By (6.10) we get

|xpl − 1|p = Rps+1

s R
(ps+2−ps+1)
s+1 . . . R

(pl−pl−1)
l−1 =

p
−ps+1

(p−1)ps p
−1
p−1 [

ps+2 − ps+1

ps+1
+ . . . +

pl − pl−1

pl−1
] = p

− p
p−1 p

−[l−(s+1)](p)
(p−1) .

Remark 4.5. If l < s + 1, then Rs = |x − 1|p > Rl−1. Hence we can apply
Proposition 4.2 and obtain that

|xpl − 1|p = Rpl

s = p
1

ps−l(p−1) = p−rs−l = Rs−l.

Lemma 4.6. Let (m, p) = 1. Then xm ∈ SRs(1) and |xm − a|p = Rs for all
a ∈ πs+1.

Proof. First of all we remark that the map a→ am is bijection, πs+1 → πs+1.
By using properties of x we obtain: x = a + bprs , |b|p = 1, for each a ∈ πs+1

(here b depends on a). But xm = am + (mb)prs + . . . . Thus xm can be
represented as xm = am + b̃prs , |b̃|p = 1. Let u ∈ πs+1. Then there exists
a ∈ πs+1 such that u = am. Hence |xm − u|p = |xm − am|p = p−rs .

It was already proved in Proposition 4.2 that |xm−1|p = |x−1|p = Rs.

As a consequence of Lemma 4.6 and Propositions 4.4, 4.1, 4.2, we obtain:

Theorem 4.7. Let |k|p = p−l. Then

|xk − 1|p =

{
p

−1
(p−1)ps−l , l � s.

p
−p
p−1 p−[l−(s+1)], l � s + 1.

(6.13)

Let us now consider the case:
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Parameter belongs to one of spheres SRs(1) and it is relatively
close to one of ps+1th roots

Here we study the case x ∈ SRs(1)(s � 0) and |x − a|p < Rs for some
a ∈ πs+1. Thus x can be represented as x = a(1 + bpt), t > rs, |b|p = 1.

Lemma 4.8. Let x ∈ B−
Rs

(α) for some α ∈ πs+1. Then x can be represented
in the form:

x = αα(1) . . . α(m)xm, xm = 1 + bpt, (6.14)

where |b|p = 1; α(j) ∈ πqj+1, qm < . . . < q1 < s and t > 0 is such that:
(A) t �= rj for all j or (B) t = rqm and |xm−β|p = Rqm for all β ∈ πqm+1.

Proof. As x ∈ B−
Rs

(α), it can be represented as x = α(1 + b̃pt), |b̃|p =
1, t > rs. If t �= rj for all j, then we trivially have (6.14). Let t = rq1 > rs.

We note that: q1 < s. The element x1 = 1 + b̃pt ∈ SRq1
(1). There can be

two possibilities: (a) |x1 − β|p = Rq1 for all β ∈ πq1+1; or (b) there exist
α(1) ∈ πq1+1 such that |x1 − α(1)|p < Rq1 . In the first case we obtain (6.14).
In the second case we have x1 = α(1)(1 + b1p

t1), |b1|p = 1 and t1 > rq1 . We
repeat the above considerations. As s > q1 > q2 > . . . � 0, and qj ∈ N, this
process must be finished after a finite number of steps. So we obtain (6.14).

Proposition 4.9. Let x have form (6.14) where t satisfies the condition (B) of
Lemma 4.8 Then, for l � s + 1,

|xpl − 1|p = p
−p
p−1 p−[l−(qm+1)].

Proof. We have xpl
= xpl

m. But xm ∈ SRqm
(1) and |xm − β|p = Rqm for all

β ∈ πqm+1. As l � s+1 � qm+1, we have |xpl

m−1|p = p
−p
p−1p

−[l−(qm+1)]

. As,

for (q, p) = 1, xqp
l
= xqpl

m , we get, for l � s + 1, |xqpl − 1|p = |xpl − 1|p.
Finally, we get:

Theorem 4.10. Let x ∈ B−
Rs

(1) and let it have the form (6.14), where t satisfies
the condition (B) of Lemma 4.8 Let |k| = p−l. Then:

|xk − 1|p =

{
p

−1
(p−1)ps−l , l � s

p
−p
p−1 p−[l−(qm+1)], l � s + 1

(6.15)

Finally, we consider the case:

x does not belong to any of spheres SRs(1)

Here we study the case |x − 1|p = R �= Rs for all s. We already know
|xm− 1|p for (m, p) = 1. We also know |xmpl − 1|p for l such that R > Rl−1.
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The latter can be written as R = p−t, where t < rl−1. Thus we need only to
study the case t > rl−1 (as t �= rl−1) for xpl

.

Proposition 4.11. Let x = 1 + bpt, |b|p = 1, t �= rs, s = 0, 1, ..., and let

d = min{λ : rλ < t}. (6.16)

Then:
|xpl − 1|p = p−(tpd−d+l). (6.17)

Proof. 1. First we consider the case in that t satisfies the inequality

rl−1 � rd < t < rd−1, d � 1. (6.18)

We have xpl − 1 = (1 + bpt)p
l − 1 =

∑pl

i=1

(
pl

i

)
bipti=

∑
i=1 Ci.

By using properties of binomial coefficients, see for example [190], we get:

(1)|
(

pl

i

)
|p = p−l, (i, p) = 1; (2)|

(
pl

i

)
|p = p−l+s, |i|p = p−s.

Hence, for all (i, p) = 1, |Ci|p = p−ti−l < p−(t+l) = |C1|p (so we can forget
about i �= 1) and, for i = qpn, (q, p) = 1, |Ci|p = p−(tqpn+l−n) < p−(tpn+l−n)

(so we can forget about q �= 1). We want to find min1�n�l(tpn − n). As
t > rd = 1

pd(p−1)
, we get:

tpd+1 − (d + 1) > tpd − d.

In the same way, as rd+1 < rd < t, we get tpd+2− (d + 2) > tpd+1− (d + 1)
and so on. Thus:

tpd+j − (d + j) > tpd − d, j � 1.

On the other hand, as t < rd−1 = 1
pd−1(p−1)

, we get

tpd − d < tpd−1 − (d− 1).

In the same way, as t < rd−1 < rd−2, we get

tpd−1 − (d− 1) < tpd−2 − (d− 2)

and so on. Thus:
tpd−j − (d− j) > tpd − d, j � 1.

So we proved that
min

1�n�l
(tpn − n) = tpd − d.

We turn back to |C1|p = p−(t+l) and compare it with |Cpd |p = p−(tpd+l−d).
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We note that tp− 1 � tpd − d. If t > tp− 1, or t < 1
p−1 , then t > tpd − d.

But 1
p−1 = r0 � rd−1 > t, d � 1. Thus, for each i �= d, |Ci|p < |Cpd |p =

p(tpd−l+d).
2. We now consider the case t > r0 (i.e., d = 0). The function f(s) = s

ps−1

has the derivative f ′(s) < 0, s � 1. Thus t > 1
p−1 > s

ps−1 . So tps − t > s
for all s � 1. By using the scheme of the first proof of the proof we get that
|Ci|p < |C1|p = p−(t+l). This finish the proof of Proposition 4.11.

Let (m, p) = 1. Then |xm − 1|p = |x − 1|p. If R = |x − 1|p = p−t, then
|xm − 1|p = p−t. Thus we have

Theorem 4.12. Let |k|p = p−l, l � 1, and |x− 1|p = p−t, where t �= rs, s =
0, 1, 2, ... Then

|xk − 1|p = p−(tpd−d+l), (6.19)

where d is defined by (6.16).

Combining this result with Lemma 4.8, we get:

Theorem 4.13. Let |k|p = p−l, l � 1, and x have the form (6.14), where t
satisfies (A) of Lemma 4.8. If t satisfies conditions of Theorem 4.12, then (6.19)
holds true.

Now we present the main result of this section:

Estimates for the denominator
Set Dn(x) =

∏n
j=1 |xj − 1|p. To estimate Dn(x) from below, we have to

study a few cases. We start with the case:

x ∈ SRs(1) (6.20)

for some s. Here we consider two sub-cases corresponding to the nearness of
x to one of ps+1th roots. The first sub-case is the following:

x ∈ ∩a∈πs+1SRs(a). (6.21)

For |k|p = p−l, we have:

|xk − 1|p =

⎧⎪⎨⎪⎩
Rs, l = 0
Rpl

s , 1 � l � s

Rps+1

s , p−[l−(s+1)], l � s + 1.

We have Dn(x) = D0
n(x)D−

n,s(x)D+
n,s(x), where D0

n(x) =
∏

l=0,k�n |xk−
1|p; D−

n,s(x) =
∏

1�l�s,k�n |xk − 1|p; D+
n,s(x) =

∏
l�s+1,k�n |xk − 1|p.
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We remark that there are [n/p] numbers in {1, . . . , n} that are divisible by

p. So n− [n/p] numbers are not divisible. Thus D0
n(x) = R

n−[n/p]
s .

Lemma 4.14. The following estimate

D0
n(x) � RsQ

n
s , Qs = R

p−1
p

s (6.22)

holds true.

Proof. As [np ] � n
p − 1, n− [np ] � n− n

p + 1.

Lemma 4.15. Let
n � ps+1. (6.23)

Then the following estimate:

D−
n,s(x) � Q̃n

s , Q̃s = Rs(p−1)
s (6.24)

holds true.

Proof. By (6.23) D−
n,s(x) contains factors corresponding to all l � s. Let

n = α0 + α1p + . . . + αtp
t, αj = 0, . . . , p− 1, αt �= 0.

There are (p − 1)pt−l numbers k � n which are divisible by precisely pl.

Thus D−
n,s(x) = R

P

s , where
Σ = (p− 1)(ppt−1 + p2pt−2 + . . . + pspt−s) = (p− 1)pts.
As pt � n (and Rs < 1), we have R

(p−1)pt.s
s � (Rs(p−1)

s )n.

Lemma 4.16. Let n satisfy inequality (6.23). Then the following inequality

D+
n,s(x) � CQ̄n

s , C > 0, Q̄s = R
(s+1)(p−1)2+p2+p

p
s (6.25)

holds true.

Proof. Each l−factor in D+
n,s(x) can be represented as the product of F1,l =

Rps+1

s and F2,l = p−(l−(s+1)). We denote the product of l-factors of the first
type by D+

n,s,1(x) and the second type by D+
n,s,2(x).

We recall that there are (p−1)pt−l factors of each type. Here s+1 � l � t.

Thus D+
n,s,1(x) = (Rps+1

s )Σ1 , where

Σ1 = (p− 1)(pt−(s+1) + . . . + pt−t) = pt−s − 1.

We remark thatRps+1

s < 1. Therefore (Rps+1

s )p
t−s−1 � (Rp

s)n (sincept−s−1 �
np−s). Finally, we study the most complicated case of D+

n,s,2(x). We have
D+

n,s,2(x) = p−Σ2pΣ3 , where

Σ2 = ((s + 1)pt−(s+1) + . . . + tpt−t)(p− 1)



Conjugate maps 111

= pt−s(p− 1)(
s + 1

p
+ . . . +

s + (t− s)
pt−s

) = Σ′
2 + Σ′′

2,

where Σ′
2 = spt−(s+1)(p− 1)

∑t−(s+1)
j=0

1
pj = s(pt−s − 1) � sp−sn, and

Σ′′
2 = pt−s(p− 1)(

t−s∑
j=1

j

pj
) =

p

p− 1
(pt−s +

(t− s)
p

− (t− s)− 1) =

p

p− 1
(pt−s − [1− 1

p
](t− s)− 1) � p−s+1pt

p− 1
� n

p−s+1

p− 1
.

Thus we obtain:

p−Σ2 � (p−(sp−s+ p−s+1

p−1 ))n = (Rs(p−1)+p
s )n.

We turn back to the second factor in D+
n,s,2, namely pΣ3 . Here

Σ3 = (s + 1)Σ1 = (s + 1)(pt−s − 1).

As n � pt+1, or n
p � pt, we obtain: pΣ3 � C (p

s+1
ps+1 )n � C R

−(s+1)(p−1)
p

s ,
where C > 0. Finally, we get

D+
n,s,2 � C[R

s(p−1)+p− (s+1)(p−1)
p

s ]n

= C[R
(s+1)(p−1)2+p

p
s ]n.

Combining the estimates for D+
n,s,1(x) and D+

n,s,2(x), we obtain: D+
n,s(x) �

CQ̄n
s , where Q̄s = R

(s+1)(p−1)2+p2+p
p

s

We have obtained the following result:

Theorem 4.17. Let x ∈ (∩a∈πs+1SRs(a)) ∩ SRs(1) and let n � ps+1. Then
Dn(x) � C qns , C > 0, qs = Rσ

s , σ = 1
p [2p2(s + 1)− 3sp + s].

We study the next subcase of (6.20):

x = αα(1) . . . : α(m)xm, xm = (1 + bpw), xm ∈ ∩a∈πqm+1
SRqm

(a), (6.26)

where α ∈ πs+1, α
(j) ∈ πqj+1, |b|p = 1, w = rqm . For |k|p = p−l, we have:

|xk − 1|p =

⎧⎪⎨⎪⎩
Rs, l = 0
Rpl

s , 1 � l � s

Rps+1

s p−[l−(qm+1)], l � s + 1



112 P -ADIC DETERMINISTIC . . .

So by slight generalization of considerations for the case (6.21), we get (for
n � ps+1) :

Dn(x) � C qns,m, C > 0, qs,m = Rσm
s , σm =

1
p
[2p2(s+1)−p(2s+qm)+qm].

Before to finish the study of (6.20), we need to investigate the case:

x �∈ SRj (1), j = 0, 1, . . . (6.27)

Set R = p−a = |x− 1|p. As R �= Rj for j = 0, 1, 2, . . . , there exists d such
that Rd−1 < R < Rd or R < R0 (R0 is the minimal radius). For |k|p = p−l,
we have

|xk − 1|p =

⎧⎨⎩
R, l = 0
Rpl

, Rl−1 < R

Rpd
p−(l−d), Rl−1 > R

We use the factorization of Dn(x) info factors D0
n(x) and

D−
n,R(x) =

∏
Rl−1<R;k�n

|xk − 1|p, D+
n,R =

∏
Rl−1�R;k�n

|xk − 1|p .

The estimate of D0
n(x) is similar to the case (6.20) (given by Lemma 4.14).

Let R = p−a. We set ua = 1− logp a(p− 1).

Lemma 4.18. Let n � pua . Then the following estimate

D−
n,R(x) � Q̃n

R, Q̃R = Rua(p−1) (6.28)

holds true.

Proof. As Rl−1 < R = p−a, a < rl−1 = 1
pl−1(p−1)

; so pl−1 < 1
a(p−1) . Thus

here l < ua. Let n � pua . For 1 � k � n, we can have divisibility by pl for all
l < ua. We know that there are (p−1)pt−l such factors for n = α0+. . .+αtp

t.

So D−
n,R(x) = RΣ̃, where Σ̃ � (p− 1)ptua. We get D−

n,R � Rua(p−1)n.

Let u ∈ R+. We set ru = 1
pu(p−1) and Ru = p−ru .

Lemma 4.19. Let n be as in Lemma 4.18. Then the following estimate

D+
n,R(x) � CQ̄n

R, Q̄R = Rpd−ua
Rσ
ua

, σ =
1
p2

[(ua+1)(p−1)2(p+1)+p3], C > 0

(6.29)
holds true.
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Proof. Each l-factor in D+
n,R(x) can be represented as the product of two fac-

tors: F1,l = Rpd
and F2,l = p−(l−d). By using the proof of Lemma 4.16, we

obtain that D+
n,R,1(x) =

∏
F1,l = (Rpd

)Σ̃1 where Σ̃1 � pt−ua − 1 � np−ua .

Thus D+
n,R,1(x) � (Rpd−ua )n. Again by using the proof of Lemma 4.16, we

obtain that D+
n,R,2(x) =

∏
F2,l = p−Σ̃2pΣ̃3 , where Σ̃2 = Σ̃′

2 + Σ̃′′
2 and

Σ̃′
2 � (ua + 1)p−uan and Σ̃′′

2 � np−ua+1

p−1 . Thus

Σ̃2 � np−ua

p− 1
((ua + 1)(p− 1) + p).

We also have Σ̃3 � (ua + 1)pt−ua−1 − 1 � (ua + 1) n
p2

p−ua − 1. Finally,

D+
n,R,2(x) � C [R

(ua+1)(p−1)2(p+1)+p3

p2

ua ]n.

Combining estimates for D+
n,R,1(x) and D+

n,R,2(x), we get (6.29)

We proved the following theorem:

Theorem 4.20. Let R = p−a = |x− 1|p �= Rj , j = 0, 1, . . . , and let n � pua .
Then:

Dn(x) � C Qn
R, C > 0, QR = RΔRσ

ua
, Δ = pd−ua + p−1

p ,
and σ is given by Lemma 4.19.

So we finished the study of the case (6.27) in that x does not belong to any
sphere SRj (1), j = 0, 1, 2, . . . , . We turn back to the case (6.20) and study the
last subcase, namely:

(6.22) Let x have the same form as in (6.26), but w �= rj , j = 0, 1, 2, . . . . In
fact, here all is reduced to the case (6.27) with ρ = |xm − 1|p playing the role
of R.

We recall that in the representation

x = αα(1) . . . α(m)(1 + bpw), |b|p = 1, α ∈ πs+1, α
(j) ∈ πqj+1, (6.30)

we have q > w. Thus ρ < Rs. As ρ = |xm − 1|p = p−w �= Rj for all
j = 0, 1, 2, . . . , there exists d such that Rd−1 < ρ < Rd or ρ < R0. As
ρ < Rs, we have Rd � Rs. So we have (for |k|p = p−l) :

|xk − 1|p =

⎧⎪⎨⎪⎩
Rs, l = 0
Rpl

s , 1 � l � s,

ρp
d
p−(l−d), l � s + 1
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Theorem 4.21. Let x have the form (6.30) and let w �= rj , j = 0, 1, 2, ... Let
n � ps+1. Then the following estimate

Dn(x) � C Qn
s,ρ, C > 0, Qs,ρ = ρp

d−s
R
σs,d
s ,

where σs,d = 1
p [p

2(2s + 1)− p(2s + d− 1) + d− 1], holds true.

Proof. We have D0(x) � (R
p−1

p
s )n and D−(x) � (Rs(p−1)

s )n (there is no
difference from Lemma 4.14 and Lemma 4.15). Modifying the proof of Lemma
4.15, we obtain D+

n,s,1(x) � (ρp
d
)np

−s
and

D+
n,s,1(x) � (Rs(p−1)+p

s )n (R
−d(p−1)

p
s )n.

5. Neutrally stable fixed points in Cp

As a consequence of the above results on small denominators in Cp we obtain
the following result, see [148] for details.

Theorem 5.1. Let f be a power series with coefficients in the unit disk of some
Cp with p > 2 such that f(0) = 0 and f ′(0) = λ where λ, not a root of unity,
is on the form λ = γ(1 + prβ), |β|p = 1, Q � r > 0 and γ a dth root of unity.
Moreover let α be the nearest root of unity to 1+βpr and |1 + βpr − α| = p−rα .
Then f is conjugate to its derivative map x �→ λx with conjugating function g
defined on a disk of radius

p−
1
d
(r(1+ p−1

p
s)+p−s( 1

p−1+rα−r))
, (6.31)

where s = 0 if r > 1/(p− 1) and otherwise s is the positive integer satisfying
1/(ps+1 − ps) < r � 1/(ps − ps−1).

Note that the requirement that the coefficients are all in the unit disk means that
the power series is convergent on the entire unit disk.

We can interpret the result in terms of field extensions of Qp in the following
way. Let K be a field extension Qp ⊂ K ⊂ Cp. First note that the p-adic
absolute value of a pnth root of unity different from 1 is p−1/(pn−pn−1) and
thus the value group of K must contain this number which is not an integer
power of p. Hence a pnth root of unity can only be contained in K if K is
a ramified extension of Qp. Unramified extensions have the property that the
value group is not altered, it does not contain any “new p-adic distance” so to
speak. It follows that if K is unramified, it cannot contain any pnth root of
unity except 1, so s is necessarily zero in this case. Consequently the domain
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of semi conjugacy is |x| < p
− 1

d
(r+ 1

p−1 ) for all unramified extensions of Qp,
in particular on Qp itself. If K (is ramified and) contains pnth roots of unity
for n = α1, ..., αk, then s ∈ {α1, ..., αk}. In Cp, s can take any nonnegative
integer value.

The expression (6.31) provides a lower bound for semi-conjugacies for neu-
trally stable fixed points. This is in contrast with power series on the complex
numbers, where the small divisor problem exits. In Cp roots of unity ζ, such
that ζn = 1 for some n relatively prime to p, make no contribution to the “res-
onance". Moreover, the roots of unity are dense on the unit circle in C but not
in Cp.



Chapter 7

P -ADIC ERGODICITY

In this chapter we study in detail ergodic behavior of p-adic monomial dy-
namical systems. As we have already seen in Chapter 3, behavior of p-adic
dynamical systems depends crucially on the prime parameter p. The main aim
of investigations performed in papers [81] [80], [79], [119], [148] was to find
such a p-dependence for ergodicity, cf. [180], [36].

Let ψn be a (monomial) mapping on Zp taking x to xn. Then all spheres
Sp−l(1) are ψn-invariant iff n is a multiplicative unit, i.e., (n, p) = 1.

In particular ψn is an isometry on Sp−l(1) if and only if (n, p) = 1. Therefore
we will henceforth assume that n is a unit. Also note that, as a consequence,
Sp−l(1) is not a group under multiplication. Thus our investigations are not
about the dynamics on a compact (abelian) group.

We remark that monomial mappings, x �→ xn, are topologically transitive
and ergodic with respect to Haar measure on the unit circle in the complex
plane. We obtained [81] [80], [79], [119], [148] an analogous result for mono-
mial dynamical systems over p−adic numbers. The process is, however, not
straightforward. The result will depend on the natural number n. Moreover, in
the p−adic case we never have ergodicity on the unit circle, but on the circles
around the point 1.

1. Minimality.
Let us consider the dynamical system x �→ xn on spheres Sp−l(1). The

result depends crucially on the following well known result from group theory.
We set

< n >= {nN : N = 0, 1, 2, ...}
for a natural number n.
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Lemma 1.1. Let p > 2 and l be any natural number, then the natural number
n is a generator of F∗

pl if and only if n is a generator of F∗
p2 . F∗

2l is noncyclic
for l � 3.

Recall that a dynamical system given by a continuous transformation ψ on
a compact metric space X is called topologically transitive if there exists a
dense orbit {ψn(x) : n ∈ N} in X , and (one-sided) minimal, if all orbits for
ψ in X are dense. For the case of monomial systems x �→ xn on spheres
Sp−l(1) topological transitivity means the existence of an x ∈ Sp−l(1) s.t. each
y ∈ Sp−l(1) is a limit point in the orbit of x, i.e. can be represented as

y = lim
k→∞

xnNk , (7.1)

for some sequence {Nk}, while minimality means that such a property holds
for any x ∈ Sp−l(1). Our investigations are based on the following theorem.

Theorem 1.2. For p �= 2 the set 〈n〉 is dense in S1(0) if and only if n is a
generator of F∗

p2 .

Proof. We have to show that for every ε > 0 and every x ∈ S1(0) there is a
y ∈ 〈n〉 such that |x− y|p < ε. Let ε > 0 and x ∈ S1(0) be arbitrary. Because

of the discreteness of the p−adic metric we can assume that ε = p−k for some
natural number k. But (according to Lemma 1.1) if n is a generator of F∗

p2 ,
then n is also a generator of F∗

pl for every natural number l (and p �= 2) and

especially for l = k. Consequently there is an N such that nN = x mod pk.
From the definition of the p−adic metric we see that |x− y|p < p−k if and

only if x equals to y mod pk. Hence we have that
∣∣x− nN

∣∣
p

< p−k.

Let us consider p �= 2 and for x ∈ Bp−1(1) the p-adic exponential function
t �→ xt, see, for example [190]. This function is well defined and continuous
as a map from Zp to Zp. In particular, for each a ∈ Zp, we have

xa = lim
k→a

xk, k ∈ N. (7.2)

We shall also use properties of the p-adic logarithmic function, see, for example
[190]. Let z ∈ Bp−1(1). Then log z is well defined. For z = 1 + λ with
|λ|p � 1/p, we have:

log z =
∞∑
k=1

(−1)k+1Δk

k
= λ(1 + λΔλ), |Δλ|p � 1. (7.3)

By using (7.3) we obtain that log : Bp−1(1)→ Bp−1(0) is an isometry:

| log x1 − log x2|p = |x1 − x2|p, x1, x2 ∈ B1/p(1) . (7.4)
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Lemma 1.3. Let x ∈ Bp−1(1), x �= 1, a ∈ Zp and let {mk} be a sequence of
natural numbers. If xmk → xa, k →∞, then mk → a as k →∞, in Zp.

This is a consequence of the isometric property of log.

Theorem 1.4. Let p �= 2 and l � 1. Then the monomial dynamical system
x �→ xn is minimal on the circle Sp−l(1) if and only if n is a generator of F∗

p2 .

Proof. Let x ∈ Sp−l(1). Consider the equation xa = y. What are the possible
values of a for y ∈ Sp−l(1)? We prove that a can take an arbitrary value from

the sphere S1(0). We have that a = log x
log y . As log : Bp−1(1) → Bp−1(0) is

an isometry, we have log(Sp−l(1)) = Sp−l(1). Thus a = log x
log y ∈ S1(0) and

moreover, each a ∈ S1(0) can be represented as log x
log y for some y ∈ Sp−l(1).

Let y be an arbitrary element of Sp−l(1) and let xa = y for some a ∈ S1(0).
By Theorem 1.2 if n is a generator of F∗

p2 , then each a ∈ S1(0) is a limit point of

the sequence {nN}∞N=1. Thus a = limk→∞ nNk for some subsequence {Nk}.
By using the continuity of the exponential function we obtain (7.1).

Suppose now that, for some n, xnNk → xa. By Lemma 1.3 we obtain
that nNk → a as k → ∞. If we have (7.1) for all y ∈ Sp−l(1), then each
a ∈ S1(0) can be approximated by elements nN . In particular, all elements
{1, 2, ..., p− 1, p + 1, .., p2− 1} can be approximated with respect to mod p2.
Thus n is a is a generator of F∗

p2 .

Example 1.5. In the case that p = 3 we have that ψn is minimal if n = 2, 2
is a generator of F∗

9 = {1, 2, 4, 5, 7, 8}. But for n = 4 it is not; 〈4〉mod 32 =
{1, 4, 7}. We can also see this by noting that S1/3(1) = B1/3(4)∪B1/3(7) and
that B1/3(4) is invariant under ψ4.

Corollary 1.6. If a is a fixed point of the monomial dynamical system x �→ xn,
then this is minimal on Sp−l(a) if and only if n is a generator of F∗

p2 .

Example 1.7. Let p = 17 and n = 3. In Q17 there is a primitive 3rd root of
unity. Moreover, 3 is also a generator of F∗

172 . Therefore there exist nth roots
of unity different from 1 around which the dynamics is minimal.

2. Unique ergodicity.
In the following we will show that the minimality of the monomial dynamical

system ψn : x �→ xn on the sphere Sp−l(1) is equivalent to its unique ergodicity.
The latter property means that there exists a unique probability measure on
Sp−l(1) and its Borel σ−algebra which is invariant under ψn. We will see
that this measure is in fact the normalized restriction of the Haar measure on
Zp. Moreover, we will also see that the ergodicity of ψn with respect to Haar
measure is also equivalent to its unique ergodicity. We should point out that
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– though many results are analogous to the case of the (irrational) rotation on
the circle, our situation is quite different, in particular as we do not deal with
dynamics on topological subgroups.

Lemma 2.1. Assume that ψn is minimal. Then the Haar measure m is the
unique ψn−invariant measure on Sp−l(1).

Proof. First note that minimality of ψn implies that (n, p) = 1 and hence that
ψn is an isometry on Sp−l(1). Then, as a consequence of Theorem 27.5 in
[190], it follows that ψn(Br(a)) = Br(ψn(a)) for each ball Br(a) ⊂ Sp−l(1).
Consequently, for every open set U �= ∅ we have Sp−l(1) = ∪∞N=0ψ

N
n (U). It

follows for a ψn−invariant measure μ that μ(U) > 0.
Moreover we can split Sp−l(1) into disjoint balls of radii p−(l+k), k � 1, on

which ψn acts as a permutation. In fact, for each k � 1, Sp−l(1) is the union,

Sp−l(1) = ∪Bp−(l+k)(1 + blp
l + ... + bl+k−1p

l+k−1), (7.5)

where bi ∈ {0, 1, ..., p− 1} and bl �= 0.
We now show that ψn is a permutation on the partition (7.5). Recall that

every element of a p−adic ball is the center of that ball, and as pointed out
above ψn(Br(a)) = Br(ψn(a)). Consequently we have for all positive integers
k, ψk

n(a) ∈ Br(a) ⇒ ψk
n(Br(a)) = Br(ψk

n(a)) = Br(a) so that ψNk
n (a) ∈

Br(a) for every natural number N . Hence, for a minimal ψn a point of a ball
B of the partition (7.5) must move to another ball in the partition.

Furthermore the minimality of ψn shows indeed that ψn acts as a permutation
on balls. By invariance of μ all balls must have the same positive measure. As
this holds for any k, μ must be the restriction of Haar measure m.

The arguments of the proof of Lemma 2.1 also show that Haar measure is
always ψn−invariant. Thus if ψn is uniquely ergodic, the unique invariant
measure must be the Haar measure m. Under these circumstances it is known
[217] that ψn must be minimal.

Theorem 2.2. The monomial dynamical system ψn : x �→ xn on Sp−l(1) is
minimal if and only if it is uniquely ergodic in which case the unique invariant
measure is the Haar measure.

Let us mention that unique ergodicity yields in particular the ergodicity of
the unique invariant measure, i.e., the Haar measure m, which means that

1
N

N−1∑
i=0

f(xni
)→

∫
f dm for all x ∈ Sp−l(1), (7.6)

and all continuous functions f : Sp−l(1)→ R.
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On the other hand the arguments of the proof of Lemma 2.1, i.e., the fact
that ψn acts as a permutation on each partition of Sp−l(1) into disjoint balls if
and only if 〈n〉 = F∗

p2 , proves that if n is not a generator of F∗
p2 then the system

is not ergodic with respect to Haar measure. Consequently, if ψn is ergodic
then 〈n〉 = F∗

p2 so that the system is minimal by Theorem 1.4, and hence even
uniquely ergodic by Theorem 2.2. Since unique ergodicity implies ergodicity
one has the following.

Theorem 2.3. The monomial dynamical system ψn : x �→ xn on Sp−l(1) is
ergodic with respect to Haar measure if and only if it is uniquely ergodic.

Even if the monomial dynamical system ψn : x �→ xn on Sp−l(1) is ergodic,
it never can be mixing, especially not weak-mixing. This can be seen from the
fact that an abstract dynamical system is weak-mixing if and only if the product
of such two systems is ergodic. If we choose a function f on Sp−l(1) and define
a function F on Sp−l(1)×Sp−l(1) by F (x, y) := f(log x/ log y) (which is well
defined as log does not vanish on Sp−l(1)), we obtain a non-constant function
satisfying F (ψn(x), ψn(y)) = F (x, y). This shows, see [217], that ψn × ψn

is not ergodic, and hence ψn is not weak-mixing with respect to any invariant
measure, in particular the restriction of Haar measure.

Let us consider the ergodicity of a perturbed system

ψq = xn + q(x), (7.7)

for some polynomial q such that q(x) equals to 0 mod pl+1, (|q(x)|p <

p−(l+1)). This condition is necessary in order to guarantee that the sphere
Sp−l(1) is invariant. For such a system to be ergodic it is necessary that n is a
generator of F∗

p2 . This follows from the fact that for each x = 1 + alp
l + ... on

Sp−l(1) (so that al �= 0) the condition on q gives

ψN
q (x) equals to 1 + nNal mod pl+1. (7.8)

Now ψq acts as a permutation on the p − 1 balls of radius p−(l+1) if and only
if 〈n〉 = F∗

p2 . Consequently, a perturbation (7.7) cannot make a nonergodic
system ergodic.



Chapter 8

P -ADIC NEURAL NETWORKS

In recent years there has been an enormous development of the applications
of neural networks for solving practical problems. Neural networks take their
name and structure from the neuronal system of animals and humans. They
can be described as a unit with an input and corresponding output. The input is
taken from any time series composed by vectors of n variables containing the
results of some experiment at time t and the output might be some state variable
which summarizes the conclusion of the experiment at time t + 1 represented
by a vector of n variables. The transformation which associates the output to
a given input is defined in analogy with the behavior of the real neurones. For
example the simplest structure is with one unit of m intermediate neurones while
the input is described by n neurones and the output by q neurones. The input
neurones are connected by synaptic weights w1

ij , i = 1, . . . , m, j = 1, . . . , n to
the neurones of the inner layer and the neurones of the inner layer are connected
to the neurones of the output layer by other synaptic weights w2

li, l = 1, . . . , q,
i = 1, . . . , m. The input vector ξj , j = 1, . . . , n is transformed into a vector
of outputs hi, i = 1, . . . , m of the intermediate level by the law defined by the
weights w1

ij :

hi = f(
n∑

j=1

w1
ijξj),

where f is the transfer function of the neuron which has the simple form

f(x) =
1

1 + exp(−λx)
, x ∈ R
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with λ > 0 a given constant. The output of the network is the vector γl,
l = 1, . . . q given by

γl = f(
m∑
i=1

w2
lihi)

The general problem solved by neural networks can be state as follows.
Given a sequence of pairs ξ(t), η(t) obtained by experiments, measurements or
whatever, we want to find what is the law which transforms the input ξ(t) into
the output η(t). If ξ, η are data at consecutive times this is equivalent to make
a prediction: take for example ξ to be the closing value of a certain share and η
the closing value of the same share but of the day after. If ξ, η are taken at the
same time one tries to reproduce some deterministic ( or stochastic law) which
generates the data. The learning process for the neural networks is obtained
by applying a minimization procedure to the vector of all the synaptic weights
w ≡ w1

li, w2
ij , i = 1, . . . , m, l = 1, . . . , q, j = 1, . . . , n in order to get the

minima of the network prediction error :

E(γ) =
∑
t

|η(t)− γ(t)|2,

with γ running over all possible output vectors.
The idea which is behind this approach is to adjust the vector of the synaptic

weights w in such a way that the actual output of the network γ under the input
ξ approximates as much as possible the wanted output η(t). The terminology
used is again coming from the analogy with the evolution of the synaptic weights
of the brain. In fact the synaptic weights among the neurones change during
the growth of the child and reach certain definite values when different regions
of the neurones in the brain are able to accomplish their functions. It has been
shown also that two neurones involved in the same learning process modify the
synaptic weight of their connection till they reach some value. Thus the learning
of humans and animals induces a modification on their synaptic weights and
the above dynamics mimics this process. The analogy with the behavior of
the brain can be pushed forward by means of the Hopfield model [88]. This
model exhibits in fact the retrieval property of stored patterns which are given
as collection of random independent bits with value (−1, 1). The number of
bits is equal to the number of neurones and the network consists of only one
layer of neurons so the output neurones coincide with the input ones. In this
case we say that the network has an associative property, whereas if the input
layer and output layer are different we deal with an heteroassociative model.
There is no learning process because the synaptic weights among neurones are
given as a function of the patterns ξμi = ±1 where μ = 1, . . . , P is the index
which distinguishes the different models or patterns to be stored in the system
and i = 1, . . . , N is the index associated to each neuron (thus there are N
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neurons in the network). The synaptic weights wij are given by the Hebb’s
rule:

wij =
1
N

P∑
μ=1

ξμi ξμj

The retrieval of this system means that the vector of the neurones activities
σi(t) = ±1 converges to some of the stored patterns, ξ1

i for example, under the
action of the neural threshold dynamics

σi(t + 1) = sign(
N∑

j=1

wijσj(t))

for large discrete time t if the starting activity configuration is σi(0) = εiξ
μ
i ,

the random variable εi = ±1 being the error with which the pattern ξ1 is
presented to the system. The neuron i is active ( σi = 1 ) if it fires a spike, a
train of electromagnetic waves along its connections (dendrites) with the other
neurones, while it is quiescent if there is no emission from it. The neurone i
fires if the sum of the synaptic potentials

∑N
j=1 wijσj(t) received from the other

neurones is larger than a threshold. The sign appearing in the formula defining
the dynamics is introduced in order to simulate this evolution with threshold,
which in the above case is put equal to zero.

This dynamic describes the evolution of the neurones in this model of the
brain and it has been shown in the famous Miyashita’s experiments [155] [156],
that it is connected with the retrieval process of animals and humans. The re-
trieval of information under the action of this dynamic simulates the associative
property of the brain which is the ability that we have to recover a given in-
formation starting from the knowledge of a distorted or corrupted version of
it.

The interested reader can read the references [9] [72] [88] for a more detailed
introduction to the concepts presented here.

In [6] S. Albeverio, B. Tirozzi and one of the authors of this book generalized
the Hopfield model and the associative and heteroassociative property to the case
of patterns which are p-adic numbers. See, for example,[129] [7] for the basic
notions on neural networks connected with the framework of [6]. The interest
in this approach is connected to the possible applications of such networks to
cognitive sciences where there is a natural hierarchical structure of the patterns
and in general to each problem with patterns ordered in a hierarchical way. This
feature is present in the neural networks acting on the p-adic numbers since they
have an ultrametric structure which yields a hierarchical ordering. In our model
we construct a network with the input different from the output but which has
associative properties and we generalize the threshold dynamic to the case of
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patterns which are p-adic numbers, thus combining the two models described
above. The algebraic structure of these numbers has a great role in determining
the behavior of such system as will be shown in the next sections.

We use p-adic numbers to describe a large class of neural networks having
a kind of hierarchic structure. In this model every neuron can have p different
states, α = 0, ..., p − 1, (here p > 1 is a fixed prime number), which are
described by digits in the canonical expansion of a p-adic number. If p = 2,
then every neuron can only be in one of the two states: α = 1, firing, and
α = 0, non firing. Since a p-adic number may have an infinite number of non
zero digits, we study configurations where, in general, an infinite number of
neurons can be in an active state.

The algebraic structure of the field of p-adic numbers Qp is used to present
models of recognition of patterns. We start from heteroassociative nets (nets
without back reaction). There we introduce an analogous of a ‘synaptic poten-
tial’ (which is described by a single p-adic number w ∈ Qp). This is natural,
since in the standard neural models the ‘synaptic potential’ is described by a
matrix w = (wij), and every linear transformation of Qp is just the multipli-
cation by some element w ∈ Qp. Then autoassociative nets (models with back
reaction) are investigated on the basis of p-adic dynamical systems. We study
the simplest nonlinearity f(x) = x2 + c. There the p-adic parameter c plays
the role of a synaptic potential. We show that by varying this parameter it is
possible to recognize any (in general infinite) pattern.

The next natural step would be the consideration of feedback p-adic models
for recognition of patterns with nonlinearities of higher order. There we should
get more complicated behavior of pattern recognition.

1. Hierarchical synaptic potentials
We suppose that every neuron can have states

α = 0, 1, ..., p− 1,

where p > 1 is a prime number. If α = 0, then the neuron is non firing; if
α > 0, then the neuron is firing; different levels of firing are described by digits
α = 1, ..., p− 1. We consider layers of an infinite number of neurons:

n = (n0, n1, ..., nj, ...).

States of these layers are described by infinite sequences of digits α indicating
levels of activity of corresponding neurons:

x = (α0, α1, ..., αk, ...), αj = 0, 1, ..., p− 1.

Thus αj ≡ αj(x) is the level of activity of j-th neuron.
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Set

s(x) =
∞∑
j=0

αj .

In general s(x) is an infinite sum which can be convergent or divergent. The state
of a layer is said to be ideal if s(x) is divergent, i.e. there is an infinite number
of firing neurons; the state of a layer is said to be real if s(x) is convergent
i.e., there is only a finite number of firing neurons. Later on we consider the
following natural notion of nearness between states of neuronal layers: two
states x and y are close iff they coincide for a sufficiently large ‘initial segment’
of neurons, i.e., for x = (αk) and y = (βk), we have

α0 = β0, ...., αk = βk,

for sufficiently large k. The space of states of neuron layers endowed with the
metric corresponding to described nearness can be identified with the ultrametric
space Zp (the unit p-adic ball): ρ(x, y) = p−k, if αj = βj , j = 0, 1, ..., k − 1,
and αk �= βk. The algebraic operations on Qp gives a natural possibility to
describe transformation laws on the configuration space of neuron layers.

We recall, see Chapter 2, that the elements x ∈ Zp have the expansion:
x = α0 + α1p + · · ·+ akp

k + · · · , i.e., they can be identified with sequences
of digits

x = (α0, ..., αk, ...), αj = 0, 1, ..., p− 1. (8.1)

We underline that the hierarchical structure in such sequences in encoded in the
ultrametric topological structure on the set of p-adic numbers.

We set
πj(x) = αj .

It should be noticed that we need only the (mod p)-arithmetic to compute
πj(x).

Of course, instead of a prime number p, we can start from an arbitrary natural
number m > 1, and consider neural networks based on rings of m-adic numbers
Qm. Elements of Zm = B1(0) can be identified with sequences (8.1) with the
digits

αk = 0, 1, ..., m− 1.

In our model these are level of activity of neurons. We can also study neural
networks based on more complicated number systems corresponding to non-
homogeneous scales: M = (m1, m2, ..., mk, ...), where mj > 1 are natural
numbers. In this case we obtain the number system QM . The elements x ∈
ZM = B1(0) can be presented as sequences (8.1) with digits aj = 0, 1, ..., mj−
1. The structure of QM is rather complicated from the mathematical point of
view. In general the number system QM is not a ring. However, ZM is always
a ring.
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For purely mathematical reasons we restrict our considerations to the model
of neural networks where neurons have a prime number p > 1 of levels of
activity. On the other hand, for physical reasons it would be more natural to
study general models with configuration spaces Zm or ZM .

Let x = {αk}, y = {βk} ∈ Zp be states of input and output layers:

nin = (nin
0 , nin

1 , ..., nin
j , ...), nout = (nout

0 , nout
1 , ..., nout

j , ...),

respectively. We assume that the state y of the output layer nout is obtained
from the state x of the input layer nin by the linear action of a synaptic potential
w ∈ Zp :

y = wx.

This linear action can written in the coordinate form. Let x = {αk}, y =
{βk}, w = {wk}. Then we have

β0 = π0(u0), u0 = w0α0,

β1 = π0(u1), u1 = π1(u0) + w0α1 + w1α0,

β2 = π0(u2), u2 = π1(u1) + π2(u0) + w0α2 + w1α1 + w2α0, ....,

In general, we have:

βk = π0(uk), uk =
n∑

j=0

wjαn−j +
n∑

j=1

πj(un−j). (8.2)

Equation (8.2) describes the connection between individual neurons in the
layers nin and nout induced by the synaptic potential w. This connection has a
hierarchical structure.

The condition to determine levels of activity βk is the analogous of the
standard "thresholds" condition. This condition has a natural physical meaning.
In our model the maximal level of neuron’s activity is equal p − 1. When a
neuron approaches the level p, it relaxes (no firing) and at the same time it
contributes into activation of the next neuron in the layer by sending out one
“unit of activity” to it. If the synaptic potential is sufficiently strong, then a
neuron may obtain a ‘firing impulse’ uk > p. Such a neuron can activate not
only the next the (k + 1)th neuron, but also some further neurons; after all this
neuron need not relax and it can still have nonzero level of activation. The kth
neuron cannot activate the jth neurons for j < k.

Thus in our model neurons in the output layer are connected and there takes
place redistribution of signals (received from the input layer) through the output
layer. Therefore we can imagine the action of the synaptic potential w as the
transmission of the signal from the input layer which induces a redistribution
wave which spreads along the output layer.
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Figure 8.1. Synaptic potential ω = 3 (p = 2).

Another interpretation is that the input layer resembles a particular one di-
mensional I&F model in which the action potential is an integer number. The
threshold of the above I&F model is p and the action potentials are sent only
to neurons which are on the right with respect to the firing neuron.

Example 1.1. Let p = 2 and w = 3, see Figure 8.1. Neural network (described
mathematically by the law y = 3x) works in the following way. Let the input
layer has the state x = α0 + α12 + α222 + ... + ... The neuron nin

0 sends α0

units to the neuron nout
0 and α0 units to the neuron nout

1 ; the neuron nin
1 – α1

units to nout
1 and α1 units to nout

2 ; and so on. Totally the neuron nout
1 received

Σ1 = α0 + α1 units from the input layer. If Σ1 = 1 then β1 = Σ1 = 1 (we
remark that β0 always equals to α0). In this case the nout

1 does not send a unit
to nout

2 . If Σ1 = 2 then nout
1 relaxes, i.e., β1 = 0, and it sends a unit to the next

neuron, nout
2 . The latter neuron has already received Σ2 = α1 + α2 units from

the input layer. Totally (i.e., from the input layer and through redistribution in
the output layer) it received Σ′

2 = 1+α1 +α2 units. Depending on the value of
Σ′

2 the neuron nout
2 can totally relax (in the case Σ′

2 = 2), β2 = 0, by sending
a unit to nout

3 , or stay in the state β2 = 1 (in the case Σ′
2 = 1), or send a unit to

nout
3 and stay in the active state β2 = 1 (in the case Σ′

2 = 3). In the same way
we continue analysis of the propagation of the signal.

Example 1.2. Let p = 2 and w = 5, see Figure 8.2; here y = 5x. We have for
nin

0 : α0 to nout
0 and α0 to nout

2 ; nin
1 : α1 units to nout

1 and α1 to nout
3 ; nin

2 : α2

units to nout
2 and α2 to nout

4 and so on. Thus β0 = α0, β1 = α1. Totally the
neuron nout

2 received Σ2 = α0 + α2 units from the input layer. For example,
consider the case Σ2 = 2. Here nout

2 sends one unit to nout
3 and relaxes; so

β2 = 0. In this case Σ′
3 = 1+α1 +α3 (the total number of units from the input

layer and previous neurons of the output layer). In the same way we continue
analysis of the propagation of the signal.

Remark 1.3. (Frequency interpretation) If p > 2 then in general (depending on
the synaptic potential w) a neuron nin

j of the input layer sends a signal to the
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Figure 8.2. Synaptic potential ω = 5 (p = 2).

output layer for any nonzero level of activation αj �= 0. In this case it is not
so natural to consider αj , βj as electric potentials of neurons.1 It seems to be
more natural to interpret αj , βj as frequencies of firings of neurons:

νj = j, j = 0, 1, ..., p− 1,

the number of spikes per time-unit. There exists the maximal frequency of
neuronal firing:

νmax ≡ νp−1 = p− 1.

This argument may be used to choose the concrete value of p. For example, if
we try to construct a p-adic neural network model for a real cognitive system
(e.g., human being) then we start with finding the maximal frequency of firing
of neurons in this system. And then we shall find

p = νmax + 1.

Of course, as was already discussed, it need not be a prime number; we use
prime bases only to simplify the model.

We can consider a more general model described by the affine transformation
y = wx+ θ, w, θ ∈ Zp where θ = (θk) has the meaning of a thresholds vector.
There the level of activity of the neuron with the number k is defined by :

βk = π0(uk), uk =
k∑

j=0

wjαk−j +
k∑

j=1

πj(uk−j) + θk. (8.3)

For example, if θ0 = p− 1, the level of activity 1 for the 0-neuron in the input
layer is enough to activates 1-neuron in the output layer (if w0 �= 0).

In the standard model synaptic potentials between neurons are described by
the real matrix

w = {wij}M,N
i=1,j=1,

1In such a model with levels of activity corresponding to electric potentials any nonzero potential (which
magnitude is far from the level sufficient to send a spike) would have a nontrivial contribution to the state of
the output layer.
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where N and M are numbers of neurons in input and output layers, respectively.
The coefficient wij is the synaptic potential between ith neuron in the input
layer and jth neuron in the output layer. To obtain the state of the output layer
y = {yj}, first we act to the state of the input layer x = {xk} by the linear
transform:

zj =
N−1∑
k=0

wjkxk, j = 0, ..., M − 1,

and then apply the nonlinear transform:
yj = f(zj − θj), where f(x) = sign x and θj are thresholds.
In our model the graph of connections between neurons of input and output

layers has quite complicated hierarchical structure: 0th neuron of y is connected
only with 0th neuron in x, 1st neuron of y is connected only with the first two
neurons of x and so on, ... Roughly speaking w0j = 0, j �= 0; w1j = 0, j �=
0, 1; ...; wnj = 0, j �= 0, 1, ..., n. However, the principal difference from the
standard model is that instead the unique nonlinear transform f(x) = signx in
we use the series of transforms (8.3) to construct the state of the output layer.

It is a trivial task to find the synaptic potential w on the basis of states x �= 0
and y of the input and output layers

w =
y

x
. (8.4)

This simple formula poses however some problems. Let x, y be real states
of the layers, i.e., s(x), s(y) < ∞. By (8.4) to recognize y on the basis of x,
in general, we need to use an ideal synaptic potential w, which is such that
s(w) = ∞. For example, let p = 3 and x = 2 ≡ (2, 0, ..., 0, ...), y = 1 ≡
(1, 0, ..., 0, ...). Then w = 1/2 ≡ (2, 1, ..., 1, ...). Of course, a real network
uses real synaptic potentials w. The natural idea is to approximate w by initial
segments of its coding sequence. Set w(k) = w0 + w1p + · · ·+ wk−1p

k−1; we
have |w − wk|p � 1/pk. The pattern yk = wkx is the n-th approximation of
the precise pattern y. We obtain the following estimate for the precision δ of
this approximation: δ = |y − yk|p � |x|p/pk.

If p is sufficiently large, then the approximating synaptic potential wk induces
very good approximation yk of the exact pattern y for sufficiently small k.

The process of the approximation of the exact synaptic potential w by the
synaptic potentials wk can be interpreted as a kind of the learning process. The
learning process has an algorithmic character and coincides with the process of
construction of the element w. At the first step a network finds the coefficient
w0 by solving the equation w0α0 = β0 mod p. Then step by step it finds the
coefficients w1, ..., wk by solving the system of equations (8.2) with respect to
w. In this process the network tests the approximation condition |y − yk|p < ε
for the current approximation yk = wkx. Here ε = 1/pN is the precision of
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the image recognition. This precision is a parameter of the neural network.
Of course, we can consider networks with more complicated behavior where
precision of recognition depends on pattern to be recognized, i.e., ε = ε(y).

We can estimate the time of learning Tl. If the parameters p and ε are fixed,
then (if the speed of realization of mod p arithmetics in the neural network is
known) we can estimate the time of solving the system (8.2) (in fact, its initial
segment corresponding to the precision ε). On the other hand by comparing the
theoretical learning time Tl with the learning time Tl,real of the concrete neural
network we can estimate the values of the parameters p and δ.

Now let us consider the feedback process for the linear model, i.e., the
dynamical system:

xk+1 = f(xk), xk ∈ Zp, (8.5)

with f(x) = wx. It is evident that xk = wkx. If |w|p < 1, then xk → 0,
i.e., the point y0 = 0 is an attractor with the basin A(0) = Zp. Therefore for
synaptic potentials w ∈ B1/p(0), any initial configuration x is evaluated into
the totally quiescent configuration y0 = 0.

If w ∈ S1(0), then the behavior of the iterations is more interesting. In this
case the unit sphere can be split according to the form :

S1(0) = ∪p−1
j=1B1/p(aj),

where aj are the roots of the equation xp−1 = 1; if w ∈ B1/p(aj), then

wpk → aj , k → ∞. As we can assume, that aj = j mod p we obtain
that if the synaptic potential w ∈ B1/p(j) then for the sequence of iterations
pk, k = 1, 2, ..., the feedback process starting with neuron configuration x
generates the definite pattern y = ajx; in particular, if w ∈ B1/p(1), then we
get the initial pattern x. However, as we have seen, the behavior of iterations
depends essentially on the choice of a subsequence of iterations.

2. Multidimensional case
The model which has been studied in the previous section was based on the

single weight coefficient w ∈ Zp. This implies the p-adic hierarchical structure
for connections between neurons in the input and output layers. Now we con-
sider the general model based on the weight matrix w = (wij)

N−1,M−1
i,j=0 , wij ∈

Zp, where N is the length of the input layer x = (x0, ..., xN−1) and M is the
length of the output layers y = (y0, ..., yM−1); here coordinates xj , yj yield
the values 0, 1, ..., p− 1. As usual we start with the linear transform

zj =
N−1∑
k=0

wjkxk, j = 0, ..., M − 1. (8.6)
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However, further we might not develop the model by using the standard frame-
work based on thresholds θj , j = 0, ..., M − 1, and the nonlinear transform

yj = f(zj − θj) (8.7)

for f(x) = signx (or some other function with a similar behavior).
The standard real framework is based on the order structure on R : if a value

of zj is larger than the threshold θj then yj becomes firing; if not then yj stays
non firing. In the p-adic case (as there is no order structure on Qp) a model
cannot be based on similar arguments.

We propose a new model. This model has a natural interpretation in terms
of cognitive systems.

First we consider 2-adic case. Let a network describe a stimulus-response
functioning of some abstract cognitive system. Here

x = (x0, ..., xN−1), xj = 0, 1,

is a stimulus and y = (y0, ..., yM−1), yj = 0, 1, is a response (both are coded
in the 2-adic system). A stimulus-response network works in the following
regime.

if the network receives a stimulus x = (x0, ..., xN−1) the cognitive sys-
tem transforms x in a multiple layer massive z = (z0, ..., zM−1), zj ∈ Zp,
by the linear transform (8.6). At the moment we consider ideal layers zj =
(zj0, zj2, ..., zjn, ...), zjk = 0, 1, for which in principle s(zj) can be equal in-
finity. Later we shall present a natural restriction for s(zj). The multiple layer
massive z is called the modified stimulus. Further the system must compare
z with the internal multiple layer massive θ = (θ1, ..., θM ), θj ∈ Zp, which
is preserved in the cognitive system and determines the coordinates yj of the
response y = (y1, ..., yM). The multiple layer massive θ = (θj) is called the
internal state of the network determining the response y. In fact, the presence
of such internal states in the brain gives the ability for associations.

We use the scheme which is similar to the usual back-propagation scheme
for the real networks.

In the ideal case the equality zj = θj must imply that yj = 0. However
we assume that our proposed cognitive system contains a comparator which
compares the 2-adic distance between layers zj and θj . If these layers are close
in the 2-adic distance then the coordinate yj of the response y yields the value
0; in the opposite case yj yields the value 1. Of course, there is a precision
εk = 1/2k, k = 1, 2, ..., which determines the regime of functioning of the
comparator:

if |zj − θj |2 � εk then yj = 0; (8.8)

if |zj − θj |2 > εk then yj = 1. (8.9)
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These conditions can be rewritten in the standard form (8.7) with the function
f(x) = 1 − IBεk

(0)(x) where IBεk
(0) is the characteristic function of the ball

Bεk(0). Thus formally our model is similar to the standard one.
Now we describe the simplest algorithm for the learning process. We know

the stimulus x, response y and internal states θj . We have to find the coefficients
wij .

The learning is essentially different for the cases yj = 0 and yj = 1.
a). Let yj = 0. Let us consider the canonical 2-adic expansions:

zj =
∞∑
n=0

zjn2n,

θj =
∞∑
n=0

θjn2n

and

wij =
∞∑
n=0

wijn2n,

where

zjn, θjn, wijn = 0, 1.

Then (8.8) is equivalent to the system of equalities:

zj0 = θj0, ..., zj(k−1) = θj(k−1). (8.10)

These equations can be rewritten in the form:

θj0 = π0(v0), (8.11)

v0(x) =
N−1∑
s=0

wjs0xs; (8.12)

θj1 = π0(v1), (8.13)

v1(x) = π1(v0) +
N−1∑
s=0

wjs1xs; (8.14)

θj(k−1) = π0(vk−1), (8.15)
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vk−1(x) = πk−1(v0) + ... + πk−1(vk−2) +
N−1∑
s=0

wjs(k−1)xs. (8.16)

Let x �= 0, i.e, for example, xl = 1. It is easy to solve this system of
equations. Let us consider a few steps of the process of finding a solution
(which, of course, is not uniquely determined):

(0). We set wjs0 = 0 for all s �= l and wjl0 = θj0xl. This choice of wjs0

implies π0(v0) = v0, i.e., πj(v0) = 0, j �= 0.
(1). By (0) we have that v1 =

∑N−1
s=0 wjs1xs. Therefore we can repeat the

previous considerations.
All further steps are considered in the same way.
The process of learning which has been described is based on only on com-

putations with natural numbers. From the first point of view it seems that the
2-adic structure does not present in this process. However, this is not right,
because the work of comparator is based on the 2-adic distance between natural
numbers (for example, z = 0 and θ = 2100 are very closed from this point of
view).

Of course, there has been presented the particular algorithm of finding the
coefficients wij . There are many other algorithms with nontrivial coefficients
πj(vm).

b). Let yj = 1. Here we have even more degrees of freedom than in a).
The condition (8.9) is equivalent to the following one: zjt �= θjt for some
t = 0, ..., k− 1. Here we set wjst = 0, s �= l, and wjlt = (1− θjt)xl.

The preceding considerations give us the natural restriction for lengths of
internal layers θj . In fact, only first k digits of these 2-adic numbers have been
used in our model. Thus from the beginning we can assume that internal layers
have the length k : θj =

∑k−1
t=0 θjt2t. By the same arguments we can consider

zj =
k−1∑
t=0

zjt2t

and

wij =
k−1∑
t=0

wijt2t

with

θj , zj, wij = 0, 1.

At the same time there are evidences that the same internal layer θj can serve
for realization of many stimulus-response reactions. At least we interpret in
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this way the results of [20] which imply that the same neural structure can serve
for different reactions at different moments of time. These stimulus response
reactions can have different precision εk = 1/2k. Thus our abstract model based
on ideal layers (which can in principle have the infinite length) might be fruitful
for describing such phenomena.

At the moment we have proposed only the simplest algorithm for the eval-
uation of the {wij} which satisfy (8.6), (8.7). Our learning algorithm can be
applied for one pair (x,y) of input-output data. At the same time in the world
of real networks there are algorithms for evaluating {wij} for many pairs of
input-output data.

3. Minimization algorithm of learning
We recall that the general problem solved by neural networks can be state

as follows. Given a sequence of pairs (x(α), y(α)), α = 1, ..., m, obtained by
experiments, measurements or whatever, we want to find what is the law which
transforms the input x(α) into the output y(α). The well known learning process
for the neural networks is obtained by applying a minimization procedure to the
vector of all the synaptic weights w ≡ wjk, in order to get the minima of the
network prediction error:

E(w) =
1
m

∑
α

‖y(α) − f(x(α) − θ)‖2. (8.17)

Minimization functional on p-adic space
In [127] B. Tirozzi and one of the authors of this book proposed an algorithm

of learning for p-adic neural networks based on the minimization procedure of
a p-adic analogue of the functional (8.17).

We set QN
p = Qp × · · · × Qp(N -times); ZN

p = Zp × · · · × Zp. We define
the norm

‖x‖p = max
0�j�N−1

|xj |p, x = (x0, ..., xN−1) ∈ QN
p ,

and define the balls BN
r (a) = {x ∈ QN

p : ‖x − a‖p � r}, and spheres
SN
r (a) = {x ∈ QN

p : ‖x − a‖p = r}, r = pn(n = 0,±1,±2, ...), a ∈ QN
p .

We have BN
r (a) = Br(a0)× · · · ×Br(aN−1), a = (a0, ..., aN−1).

We consider a model of p-adic neural network introduced in the previous
section which is based on the weight matrix

w = (wij)
N−1,M−1
i,j=0 , wij ∈ Z2,

where N is the length of the input layer x = (x0, ..., xN−1) and M is the
length of the output layers y = (y0, ..., yM−1); here coordinates xj , yj yield the
values 0, 1. As usual we start with linear transform (8.6). The input signal x is
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transformed in a multilayer massive z = (z0, ..., zM−1), zj ∈ Zp, by the linear
transform (8.6). The output of the neural network is determined by computing
the 2-adic distance among the zj and the thresholds θj , and that this system
is able to recognize and classify the input signals x(α), α = 1, ..., m using the
weights that are constructed using the algorithm developed below. As in the
previous section, learning is based on conditions (8.8) and (8.9).

We going to study the process of learning for the 2-adic neural network. As
usual there is a set x(α) = (x(α)

0 , ..., x
(α)
N−1) of inputs datas and the set of y(α) =

(y(α)
0 , ..., y

(α)
M−1) of output datas for α = 1, ..., m (there x

(α)
j , y

(α)
j = 0, 1). We

have to find the coefficients wjk which give the minimum of the functional:

L(w; x(α), y(α)) =
1
m

m∑
α=1

M−1∑
j=0

|y(α)
j − f(z(α)

j )|. (8.18)

We can reduce the process of learning to the case M = 1, i.e., we con-
sider the set x(α) = (x(α)

0 , ..., x
(α)
N−1) of input datas and the set of y(α) = 0, 1

of output datas for α = 1, ..., m. Thus we consider the numbers z(α) =∑N−1
l=0 wlx

(α)
l , α = 1, ..., m, w = (w0, ..., wN−1) ∈ ZN

2 .

We shall study the model with “generalized information vectors" x(α) ∈ ZN
2

(so input coordinates can be not only 0 or 1, but any 2-adic integer) and restrict
our consideration to the case of zero thresholds. As usual, we want to minimize
the functional

L(w; x(α), y(α)) =
1
m

m∑
α=1

|y(α) − f(z(α))|, w ∈ ZN
2 , (8.19)

where f(x) = 1− IBεk
(0)(x).

Every input data x(α) determines a linear functional on ZN
2 , Xα(w) =∑N−1

l=0 wlx
(α)
l . We set Vα = Bεk(0) if y(α) = 0 and Vα = Z2 \ Bεk(0) if

y(α) = 1. We set also Wα = X−1
α (Vα). The set Wα is said to be a domain

of [xα/yα]-learning.2 As Vα is open, then Wα is also open. Thus, for each
w ∈Wα, there exists a ball BN

r (w) ⊂Wα. Moreover, we have

Lemma 3.1. Let xα and yα be input and output and let w belong to the domain
of [xα/yα]-learning Wα. Then the ball BN

εk
(w) ⊂Wα, where εk is the precision

of the 2-adic comparator.

Proof. 1). Let y(α) = 0. Then w ∈ Wα implies that |Xα(w)|2 � εk. It is also
evident that, for every u ∈ ZN

2 , |Xα(u)|2 � ‖u‖2. Thus if w′ = w+u, ‖u‖2 �

2This is the domain of all weight vectors w = (w0, ..., wN−1) which give the right uotput y(α) for the
input x(α).
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εk, then
|Xα(w′)|2 � max[|Xα(w)|2, |Xα(u)|2] � εk.

2). Let y(α) = 1. Then w ∈ Wα implies that |Xα(w)|2 > εk. Thus if
w′ = w + u, ‖u‖2 � εk, then

|Xα(w′)|2 = max[|Xα(w)|2, |Xα(u)|2] > εk.

(here we have used the following property of the p-adic valuation: if |a|p �= |b|p
then |a + b|p = max[|a|p, |b|p]).

Sets Vα are closed. Hence sets Wα are also closed. The set Z2 is compact.
Hence sets Wα are compact. As a consequence of Lemma 3.1, we obtain that
the domain of y(α)-learning Wα can be determined by the choice of a finite
number of points wj , j = 1, ..., sα :

Wα = ∪sα
j=1B

N
εk

(wj), BN
εk

(wj) ∩BN
εk

(wi) = ∅, i �= j.

Therefore, to find the domain of y(α)-learning, it is sufficient to find the points
wj = (wj

0, ..., w
j
N−1) ∈ ZN

2 , j = 1, ..., sα.
We expand the coordinates of these points in 2-adic fractions:

wj
l =

∞∑
n=0

βj
ln2

n, βj
ln = 0, 1.

Then we set [wj
l ]k =

∑k−1
n=0 βj

ln2
n. It is evident that Bεk(wj

l ) = Bεk([wj
l ]k) and

BN
εk

(wj) = BN
εk

([wj ]k), where [wj]k = ([wj
0]k, ..., [w

j
N−1]k). Thus we can al-

ways determine the domain of [x(α)/y(α)]-learning by pointsdj= (dj0, ..., d
j
N−1

1, ..., sα, with coordinates belonging to the set

Nk = {n =
k−1∑
l=0

βl2l, βl = 0, 1},

i.e., dj ∈ NN
k . The set NN

k contains Hk = 2kN points. If Hk is not very
large (comparing with our computing abilities) then we can find Wα exactly
by checking Hk times the condition Xα(d) ∈ Vα, d ∈ NN

k . If Hk is rather
large then we can find an approximation of Wα by using different algorithms
of random search.

We propose an algorithm of a random extension of 2-adic balls. Our algo-
rithm is based on the following heuristic considerations. If we have found a
point w ∈ Wα then by Lemma 3.1 the ball BN

εk
(w) ⊂ Wα and it is natural to

extend this ball in Wα as much as possible.
We shall use the following technical result.

),
j =



p-adic neural networks 139

Lemma 3.2. Let v, d ∈ NN
k and let v ∈ SN

2εk
(d). Then

({d} ∪ SN
2εk

(d)) ∩NN
k = ({v} ∪ SN

2εk
(v)) ∩NN

k . (8.20)

Proof. Let v = (vj), d = (dj), x = (xj), j = 0, ..., N − 1, vj , dj, xj ∈ NN
k

and let

vj =
k−2∑
n=0

βjn2n + λj2k−1, βjn, λj = 0, 1. (8.21)

Then, as v ∈ SN
2εk

(d), we have

dj =
k−2∑
n=0

βjn2n + γj2k−1, γj = 0, 1, (8.22)

where, for some j, γj �= λj . If x = (xj) ∈ SN
2εk

(d) ∩ NN
k then xj =∑k−2

n=0 βjn2n + δj2k−1, δj = 0, 1. If δj = λj for all j then x = v; if there
exists j = q such that δq �= λq then x ∈ SN

2εk
(v).

By Lemma 3.2 if we take a point v ∈ SN
2εk

(d)∩NN
k and consider the sphere

of the same radius with center at v (in NN
k ), SN

2εk
(v) ∩ NN

k , then we shall
not obtain new points. This result will be used in the following algorithm of
learning. It implies that we have to use spheres of larger radii for extending the
sphere SN

2εk
(d).

Algorithm of random learning
(A1) We choose randomly a point w0 ∈ NN

k and test the condition

Xα(v) ∈ Vα (8.23)

for v = w0.
(A2) If (8.23) is not satisfied we choose randomly a new pointw1 ∈ NN

k , w1 �=
w0 and check (8.23). Suppose that after l steps we have found the point
wl ∈ NN

k , which satisfies (8.23). We set v0 = wl.

Remark 3.3. In the latter case (by Lemma 1) the ball BN
εk

(v0) ⊂ Wα. Thus to
extend the domain of learning, we have to check the points belonging to the
sphere S2εk(v0)∩NN

k . We note that the set S2εk(v0)∩NN
k contains 2N points.

If the coordinates of v0 have expansions (8.21), then elements of S2εk(v0)∩NN
k

have the coordinates with expansions (8.22). Thus we can essentially reduce a
volume of computations on the sphere S2εk(v

0) if we use the "local coordinates"
γj .

(A3) We choose randomly w0 ∈ S2εk(v0) ∩ NN
k and check the condi-

tion (8.23). If (8.23) is not satisfied we choose randomly a new point w1 ∈
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S2εk(v0)∩NN
k , w1 �= w0 and check (8.23). Suppose that after l steps we have

found the point wl ∈ S2εk(v0) ∩NN
k which satisfies (8.23). We set v1 = wl.

By repeating (A3)3 we shall find a sequence of points vj ∈Wα∩S2εk(v0)∩
NN

k , j = 1, ... .
If the number 2N is rather large for our computer system we can stop this

process after some time interval, Tlim, and find the approximation

W ′
α = ∪sj=0B

N
εk

(vj), (8.24)

where
v1, ..., vs ∈Wα ∩ S2εk(v0) ∩NN

k , (8.25)

are the points which have been found in the process of algorithm’s work. If 2N

is not so large we test all points of the set S2εk(v0) ∩NN
k and find all points

which satisfies (8.25). These points give approximation (8.24) of the domain
of y(α)-learning.

We can now extend domain (8.24). We have to study condition (8.23) on the
larger sphere S4εk(vj) (for some j = 1, ..., s), because by Lemma 2 we have
S2εk(vj)∩NN

k ⊂ ({v}∪S2εk(v0))∩NN
k and we cannot extend domain (8.24)

by considering points which belong S2εk(vj).
(A4) We choose randomly vj ∈ S2εk(v0) ∩NN

k (for some j = 1, ..., s) and
realize the previous scheme for points of the set S4εk(vj) ∩NN

k .
(A5) We can continue this procedure by considering spheres of radii2mεk, m =

1, ..., k. When m will approaches k, the procedure will be terminated.
(A6) If there is no time restriction we shall repeat the process by starting

with (A1) and considering the points of NN
k which have not been considered

on the previous steps.

Algorithm of minimization
We will minimize the functional (8.19). If there ∩mα=1Wα �= ∅, then (at least

theoretically) we can find a point w which gives the minimumL = 0. In general
case we have to find a point w ∈ ∩sαj=1Wαj with the maximal s. If m is rather
large then it is also natural to use an algorithm of the random search of such an
s.

(B0) We apply first the algorithm of [x(α)/y(α)]-learning for every α =
1, ..., m. Thus we shall obtain approximations W ′

α ⊂ NN
k of the domains of

[x(α)/y(α)]-learning Wα.
(B1) We choose randomly α1 and a point w1 ∈W ′

α1 . Then choose randomly
α2 �= α1 and test the condition w1 ∈ W ′

α2 and put s1(w1) = 2 if w1 satisfies

3One has to make sure that in the random search we do not consider points that have been already examined
so there should be a list of counter given to the points such that if counter=1 the point will not be visited by
the algorithm again and if counter=0 it can be visited.
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this condition and s1(w1) = 1 in the opposite case; then we choose randomly
α3 �= α1, α2 and put s2(w1) = s2(w1) + 1 if w1 ∈ W ′

α3 and s2(w1) =
s1(w1) in the opposite case. After L random choices (where L is some number
determined by our computing ability) we terminate the process and save the
number sL(w1).

(B2) We repeat (B1) T times (where T is some number determined by the
our computing ability) and obtain a sequence of numbers

sL(w1), sL(w2), ..., sL(wT ).

(B3) We find the number sL(wj) = max1�i�T sL(wi) and choose the point
wj as an approximation for the solution of the minimization problem.

We have that L(wj ; x(α), y(α)) � (1 − sL(wj)
m ) (because wj belongs the

intersection of (at least) sL(wj) domains of yα-learning). The weight vector
wj = (wj

0, ..., w
j
N−1) gives the approximate solution for the learning problem.

4. Parametric dynamical networks
Here we study autoassociative nets with nonlinear transformations of the

configuration space by considering the dynamical system

Zp → Zp, x→ f(x) = x2 + c, (8.26)

where c ∈ Zp plays the role of a parameter.
To understand the physical meaning of the parameter c in our mathematical

model of p-adic neural network, we consider the coordinate representation of
the transformation law y = x2 + c. Let x = (αk), y = (βk), c = (ck). We have

βk = π0(uk), uk =
n∑

j=0

αjαn−j +
n∑

j=1

πj(un−j) + ck. (8.27)

By comparing (8.27) and (8.3) we understand that the constants ck gives additive
shifts to the activity thresholds of individual neurons. Therefore the parameter
c can be considered as a threshold vector. For the neural networks described by
the dynamical system (8.26) the thresholds vector plays a role which is similar
to the role of synaptic potential in the linear model, i.e., by varying the threshold
vector c we can control the behavior of a neural network.

Proposition 4.1. Let c = B1/p(0). Then the dynamical system (8.26) has two
fixed points x− ∈ B1/p(0) and x+ ∈ B1/p(1). If p = 2, then they are attractors
and A(x−) = B1/2(x−) = B1/2(0), A(x+) = B1/p(x+) = B1/2(1). If p �= 2,
then x− is an attractor, A(x−) = B1/p(x−) = B1/p(0), and x+ is a center of
the Siegel disk, SI(1) = B1/p(x+) = B1/p(1).
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Proof. Of course, to find fixed points of the map fc, we have to solve the
corresponding quadratic equation. The formal solutions are x± = 1±√

1−4c
2 .

We prove that
√

1− 4c exists for the parameter |c|p < 1. The worst case is
p = 2 (since |1/2|p > 1 only for p = 2), see [2] for the details. Here we have:

(1− 4c)1/2 = 1−
∞∑
k=1

2kck(2k − 3)!!
k!

.

To prove convergence we use the following estimate : |2kck(2k−3)!!
k! |2 � |c|k2.

The behavior of the dynamical system at fixed points is a consequence of Lemma
3.1.6

Proposition 4.2. Every point x ∈ B1/p(0) or x ∈ B1/p(1) can be realized as
a fixed point of the dynamical system (8.26) for an appropriative choice of the
parameter c ∈ B1/p(0).

Proof. We have c = x(1 − x). Let x ∈ B1/p(0). Then 1 − x ∈ B1/p(1), i.e.
c ∈ B1/p(0). The case x ∈ S1(0) is considered in the same way.

We note that Z2 = B1/2(0) ∪B1/2(1), i.e., in this case each pattern y ∈ Z2

can be an attractor of the dynamical system (corresponding to a value of the
threshold vector c). Thus any pattern x ∈ Z2 can be recognized by a dynamical
network (8.26) for some vector c ∈ B1/p(0).

We need some well known results on squares in fields of p-adic numbers,
[31] [190]. By using the canonical expansion of a p-adic number x �= 0, we
can write it as x = pmε, where |ε|p = 1 and m is an integer. If x is a square
of a p-adic number y = pkε0, |ε0|p = 1, then m = 2k and ε = ε2

0. Thus , to
describe all squares in Qp, it suffices to describe all elements ε, |ε|p = 1 which
are squares: ε = ε2

0.

Theorem 4.3. Let p �= 2. A p-adic number

ε = c0 + c1p + c2p
2 + ...., ci = 0, ..., p− 1, c0 �= 0,

is a square iff c0 is a square residue mod p.

Now we study the case p = 2.

Theorem 4.4. Let p = 2. A 2-adic number ε, |ε|2 = 1, is a square iff ε =
1( mod 8 ).

Now we consider the parameter c ∈ S1(0).
The ‘critical value’ of the parameter c is c0 = 1/4 corresponding to degen-

eration of the dynamical system (8.26) which in this case have only one fixed
point x0 = 1/2. This point is a center of the Siegel disk B1/p(x0). If p = 2,
then c0 �∈ Z2 (thus we shall not consider this point).
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1). Let p = 2. The dynamical system (8.26) has no fixed points, because
Z2 = B1/2(0) ∪ B1/2(1) and it was shown (in the proof of Proposition 4.2)
that if the fixed point of (8.26) belongs to one of these balls, then c belongs to
B1/2(0).

2). Let p = 3 and let c ∈ B1/3(2). Then 1 − 4c = 2 mod 3; thus
√

1− 4c
does not exist in Z3 and (8.26) has no fixed points. As c0 = 1 mod 3, then we
need to study the case c ∈ B1/3(1) in a more detailed manner.

Lemma 4.5. Let p = 3 and let the parameter c has a canonical expansion of
the form:

c = 1 + 2 · 3 + 2 · 33 + · · ·+ 2 · 32l+1 + α2l+232l+2 + α2l+332l+3 + · · ·
Then:

(a) if α2l+2 = 1, then
√

1− 4c �∈ Q3;
(b) if α2l+2 = 2, then

√
1− 4c ∈ Q3;

(c) if α2l+2 = 0 and α2l+3 �= 2, then
√

1− 4c �∈ Q3.

Proof. We have :

c = (1/4)(1 + 32l+3 + 4α2l+232l+2 + 4α2l+332l+3 + · · · ),
i.e.

1− 4c = −4α2l+232l+2 − (1 + 4α2l+3)32l+3 + · · · .
If α2l+2 = 1, then

1− 4c = 2 · 32l+2 mod 32l+3

and

√
1− 4c �∈ Q3;

if α2l+2 = 2, then

1− 4c = 4 · 32l+2 mod 32l+3

and

√
1− 4c ∈ Q3.

If α2l+2 = 0 and α2l+3 �= 2, then

1− 4c = s · 32l+3 mod 32l+4

with s = 2 or 1 and
√

1− 4c �∈ Q3.

Set
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cαl = 1 + 2 · 3 + 2 · 33 + · · ·+ 2 · 32l+1 + α32l+2, α = 1, 2,

and

aαl = 1 + 2 · 3 + 2 · 33 + · · ·+ 2 · 32l+1 + α32l+3, α = 0, 1.

Proposition 4.6. Let p = 3. Then
(a) if the parameter c ∈ B1/32l+3(c1

l ) or c ∈ B1/32l+4(aαl , α = 0, 1, then the
dynamical system (8.26) has no fixed points;

(b) if the parameter c ∈ B1/32l+3(c2
l ), then the dynamical system (8.26)

has two fixed points xl± which are centers of Siegel disks and SI(xl±) =
B1/3(x0), x0 = 1/2.

Proof. First we use the preceding lemma. To find the character of fixed points
in the case α = 2 and the corresponding Siegel disks, we apply Lemma 3.1.6.
We also use that xl± = x0 ± 2 · 3l+1 mod 3l+2.

It is interesting to discuss the behavior of the dynamical system (8.26) in
the case where there are two fixed points xl± which have the same Siegel disk
B1/3(x0). Here the dynamical system describes the following motion in the
ball B1/3(x0) :

There exist two centers xl± such that for any initial point z0 ∈ B1/3(x0)
the distances between the iterations zk of z0 and these centers are constants of
motion.

3). Let p = 5. Let c ∈ B1/5(1) ∪ B1/5(2). Then 1 − 4c = 2, 3 mod 5;
thus

√
1− 4c does not exist in Q5 and (8.26) has no fixed points. Let c ∈

B1/5(3).Then 1−4c = 4 mod 5; thus
√

1− 4c exists in Q5 and (8.26) has two
fixed points x±. These are Siegel disks with SI(x+) = B1/5(4) and SI(x−) =
B1/5(2). As c0 = 4 mod 5, then we need to study the case c ∈ B1/5(4) in a
more detailed manner.

Lemma 4.7. Let p = 5 and let c have a canonical expansion of the form:

c = 4 + 3 · 5 + · · ·+ 3 · 5l + αl+1 · 5l+1 + · · · ,
where αl+1 = 0, 1, 2, 4. Then:

(a) If αl+1 = 0, 1, then
√

1− 4c �∈ Q5 for all l.
(b) If αl+1 = 2, 4, then

√
1− 4c �∈ Q5 for l = 2k and

√
1− 4c ∈ Q5 for

l = 2k + 1.

Proof. We have

c = 4 + (15/4)(5l − 1) + αl+15l+1 + · · · ,
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i.e.

1− 4c = −(3 + 4αl+1)5l+1 + β5l+2,

|β|5 � 1.

If αl+1 = 0, then 1− 4c = 2 · 5l+1 mod 5l+2. If αl+1 = 1, then

1− 4c = 3 · 5l+1 mod 5l+2.

In both cases we have that

√
1− 4c �∈ Q5

for any l. Now let αl+1 = 2, then

1− 4c = 4 · 5l+1 mod 5l+2;

let αl+1 = 4, then

1− 4c = 1 · 5l+1 mod 5l+2.

Hence √
1− 4c ∈ Q5

iff l + 1 is even.
Set cαl = 4 + 3 · 5 + · · ·+ 3 · 5l + α · 5l+1, α = 0, 1, 2, 4.

Proposition 4.8. Let p = 5 and let the parameter c ∈ B1/5l+2(cαl ). Then:
(a) if α = 0, 1 and l is arbitrary or α = 2, 4 and l = 2k, then the dynamical

system (8.26) has no fixed points;
(b) if α = 2, 4 and l = 2k+1, then the dynamical system (8.26) has two fixed

points xlα± which are centers of Siegel disks and SI(xlα± ) = B1/5(x0), x0 =
1/2.

The scheme of the proof is similar to the proof of Proposition 4.6. We need
only to use that the fixed points have the form: x2± = x0±5k+1 mod 5k+2 and
x4± = x0 ± 5k+1/2 mod 5k+2.

4) Let p = 7 and let c ∈ B1/7(3) ∪ B1/7(4) ∪ B1/7(6). Then 1 − 4c =
3, 6, 5 mod 7 respectively; thus

√
1− 4c does not exist in Q7 and (8.26) has

no fixed points. Let c ∈ B1/7(1) ∪ B1/7(5). Then 1 − 4c = 4, 2 mod 7
respectively; thus

√
1− 4c exists in Q7 and (8.26) has two fixed points x±.

These fixed points are centers of Siegel disks. If c ∈ B1/7(1), then SI(x+) =
B1/7(3) and SI(x+) = B1/7(5). If c ∈ B1/7(5), then SI(x+) = B1/7(2) and
SI(x+) = B1/7(6). In both cases Siegel disks have empty intersection. As
c0 = 2 mod 7, then we need to study the case c ∈ B1/7(2) in more details.
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Lemma 4.9. Let p = 7 and let c has a canonical expansion of the form:

c = 2 + 5 · 7 + 72 + 5 · 73 + 74 + · · ·+ 5 · 72l+1 + α2l+272l+2 + · · · .
where α2l+2 = 0, 2, 3, 4, 5, 6. Then:

(a) if α2l+2 = 2, 3, 5, then
√

1− 4c �∈ Q7;
(b) if α2l+2 = 0, 4, 6, then

√
1− 4c ∈ Q7.

Proof. We have

c = 1/4 + (1/48 + α2l+2)72l+2 + · · · ,
i.e.

1− 4c = (4 + 3α2l+2)72l+2 mod 72l+3.

Further for α2l+2 = 0, 2, 3, 4, 5, 6, we have 1− 4c = 4, 3, 6, 2, 5, 1 mod 7.

Lemma 4.10. Let p = 7 and let c has a canonical expansion of the form:

c = 2 + 5 · 7 + 72 + 5 · 73 + 74 + · · ·+ 5 · 72l−1 + 72l + α2l+172l+1 + · · · ,
where α2l+1 = 0, 1, 2, 3, 4, 6. Then

√
1− 4c �∈ Q7.

Proof. We have c = 1/4 + (5/48 + α2l+21)72l+1 + · · · , i.e. 1 − 4c =
(6 + 3α2l+1)72l+1 mod 72l+2. Further for α2l+2 = 0, 1, 2, 3, 4, 6, we have
1− 4c �= 0 mod 7.

Set cαl = c = 2 + 5 · 7 + 72 + 5 · 73 + 74 + · · ·+ 5 · 72l+1 + α72l+2, α =
0, 2, 3, 4, 5, and aαl = c = 2 + 5 · 7 + 72 + 5 · 73 + 74 + · · ·+ 5 · 72l−1 + 72l +
α72l+1, α = 0, 1, 2, 3, 4, 6.

Proposition 4.11. Let p = 7. Then:
(a) if c ∈ B1/72l+3(cαl ), α = 2, 3, 5 or c ∈ B1/72l+2(aαl ), α = 0, 1, 2, 3, 4, 6,

then the dynamical system (8.26) has no fixed points;
(b) if c ∈ B1/72l+3(c

α
l ), α = 0, 4, 6, then the dynamical system (8.26) has two

fixed pointsxlα± which are centers of Siegel disks andSI(xlα± ) = B1/7(x0), x0 =
1/2.

To prove this proposition, we use Lemma 4.7 and Lemma 4.9, Theorems 4.3,
4.4 and the fact that xl0± = x0±7l+1 mod 7l+2 and xl4± = x0±4·7l+1 mod 7l+2.

As we have seen for p = 3, 5, 7, in any neighborhood Br(c0) of c0 = 1/4, we
can find balls Brk

(ck) which contains values of the parameter c corresponding
to two fixed points x± (centers of Siegel disks) and balls Br′k(c

′
k) which contains

values of the parameter c corresponding to absence of fixed points. Thus the
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behavior of the dynamical system (8.26) depends on c, c→ c0, in very irregular
way.

Remark 4.12. It should be interesting to study a behavior of cycles of the
dynamical system (8.26) for c→ c0.

Conclusion. We presented a nonlinear feedback model for the of function-
ing of neural networks. In this model every neuron in a layer has its own
threshold ck. These thresholds determine the behavior of the neurons. In fact,
the quadratic law for the dynamical system corresponds to the non-constant
synaptic potential w(x) = x.

5. p-adic model for memory retrieval
Thinking as dynamical system on a p-adic mental space

The human mind operates with memory mental states. The process of think-
ing appears to be a kind of dynamical process that works with memory retrieval
or sets of mental states, i.e. there is a relation between input and output mental
states,

xn �→ xn+1 = f (xn) (8.28)

for xn, xn+1 ∈X , where X is the state or configuration space of the dynamical
system, i.e. the “space of mental states” “or mental space”. It is thus tempting
to use dynamical systems methods and concepts to investigate and model the
functioning of the human brain. The main task then is to construct an appropriate
mathematical model that adequately describes the essential aspects of how this
might occur. This requires a suitable mathematical description firstly of mental
states themselves and secondly of appropriate dynamical laws f(x).

The set of p-adic integers Zp, where p > 1 is a fixed prime number deter-
mining the base of the p-adic number system, was proposed as the space of
mental states X in [100], see also [101], [111] for detail. It is natural to use
p-adic integers to describe mental states since any p-adic integer x ∈ Zp can be
represented an infinite sequence or vector of digits

x = (α0, α1, . . . , αn, ...), αj ∈ {0, . . . , p− 1},
which is just a coding sequence in information theory.

In [4] we focused on the process of memory retrieval or remembering, which
we described suggestively as the simultaneous co-functioning of human con-
scious and subconscious, with the subconscious working as a dynamical system
on a configuration space of mental states that is controlled, in particular initial-
ized, by the conscious. Of course, we are well aware that the concepts of
"conscious" and "subconscious" have long fallen out of regular scientific usage
following the publication of Ryle’s The Concept of Mind in 1949, [189], but
we find it convenient to use somewhat similar terms here (without wishing to
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propagate former associations) to describe an interfacial control or relay unit C
and a blackbox computational unit SC. That is, we imagine the memory pro-
cess as the operation of a powerful computer, with a hidden "computer of the
subconscious" SC realizing a vast number of iterations at tremendous speed in
response to an initial mental state x0 that is described by a restricted quantity
of information (just few bits) and is sent to SC by the conscious C, which also
controls SC by fixing a particular configuration space of mental states X0 where
the dynamical system in SC will work with this initial mental state. Mathemat-
ically X0 will be described as a ball in an appropriate p-adic metric space. Such
a ball contains an enormous amount of information amongst which it would be
practically impossible by “usual methods" to find some particular mental state
xr or set of mental states U that C wants to recall with the trigger mental state
x0. However, it is quite plausible to assume that C also transfers to SC values
of parameters c that determine a particular dynamical law f for the dynamical
system in SC. These parameter values can also be assumed to be described by
a restricted amount of information. Then SC has all necessary conditions to
activate the memory retrieval dynamical system and the mental state xr that C
wants to recall will be found as an attractor of this dynamical system. How-
ever, since the brain must complete this task in a finite time, typically SC will
not continue the iterations indefinitely to find the remembered mental state xr

exactly, but rather will locate some ball Bs(xr) of some appropriate radius s
> 0 in the p-adic metric space around the mental state xr. This ball is then
considered by C as the result of the remembering process. If C wants a more
precise recollection, it can do so by either increasing
1) the number of iterations of the dynamical system in SC, or
2) the quantity of information used to describe the generating mental state x0

or parameters c of the dynamical system.
The second way seems more profitable and our mathematical considerations
here will show that, for example, a better description of the parameter c will in-
crease the exactness in recalling the mental state xr by allowing us to determine
a “memory” ball Bs(xr) of smaller radius s.

This model resolves the problem of how the human brain (or a device simu-
lating it) might be able to handle vast quantities of information. The human (or
device) C need not operate simultaneously with large amounts of information
in the process of remembering, but needs only to generate the initial conditions
and parameters described by a restricted amount of information. The process
of remembering is then transferred to the human (or device) SC which also
does not need to operate with a very large quantity of information, but acts as
a parameterized dynamical system in the mental space working at tremendous
speed. This speed of functioning vf is the important characteristic of the re-
membering process and will depend essentially on the particular individual or
machine.
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Hierarchical structure of a p-adic mental space and the
ability to form associations

An obvious reason for using p-adic integers to represent mental states is that
any p-adic integer x∈Zp can be represented as an infinite vector of digits (8.1),
that is just an information theoretic coding vector for the alphabet {0, 1, . . . , p−
1}.

A subtler reason comes from structure induced on the space of such vectors
by the p-adic metric or valuation, namely the hierarchical structure of the
successive components of such infinite information vectors: the digits αj of
an information vector x = (α1, α2, ..., αn, ...) have different weights with the
digit α0 being the most important, then with α1 dominating over α2, ..., αn, ...,
and so on. If we image these weights as the reaction of a cognitive system to
a change of the digits in x, then a change of α0 causes the strongest reaction,
while the reaction to a change of α1 is less than for α0 but stronger than for
changes of α2, ..., αn, ..... This hierarchical structure implies a nearness of
mental states corresponding to the length of the common root of these mental
states and this is precisely what the p-adic metric on the mental space provides.

The following examples illustrate the usefulness of this hierarchical structure
in cognitive processes.

Example 5.1. (Imprinting) Some newborn animals and birds fix an image of
mother on the first animal or bird (or human) that they see. This psychological
phenomenon can be formulated in terms of the above hierarchical structure.
Suppose that relations with other animals, birds and humans is coded by an in-
formation vector xrel = (α0, α1, ...) . The initial segment xmama = (α0, ..., αk)
of this vector is fixed by the first encounter. It then dominates and determines
all further behavior.

Example 5.2. (First impressions) The first impression plays an important role
in how an individual forms an image of another person. Information about
this person obtained in a few first seconds can determine an overall image
of the person. This psychological phenomenon can also be explained by the
hierarchical structure in the coding system. Suppose that an image is coded
by an information vector xim = (α0, α1, ...), where the initial segment of this
vector xfirst = (α0, ..., αk) is used for recording the first impressions. It then
underlies and dominates all further considerations about the person described
by xim.

The p-adic hierarchical structure on the space of information vectors also
allows us to explain the ability to form associations: two mental states having
sufficiently long common initial segment are associated in some way. This abil-
ity to form associations plays an important role, for example, in the process of
image recognition. A cognitive system need not analyse the whole information
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contained in a very long sequence x = (αj), but could instead create a data base
of images ak, k = 1, ..., M, consisting of finite sequences ak = (ak1, ..., a

k
N).

The process of image recognition is then realized by a comparator that tests the
validity of the condition αj = akj , j = 1, ..., N. Here N is a parameter of the
cognitive system that calibrates the strength of its perception of reality.

The hierarchical structure of the coding system and the ability of a cognitive
system to form associations are the cornerstones of our model of memory re-
trieval: the first digits in the code of a mental state have the highest weights, so
by fixing these digits a cognitive system can reproduce the dominant features of
a particular memory. In fact, the ability to form association implies the stability
of the process of thinking with respect to the choice of initial conditions. Here
the exact form of the initial mental state x0 is not important since all mental
states belonging to the same class of associations (described by a p-adic ball in
our model) will yield the same resulting mental state (an attractor of a p-adic
dynamical system). A physical cognitive system would itself obtain a class of
associations (a p-adic ball) due to the finite precision in approaching an attractor.

Description of a p-adic model of memory

The first step in constructing a mathematical model for the memory retrieval
process is to find a suitable mathematical description of the configuration space
of mental states. Such a space X should possess the the following characteris-
tics:

The mental space X has the structure of a tree. All mental states have a
common root. There exist mental states which have an infinite complexity, that
are described by infinitely long branches of the tree X . Two mental states x
and y in X are close if they have sufficiently long common root.

We have seen that the space p–adic numbers with its valuation metric pos-
sesses all of these characteristics as well as having a natural representation as
information theoretic vectors.

The next step is to describe the memory retrieval mechanism in the mental
space X . Mathematically this requires us to prescribe a function f : X → X
that describes the dynamics of a system operating in X. The process of recalling
is then just the iteration of the dynamical system, xn = f(xn−1) on the mental
space X in what we call the "subconscious" SC starting with an initial mental
state x0 (or the set of mental states A0) sent to SC by a control unit C that we
call the "conscious". The computational unit SC generates a chain of mental
states x0, x1, . . ., xn, . . . (or of sets of mental states A0, A1, . . ., An, . . .) that
provide successively closer representations of the memorized mental state that
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is to be recalled. After a finite number of iterations the resulting (approximate)
memorized mental state is returned to C.

We can restrict attention to continuous maps f : X → X because it is natural
to require two iterated mental states x′ = f(x) and y′ = f(y) to have a long
common root, that is to be close as described mathematically in terms of the
given metric on X , whenever the original mental states x and y have a long
common root.

Simulating the memory retrieval process
Our mathematical results on the p-adic dynamical system (8.26) can be ap-

plied to illustrate some of the essential characteristics of the process of human
recollection.

First we consider the case p = 2.
Here all mental states are described by the 2-adic integers, i.e. infinite se-

quences of 0 and 1. In this case the dynamical system (8.26) has the simplest be-
havior. If the parameter c∈B1/2(0), then there are two attractors x± with basins
of attraction A(x−) = B1/2(0) and A(x+) = B1/2(1), respectively. Moreover,
these two basins partition the whole mental space, i.e. Z2 = A(x−) ∪ A(x+).
Hence to recall a particular mental state the conscious C has to choose an ap-
propriate domain of recalling, i.e. one of the balls B1/2(0) or B1/2(1) (this can
be done by choosing the generating mental state x0 = 0 or 1, respectively), and
an appropriate value of the parameter c. Then the dynamical system (8.26) in
the subconscious SC begins to work and after a certain number of iterations the
conscious C receives from the subconscious SC a set of recalled mental states,
a ball Bs(x−) or Bs(x+) where the radius s > 0 depends on the number of
iterations. We consider this retrieved set of mental states to be the result of the
remembering process.

Of course, we are using an ideal mathematical model where mental states
are described by an infinite sequence of digits. In reality the human brain
can only operate with a finite number of digits, so a ball B1/pn(a) with a =
(a0, a1, . . . , ak, . . .) of sufficiently small radius is identified with the initial seg-
ment (a)n = (a0, . . . , an−1) of the coding sequence as its center. Thus the balls
Bs(x−) or Bs(x+) obtained in the process of remembering can be identified
with mental states described by the initial segments of the coding sequences for
x±, but if the radii of these balls are not sufficiently small the conscious C would
obtain balls containing all possible mental states. The result of the recalling
thus depends critically on the number of iterations which are undertaken in the
subconscious SC before the result of recalling is transmitted to the conscious C.
The speed vf with which the dynamical system operates also plays the important
role in this process of remembering. Different individuals need different time
intervals for the same number of iterations and after the same period of recalling
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they will usually have different results. We can talk about sharp remembering
when the result is the exact mental state and unsharp remembering when the
result is a ball of many mental states. Since the process of remembering has to
stop after some finite limiting time interval tlim, it seems that many individuals
will always work in the regime of the unsharp remembering. The two physical
characteristics vf and tlim, which should in principle be measurable, allow us to
distinguish fundamental aspects of the human psychology: sharp and unsharp
mental vision of the world.

In our model the human brain enables very high compression of information
by preserving in the conscious C only generating mental states and associated
parameter values c which involve a considerably restricted volume of informa-
tion. For example, by saving the generating mental state x = 0 and the value
of a parameter c = 1 the conscious C can retrieve an information vector of any
required large length after a correspondingly appropriate number of iterations
in the subconscious SC.

Let us now consider the mathematical model where the space of mental states
is described by p-adic integers with p �=2, for which the process of remembering
is more complicated than in the above case with p = 2. In addition to attractors,
Siegel disks and the domains of irregular behavior which could contain cycles
of practically any given length are now present. Suppose that the parameter c
belongs to the ball B1/p(0). The configuration space of the dynamical system in
SC then splits into two domains, D1 = B1/p(0) (regular available memory) and
D2 = S1(0) (non-regular available memory). Theoretically, at least, any mental
state x ∈ D1 can be obtained by means of the remembering process that was
described in the case p = 2, i.e. by choosing a generating mental state x0 ∈D1

and a parameter c ∈B1/p(0) and then by implementing the iteration procedure
in the subconscious SC which converges to some attractor belonging to D1. On
the other hand, mental states x belonging to the memory domain D2 cannot be
obtained as attractors of the dynamical system SC. The memory domain D2

itself splits into two subdomains, D′
2 = B1/p(1) and D′′

2 = S1(0) \B1/p(1).

If the conscious C chooses a generating mental state x0 ∈ D′
2 with the

parameter c ∈ B1/p(0), then the iterations of the dynamical system in SC will
stay on the sphere Ss(x+) with radius s = |x0 − x+|p. In a sense, all of these
mental states are similar to the generating mental state x0, that is the conscious
C does not obtain an essentially new mental state if it stops the dynamical
system SC at any instant. In principle, however, the conscious C can recover
a practically infinite number of recollections in the set Ss(x+) by stopping the
dynamical system at different time instants. These times are probably chosen
by the brain in some random way. This situation seems to be quite realistic in
the natural human remembering process.
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If the conscious C chooses a generating mental state x0 ∈ D′′
2 with the

parameter c ∈ B1/p(0), then the iterations of the dynamical system in SC can
exhibit very different behavior which depends strongly on the choice of the
generating mental state x0 ∈D′′

2 . For example, it could be a cycle (of arbitrary
period q � p− 1), in which case the conscious C obtains only a finite number
of recollections x0, x1, . . ., xq−1 from the remembering process. This situation
also seems to be quite realistic in the natural human remembering process.

Of course, if the conscious C is not satisfied with a result of the remembering
process (especially for the memory domain D2), it could change the character
of nonlinearity. For example, C could choose a function fc,m(x) = xm + c for
some higher power m � 3 and may thus be able to retrieve mental states x ∈
D2 as attractors of a new dynamical system in SC. The investigation of such
dynamical systems is considerably more complicated mathematically.



Chapter 9

DYNAMICS IN ULTRA-PSEUDOMETRIC SPACES

As we have already discussed in Chapter 3, dynamical systems over p-adic
trees have a large number of usual and fuzzy cycles. This is one of the main
disadvantages of the model of the process of thinking presented in Chapter 8:
starting with an initial state x0 ∈ Zp (or a ball B in the mental space) the brain
of a cognitive system τ will often obtain no definite solution (no attractors!)
However, as we shall see in this chapter, cycles of balls produce attractors in
the space of ideas! Hence by developing the ability to work with collections
of p-adic balls cognitive systems transferred cyclic-disadvantage into the great
advantage: richness of cyclic behavior on the level of balls implies richness of
the set of possible ideas-solutions. In this chapter we prove the existence of
attractors in the space of collections of balls as well as present algorithms for
finding these attractors, see [109] and [111].

In the corresponding mental model each p-adic number represents a mental
state, each ball represents an association – a hierarchically coupled collection of
mental states, each collection of balls represents an idea. Thus the mathematical
results of this chapter can be interpreted as about dynamics in the space of ideas.

1. Extension of the p-adic mental model: associations and
ideas

We consider the p-adic mental space X = Zp, see Chapter 8
Special collections of mental states form new cognitive objects, associations.

Let s ∈ {0, 1, ..., p− 1}. A set

As = {x = (α0, ..., αk, ...) ∈: α0 = s} ⊂ Zp

is called an association of the order 1. Associations of higher orders are defined
in the same way. Let s0, ..., sl−1 ∈ {0, 1, ..., p− 1}, where l is a fixed natural
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number. The set

As0...sl
= {x = (α0, ..., αk, ...) ∈ Zp : α0 = s0, ..., αl−1 = sl−1}

is called an association of the order l. Denote the set of all associations of
order l by the symbol XA,l and set XA,∞ = X(≡ Zp). Thus mental states are
interpreted as associations of infinite order. We set

XA = ∪lXA,l.

This is the set of all possible associations. By the definition the space of mental
states X = Zp is embedded in the space of associations XA :

X ⊂ XA.

Sets of associations J ⊂ XA also have a cognitive meaning. For example,
let A = Aα0...αl

be an association of the order l. This is a set of mental states
having the special structure. Let us consider the set-theoretical complement
of A in the mental space X : Ā = {x ∈ X : x �∈ A}. Such a set of mental
states has the evident cognitive interpretation: it is negation of the association
A. For example, if A is an association on a sunny day, then Ā is the set of all
images which are not related to an image of a sunny day. We mention a simple
mathematical fact: the set Ā can be also represented as a family of associations
of the order l. These sets, associations, have empty intersections. Hence such
families of associations also must have some cognitive meaning. The same
conclusion we obtain by using the logical operation ‘or.’ For instance, let the
base of a cording system be p = 2 and let digits of mental states have the
following cognitive meaning: α0 = 1/0, male/female, α1 = 1/0, blond/not,...
We consider two associations: A11 = (male blond) and A01 = (female blond). The
logic operation ‘or’ is realized in Zp as the set-theoretical union: (male blond) or
(female blond)= A11 ∪ A01. We remark that the logical operation ‘and’ is trivial
on the space of associations XA : if A ∩B �= ∅, then A ∩B = A or B.

Sets of associations will be called ideas (of the order 1). Denote the set of
all ideas by the symbol XID. We have:

X ⊂ XA ⊂ XID.

In principle, it is possible to consider sets of ideas of the order 1 as new
cognitive objects (ideas of the order 2) and so on. However, we restrict our
attention to dynamics of ideas of the order 1.

The space XID consists of points-associations. Roughly speaking on the
level of ideas we can forget about the internal tree-structure of associations.
The space XID is endowed with the standard structure of a Boolean algebra:
‘or’- union, ‘and’-intersection, ‘or’- complement. Thus our cognitive model is
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closely related to calculus of propositions of Boole [29], [30]. The main distin-
guishing feature of our model is the presence of the p-adic internal structure for
elements of the Boolean algebra. We shall see that hierarchic p-adic dynamics
for mental states can be lifted to dynamics in the Boolean algebra of ideas.

It is natural to suppose that the representation of cognitive information on
the level of ideas plays the crucial role in mental functions (at least such ‘high
level functions’ as, for example, emotions or goal-directed behavior). This
induces an additional spatial nonlocality of mental functions, since an idea can
be formed by distinct associations which are in general formed by spatially
separated chains of neurons (which are also extremely nonlocal objects).

Remark 1.1. (Associations, ideas and complexity of cognitive behavior) One
of the main features of our model is that not only mental states x ∈ X = Zp,
but also associations A ∈ XA and ideas J ∈ XID have a cognitive meaning.
One of the reasons to use such a model is that complex cognitive behavior can
be demonstrated not only by living organisms τ which are able to process in
‘brains’ large amounts of ‘pure information’ (mental states), but also by some
living organisms with negligibly small ‘brains’. It is well known that some
primitive organisms τpr having (approximately) N = 300 nervous cells can
demonstrate rather complex cognitive behavior: ability for learning, complex
sexual (even homosexual) behavior. Suppose, for example, that the basis p of
the coding system of τpr is equal to 2. Here each nervous cell n can yield
two states: 0, non-firing, and 1, firing. Non-hierarchic coding of information
gives the possibility to perform in the brain (at each instance of time) 300 bits
of information. In the process of ‘thinking’ τpr transforms these 300 bits into
another 300 bits. It seems that such 300-bits dynamics could not give a complex
cognitive behavior. We now suppose that τpr has the ability to create hierarchic
chains of nervous cells (horizontal hierarchy). Let, for example, all such chains
have the same length L = 5. Thus τpr has N = 60 hierarchical chains. The
total number of mental states, x = (α0, α1, α2, α3, α4), αj = 0, 1, which can
be performed by chains of the length L = 5 is equal to NI = 25 = 32. Some
mental states can be represented by a few chains of neurons (this increases the
safety of representation of information). We assume that all mental states are
performed by the brain at each instant of time. We suppose that τpr is able to
operate with associations and ideas. The τpr have Na = 2k associations of
order k = 1, 2, ..., 5. The number of homogeneous ideas (i.e., ideas that are
formed by associations of the same order) of τpr is equal

NID,hom = (22 − 1) + (222 − 1) + (223 − 1) + (224 − 1) + (225 − 1)

= 4295033103 >> 300

(each term contains -1, because empty sets of associations are not considered
as ideas). Hence τpr works with more than 4295033103 ‘ideas’ (having at the



158 P -ADIC DETERMINISTIC . . .

same time only NI = 32 I-strings in his brain). Moreover, if we consider the
possibility of a cognitive interpretation of ideas of higher levels (sets of ordinary
ideas), then even primitive cognitive systems could operate with fantastically
large amounts of information. For example, in the case of τpr the number of
ideas of level 2:

N
(2)
ID > 24295033103.

We describe dynamics of associations and ideas. Such mental dynamics are
induced by corresponding dynamics of mental states, i.e., ‘ruled’ by functions
f : Zp → Zp which do not depend on time and random fluctuations, see Chap-
ter 8. This process of thinking has no memory: the previous mental state x
determines a new mental state y via the transformation y = f(x) :

xn+1 = f(xn). (9.1)

Suppose that dynamical map is such that, for each association A, its image

B = f(A) = { y = f(x) : x ∈ A }
is again an association. Denote the class of all such maps f by the symbol

A(X), X = Zp.

Sometimes we shall consider dynamics which is restricted to a subsetO of X;
in such a case we shall use the symbol A(O).

If f ∈ A(X), then dynamics (9.1) of mental states of τ induces dynamics
of associations

An+1 = f(An). (9.2)

Starting with an association A0, τ obtains a sequence of associations: A0, A1 =
f(A0), . . . , An+1 = f(An), . . .. We can say that dynamics in the mental space
Zp for transformations f ∈ A(X) can be lifted to the space of associations XA.

Dynamics of associations (9.2) automatically induces dynamics of ideas:

J ′ = f(J) = {Bτ = f(A) : A ∈ J}.
Thus each idea evolves by iterations:

Jn+1 = f(Jn). (9.3)

Starting with an idea J0, τ obtains a sequence of ideas:

J0, J1 = f(J0), . . . , Jn+1 = f(Jn), . . . .

The reader see that there is the difference in the possibility of lifting to associa-
tions and ideas: in the latter case it is always possible. In fact, this difference is
just a consequence of our definition of ideas. Here we do not try to specialize
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classes of associations that form new cognitive objects, ideas. In particular, we
do not use any hierarchic structure in forming of ideas on the basis of associ-
ations. In fact, we develop such an approach only by one reason: to simplify
the model. In principle, we can define ideas in the same way as associations by
using hierarchic structure, see [111].

Geometrically associations are represented as bundles of branches of the p-
adic tree. Ideas are represented as sets of bundles. So dynamics (9.1), (9.2),
(9.3) are, respectively, dynamics of branches, bundles and sets of bundles on
the p-adic tree. Dynamics on Zp is generated by maps f : Zp → Zp. We are
interested in maps which belong to the classA(O), whereO is some subset of
Zp.

We remark that there is one to one correspondence between associations of
order l, As0...sl−1 , and balls Br of radius r = 1/pl in the metric space Zp,
namely

As0...sl−1 = Br(a), r = 1/pl , a = s0 + ... + sl−1p
l−1.

Thus any function f ∈ A(O) should map a ball onto a ball:

f(Br(a)) = Br′(a′), a′ = f(a).

To give examples of such maps, we use the standard algebraic structure on Zp.
It is proved (see Chapter 3) that all monomial dynamical systems belong to the
classA(O), see section 4 and [111] for detail.

We are interested in attractors of dynamical system (9.3) (these are ideas-
solutions). To define attractors in the space of ideas XID, we have to define a
convergence in this space. We must introduce a distance on the space of ideas
(sets of associations). Unfortunately, there is some mathematical complication.
A metric on the space of points does not induce a metric on the space of sets
that provide the adequate description of for the convergence of ideas. It is more
useful to introduce a generalization of metric, namely so called pseudometric.
1 Hence dynamics of ideas is a dynamics not in a metric space, but in more
general space, so called pseudometric space.

Let (X, ρ) be a metric space. The distance between a point a ∈ X and a
subset B of X is defined as

ρ(a, B) = inf
b∈B

ρ(a, b)

(if B is a finite set, then ρ(a, B) = minb∈B ρ(a, b)).
Denote the system of all subsets of X by the symbol Sub(X).

1In fact, it is possible to introduce even a metric (Hausdorff’s metric) as people in general topology do, see
[59]. However, it seems that this metric does not give an adequate description of dynamics of associations
and ideas.
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Hausdorff’s distance between two sets A and B belonging to Sub(X) is
defined as

ρ(A, B) = sup
a∈A

ρ(a, B) = sup
a∈A

inf
b∈B

ρ(a, b). (9.4)

If A and B are finite sets, then

ρ(A, B) = max
a∈A

ρ(a, B) = max
a∈A

min
b∈B

ρ(a, b).

Hausdorff’s distance ρ is not a metric on the set Y = Sub(X). In particular,
ρ(A, B) = 0 does not imply that A = B. Nevertheless, the triangle inequality

ρ(A, B) � ρ(A, C) + ρ(C, B), A, B, C ∈ Y,

holds true for Hausdorff’s distance, see section.
Let T be a set. A function ρ : T × T → R+ = [0, +∞) for that the

triangle inequality holds true is called a pseudometric on T ; (T, ρ) is called a
pseudometric space. Hausdorff’s distance is a pseudometric on the space Y of
all subsets of the metric space X; (Y, ρ) is a pseudometric space, see section 6
for detail. The strong triangle inequality

ρ(A, B) � max[ρ(A, C), ρ(C, B)] A, B, C ∈ Y,

holds true for Hausdorff’s distance corresponding to an ultrametric ρ on X, see
section 6for detail. In this case Hausdorff’s distance ρ is an ultra-pseudometric
on the set Y = Sub(X).

2. Dynamics in pseudometric spaces of sets
Let (X; ρ) be a metric space. As we have already mentioned, the Hausdorff

distance
ρ(A, B) = sup

a∈A
ρ(a, B) = sup

a∈A
inf
b∈B

ρ(a, b). (9.5)

is not a metric on the set Y = Sub(X) of all subsets of X. It is only a pseudo-
metric.

In particular, ρ(A, B) = 0 does not imply that A = B. For instance, let
A be a subset of B. Then, for each a ∈ A, ρ(a, B) = infb∈B ρ(a, b) =
ρ(a, a) = 0. So ρ(A, B) = 0. However, in general ρ(A, B) = 0 does not
imply A ⊂ B.2 Moreover, the Hausdorff distance is not symmetric: in general
ρ(A, B) �= ρ(B, A).3

2Let B be a non-closed subset in the metric space X and let A be the closure of B. Thus B is a proper
subset of A. Here, for each a ∈ A, ρ(a,B) = infb∈B ρ(a, b) = 0. Hence ρ(A,B) = 0.
3Let A ⊂ B and let ρ(b, A) �= 0 at least for one point b ∈ B. Then ρ(A,B) = 0. But ρ(B,A) �
ρ(b, A) > 0.



Dynamics in ultra-pseudometric spaces 161

We shall use the following simple fact. Let B be a closed subset in the metric
space X. 4 Then ρ(A, B) = 0 iff A ⊂ B. In particular, this holds true for finite
sets.

We can repeat the previous considerations starting with the Hausdorff pseu-
dometric on Y. We set Z = Sub(Y ) (the set of all subsets of Y ) and define the
Hausdorff pseudometric on Z. As ρ : Y ×Y → R+ is not a metric (and only a
pseudometric) the Hausdorff pseudometric ρ : Z×Z → R+ does not have the
same properties as ρ : Y ×Y → R+. In particular, even if A, B ∈ Z = Sub(Y )
are finite sets, ρ(A, B) = 0 does not imply that A is a subset of B. For example,
let A = {u} and B = {v} are single-point sets (u, v ∈ Y = Sub(X)) and let
u ⊂ v (as subsets of X). Then ρ(u, v) = 0. If u is a proper subset of v, then A
is not a subset of B (in the space Y ).

Proposition 2.1. Let A, B ∈ Z = Sub(Y ) be finite sets and let elements of
B be closed subsets of X. If ρ(A, B) = 0, then, for each u ∈ A, there exists
v ∈ B such that u ⊂ v.

Proof. As ρ(A, B) = 0, then, for each u ∈ A, ρ(u, B) = minb∈B ρ(u, b) = 0.
Thus, for each u ∈ A, there exists v ∈ B such that ρ(u, v) = 0. As v is a closed
subset of X, this implies that u ⊂ v.

Let A, B ∈ Z and let, for each u ∈ A, there exists v ∈ B such that u ⊂ v.
Such a relation between sets A and B is denoted by the symbol A ⊂⊂ B
(in particular, A ⊂ B implies that A ⊂⊂ B). We remark that A ⊂⊂ B
and B ⊂⊂ A do not imply A = B. For instance, let A = {u1, u2} and let
B = {u2}, where u1 ⊂ u2. We also remark that A1 ⊂⊂ B1 and A2 ⊂⊂ B2

implies that A1 ∪A2 ⊂⊂ B1 ∪B2.
Let f : Z → Z be a map. Let H be a fixed point of f, f(H) = H. A basin

of attraction of H is the set

A(H) = {J ∈ Z : lim
n→∞ ρ(fn(J), H) = 0}.

We remark that J ∈ A(H) means that iterations fn(J) of the set J are (ap-
proximately) absorbed by the set H.

Definition 2.2. The H is said to be an attractor for a point J ∈ Z if, for any
fixed point H ′ of f such that limn→∞ ρ(fn(J), H ′) = 0 (so J ∈ A(H ′)), we
have H ⊂ H ′.

Thus the attractor for a set J ∈ Sub(Y) is the minimal set that attracts J.
The attractor is uniquely defined.

4A closed set B can be defined as a set having the property: for each x ∈ X, ρ(x,B) = 0 implies that
x ∈ B.
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Definition 2.3. The fixed point H of f is said to be a ⊂⊂-attractor for a point
J ∈ Z if, for any fixed point H ′ of f such that

lim
n→∞ ρ(fn(J), H ′) = 0

(so J ∈ A(H ′)), we have H ⊂⊂ H ′.

A ⊂⊂-attractor is not uniquely defined. For example, let J = {u}, u ∈
Y, f(u) = u. Here the set J is a ⊂⊂-attractor (for itself) as well as any refine-
ment of J : A = {u, v1, ..., vN}, where vj ⊂ u.

All previous considerations can be repeated if, instead of the spaces Y =
Sub(X) and Z = Sub(Y ) of all subsets, we consider some families of subsets:

U ⊂ Sub(X), V = Sub(U).

We obtain pseudometric spaces (U, ρ) and (V, ρ).
Let f : U → U be a map. For u ∈ U, we set

O+,k(u) = {f l(u) : l � k}, k = 0, 1, 2, ..., and O∞(u) = ∩∞k=0O+,k(u).

The set O∞(u) called a forward orbit of an element u. For a set J ∈ V, we set

O+,k(J) = ∪u∈JO+,k(u)

and
O∞(J) = ∪u∈JO∞(u).

Thus
O+,k(J) = ∪∞l=kf

l(J)

and
O∞(J) = ∩∞k=0 ∪∞l=k f l(J).

Lemma 2.4. Let the space U ⊂ Sub(X) be finite. Then, for each J ∈ V =
Sub(U), J is attracted by the set O∞(J).

Proof. First we remark that, as

O∞(u) ⊂ ... ⊂ O+,k+1(u) ⊂ O+,k(u)... ⊂ O+,0(u),

and
O+,0(u)

is finite, we get that O∞(u) ≡ O+,k(u) for k � N(u) (where N(u) is suffi-
ciently large).

We prove that, for each u ∈ J, the set O∞(u) is f -invariant and

lim
k→∞

ρ(fn(u), O∞(u)) = 0.
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As O∞(u) ≡ O+,k(u), k � N(u), and f(O+,k(u)) = O+,k+1(u), we obtain
that f(O∞(u)) = O∞(u). If k � N(u), then fk(u) ∈ O+,k(u) = O∞(u).
Thus ρ(fk(u), O∞(u)) = 0. We have

f(O∞(J)) = ∪u∈Jf(O∞(u)) = ∪u∈JO∞(u) = O∞(J).

So O∞(J) is invariant. Let N(J) = maxu∈J N(u). If k � N(J), then, for
each u ∈ J, ρ(fk(u), O∞(J)) � ρ(fk(u), O∞(u)) = 0. So J ∈ A(O∞(J)).

A pseudometric ρ (on some space) is called bounded from below if

δ = inf{q = ρ(a, b) �= 0} > 0. (9.6)

If ρ is a metric, then (9.6) is equivalent to the condition

δ = inf{q = ρ(a, b) : a �= b} > 0.

Theorem 2.5. Let the space U ⊂ Sub(X) be finite and let the Hausdorff
distance on the space U be a metric which is bounded from below. Then each
set J ∈ V = Sub(U) has an attractor, namely the set O∞(J).

Proof. By Lemma 2.4 we have that J ∈ A(O∞(J)). We need to prove that if,
for some set A ∈ V,

lim
k→∞

ρ(fk(u), A) = 0, (9.7)

then O∞(u) ⊂ A. Let ρ(f l(u), A) < δ for l � k � N(u) (here δ is defined by
condition (9.6)). As A is a finite set (so ρ(d, A) = mina∈A ρ(d, a)), we obtain
that

ρ(f l(u), a) = 0 (9.8)

for some a = a(u, l) ∈ A. Hence

f l(u) = a(u, l) ∈ A, l � k. (9.9)

Thus O∞(u) = O+,k(u) ⊂ A. Let

lim
k→∞

ρ(fk(J), A) = 0. (9.10)

As U is finite (and so J is also finite), (9.10) holds true iff (9.7) holds true for
all u ∈ J. Thus O∞(u) ⊂ A for each u ∈ J. So O∞(J) ⊂ A.

If the Hausdorff distance is not a metric on U (and only a pseudometric),
then (in general) the set O∞(J) is not an attractor for the set J. Nevertheless,
we have the following result:
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Theorem 2.6. Let the space U ⊂ Sub(X) be finite and let all elements of
the space U be closed subsets of the metric space (X, ρ). Let the Hausdorff
pseudometric on the space U be bounded from below. Then each set J ∈ V =
Sub(U) has a ⊂⊂-attractor, namely the set O∞(J).

Proof. By Lemma 2.4 we again have that J ∈ A(O∞(J)). We need to prove
that if, for some set A ∈ V, (9.7) holds true, then O∞(u) ⊂⊂ A. We again
obtain equality (9.8). However, as ρ is only a pseudometric, this equality does
not imply equality (9.9). We apply Proposition 1.1 and obtain that f l(u) ⊂
a(u, l). As O∞(u) = O+,k(u) for sufficiently large k, we obtain that, for each
w ∈ O∞(u) (w = f l(u), l � k), there exists a ∈ A such that w ⊂ a. Thus
O∞(u) ⊂⊂ A.

In applications to the processing of information we shall use the following
construction.

Let (X, ρ) be an ultrametric space. We choose U ⊂ Sub(X) as the set of
all balls Br(a). The Hausdorff distance is an ultra-pseudometric on the space
of balls U. As balls are closed, ρ(Br(a), Bs(b)) = 0 implies Br(a) ⊂ Bs(b).
In particular, ρ(Br(a), Br(b)) = 0 implies Br(a) = Br(b).

Proposition 2.7. Let Br(a) ∩Bs(b) = ∅. Then ρ(Br(a), Bs(b)) = ρ(a, b).

Proof. We have ρ(Br(a), Bs(b)) � ρ(a, Bs(b)). If y ∈ Bs(b) then ρ(a, b) >
s� ρ(b, y).Thusρ(a, y) =ρ(a, b) and, consequently, ρ(a, b)� ρ(Br(a), Bs(b)).
On the other hand, for each x ∈ Br(a), ρ(x, Bs(b)) � ρ(x, b) = ρ(a, b). Hence
supx∈Br(a) ρ(x, Bs(b)) � ρ(a, b).

We choose V = Sub(U), the space of all subsets of the space of balls and
introduce the Hausdorff pseudometric on this space.

3. Existence of attractors
We start with some useful definitions.
Homogeneous ideas are ideas which are formed by associations of the same

order. For example, ideas

J = {As, ..., Aq}, s, ..., q ∈ {0, 1, ..., m− 1},
or

J = {As1s2 , ..., Aq1q2}, si, ..., qi ∈ {0, 1, ..., m− 1}
are homogeneous. An idea

J = {As, As1s2 , ..., Aq1q2...ql
}

is not homogeneous.
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Denote the space of all ideas formed by associations of the fixed order l
by the symbol XID,l (these ideas are homogeneous). Denote the space of all
ideas formed by associations of orders less or equal to L (where L is the fixed
number) by the symbol XL

ID.
The order l of an association Aα0,...,αl−1 can be considered as a measure

of sharpness of an association. If l → ∞, A becomes more and more sharp
(concentrated around some fixed mental state). It is useful to introduce the
following notion. Let H = {Aα0···αl−1 , . . . , Aβ0···βq−1} be an idea and let
k be a fixed natural number. The idea

H(k) = {Aα0···αl−1γ1···γk
, . . . , Aβ0···βq−1λ1···λk

},
where γs, λs ∈ {0, 1, ..., m− 1}, is said to be a k-sharping of H .

Let O be some subset of X = Zp. The space of associations which are
composed by mental states x belonging to the set O is denoted by the symbol
XA(O). The corresponding space of ideas is denoted by the symbol XID(O).

Let X = Zp and ρ = ρp (the p-adic metric). The space of associations
XA can be identified with the space of balls U. Here ρp(A, B) = 0 iff A is a
sub-association of B : A ⊂ B. Thus ρp(Aα0...αl

, Aβ0...βm) = 0 iff l � s and
α0 = β0, ..., αs = βs. In particular, if A, B ∈ XA,l (associations of the same
order l), then ρp(A, B) = 0 iff A = B.

The space of ideas XID can be identified with the space V = Sub(U) (of
all possible collections of balls). In such a way we introduce the Hausdorff
ultra-pseudometric on the space of ideas. In further constructions we shall also
choose some subspaces of the space of associations XA and the space of ideas
XID as spaces U and V, respectively.

In particular, the space U = XA,l of associations of the order l can be
identified with the space of all balls having the radius r = 1/pl. The Hausdorff
distance ρp is the metric on the space U = XA,l. This metric is bounded from
below with δ = 1/pl. So (XA,l, ρp) is a finite metric space with the metric (the
Hausdorff distance) which is bounded from below. Theorem 2.5 can be applied
to the spaces U = XA,l and V = XID,l = Sub(XA,l) (homogeneous ideas
consisting of associations of the order l).

Theorem 3.1. Let f : XID,l → XID,l be a map induced by some map f :
XA,l → XA,l. Each idea J ∈ XID,l has an attractor, namely the set O∞(J) ∈
XID,l.

In fact, the proof of Theorem 2.5 gives the algorithm for construction of the
attractor H = O∞(J). The brain of a cognitive system τ produces iterations
J, J1 = f(J), ..., Jn = f(Jn−1), .... until the first coincidence of a new idea
Js with one of the previous ideas: Js = Jn. As Jn+j = Js+j , O+,n(J) =
{Jn, ..., Js−1} = O∞(J) is the attractor.
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Let U = ∪Ll=1XA,l. This is the collection of all associations of orders less or
equal to L (all balls B1/pl(a), a ∈ Zp, l � L). Let V = XL

ID = Sub(U). The
Hausdorff distance is not a metric on the U. It is a pseudometric:

if B1/pl(a) ⊂ B1/pk(b), then ρp(B1/pl(a), B1/pk(b)) = 0.
However, the Hausdorff distance is bounded from below. By Proposition

2.7 if ρp(B1/pl(a), B1/pk(b)) �= 0, then ρm(B1/pl(a), B1/pk(b)) = ρp(a, b) �
1/pL. Thus we can apply Theorem 2.6 and obtain:

Theorem 3.2. Let f : XA → XA be a map and let, for some M, the induced
map f : XL

ID → XL
ID. Then each idea J ∈ XL

ID has an ⊂⊂-attractor, namely
the set O∞(J) ∈ XM

ID.

As it was already been noted, ⊂⊂-attractor is not unique. It seems that
the brain of τ could have problems to determine uniquely the solution of a
problem J. However, it would be natural for τ to produce the solution of J as
‘algorithmically’ determined attractor O∞(J).5

On the other hand, the use of other⊂⊂-attractors can be related to the ability
of a cognitive system τ to do inferential coherence. For example, if τ obtains as
a⊂⊂-attractor the idea Σ = O∞(J) = {Mary and John went to the shop }, then any
refinement of Σ is also a ⊂⊂-attractor. In particular, the idea Λ = {Σ, ΣM},
where ΣM = { Mary went to the shop} ⊂ Σ, is another ⊂⊂-attractor (as well as
the idea Λ′ = {Σ, ΣJ}, where ΣJ = { John went to the shop} ⊂ Σ, as well as the
idea Λ′′ = {Σ, ΣM , ΣJ}). However, the idea Λ′′′ = {ΣM , ΣJ} need not be a
⊂⊂-attractor for J.

4. Thinking with constant sharpness of associations
We set O = S1(0) – the unit sphere in the space X = Zp with the center at

zero. In this section we will present a large class of maps f : O → O which
produce dynamics of associations with the property f : XA,m(O)→ XA,m(O)
for all m (associations of the order m are transformed into associations of the
same order m).

We consider the map f : Zp → Zp, f = ψn(x) = xn(n = 2, 3, ...). The
sphere O = S1(0) is an invariant subset of this map. We shall study dynamics
generated by f in the mental space X = O and corresponding dynamics in
spaces of associations XA(O) and ideas XID(O). We recall the following
simple mathematical result (see Chapter 3) for the set Z�

p = Zp \ {0} :
The ψn-image of any ball in Z�

p is again a ball in Z�
p.

Let Br(a) ⊂ Z�
p, r = 1/pm. In fact, we f(Br(a)) = Bs(b), where b = an

and s = r|n|p|a|n−1
p . In particular, we have:

5We note that f : Zp → Zp is not a recursive function. So we use more general viewpoint to the notion of
an algorithm: a recursive functions which works with nonrecursive blocks f. In any case we do not accept
Church’s thesis.
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If n is not divisible by p, the ψn-image of each ball B1/pm(a) ⊂ O is a ball
B1/pm(b) ⊂ O.

In this case ψn : XA,m(O) → XA,m(O) for all m. Hence we can apply
Theorems 3.1, 3.2. Each problem J ∈ XID,m(O) has the solution O∞(J) ∈
XID,m(O) which is the attractor (in the space XID,m(O)) for J. Each problem
J ∈ XM

ID(O) has the solution O∞(J) ∈ XM
ID(O) which is a ⊂⊂-attractor (in

the space XID(O)) for J. Moreover, the construction of the solution O∞(J)
can be reduced to purely arithmetical computations.

We set

Rpm = {1, 2, ..., pm − 1}.
We consider mod pm multiplication on Rpm (this is the ring of mod pm residue
classes). The metric ρp on Rpm is induced from Zp. This metric is bounded
from below with δ = 1/pm. We denote by the symbol R�

pm the subset of Rpm

consisting of all j which are not divisible by p. We introduce the function
ψn,(m) : Rpm → Rpm by setting ψn,(m)(x) = xn mod pm. We remark that
ψn,(m) maps the set R�

pm into itself.

Let a ∈ R�
pm . Here set O+,k(a) = {anl

: l � k}, k = 0, 1, 2, ..., and (as
usual) O∞(a) = ∩∞k=1O+,k(a) and O∞(D) = ∪d∈DO∞(d) for D ⊂ R�

pm .
Let J ∈ XID,m(O). So J = {B1/pm(d)}d∈D, where D ⊂ R�

pm . Thus, instead
of ψn-dynamics of homogeneous ideas J ∈ XID,m(O) τ can use ψn,(m)-
dynamics of collections of points d ∈ R�

pm . It is performed via mod pm arith-
metics for natural numbers. In particular, the attractor O∞(J) = {B1/pm(t) :
t ∈ O∞(D)}. Therefore, the solution O∞(J) of the problem J can constructed
purely mod pm-arithmetically.

Conjecture. The process of thinking (at least its essential part) is based on
mod pm arithmetics; values of the parameters p and m depend on a cognitive
system and the psychological function of the cognitive system.

The same considerations can be used for nonhomogeneous ideasJ ∈ XM
ID(O).

Here J = {Jm}, where Jm ∈ XID,m(O). Due to properties of the map ψn all
homogeneous ideas Jm proceed independently.

Example 4.1. A). Let p = 2 (‘yes’-‘no’ coding system) and n = 3 and let
Zp = S1(0).

1) There are only one association of the order 1: A1 = B1/2(1). Here
f3(A1) = A1 (trivial dynamics); 2) There are two associations of the order 2:
A10 = B1/4(1) and A11 = B1/4(3). Here also f3(A10) = A10, f3(A11) =
A11 (trivial dynamics); 3) The same trivial dynamics takes place for associations
of the order 3, A100 = B1/8(1), A110 = B1/8(3), A100 = B1/8(5), and A111 =
B1/8(7) : all associations are invariant for the map f3; 4) Dynamics for associ-
ations of the order 4 is nontrivial. For example, A1100 = B1/16(3)→ A1101 =
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B1/16(11) → A1100 = B1/16(3). If τ starts with the initial idea-association
J = A1100, then it obtains the idea-solution O∞(J) = {A1100, A1101}.

B). Let p = 5 and n = 2 and let Zp = S1(0).
1) All associations of the order 1, Aj = B1/5(j), j = 1, 2, 3, 4, are attracted

by the association A1 : A4 → A1, A2 → A4 → A1, A3 → A4 → A1.
For example, starting with the idea J = {A2, A3, A4} τ will obtain the
idea O∞(J) = {A1}; 2) Dynamics of associations of the order 2 is quite
complex. For example, A20 = B1/25(2) → A40 == B1/25(4) → A13 =
B1/25(16) → A11 = B1/25(6) → A12 = B1/25(11) → A14 = B1/25(21) →
A13 = B1/25(16). If τ starts with the idea J = {A20} or J = {A20, A40}, or
J = {A40, A14, A13} it obtains the idea O∞(J) = {A13, A11, A12, A14}.

5. Thinking with increasing sharpness of associations
We have studied the large class of dynamical thinking systems which preserve

the sharpness of associations. In such a process of thinking a τ could not produce
‘deeper’ ideas. In this section we study a class of dynamical thinking systems
which increase the sharpness of associations. In such a process of thinking each
iteration produces ‘deeper’ and ‘deeper’ ideas. We shall use the abbreviation
is for ‘increasing sharpness.’

Let
H = {B1/pl1 (a1), ..., B1/plN (aN )}

be an idea (represented as a collection of p-adic balls). We denote a k-sharping
of H by the symbol H(k). This is the idea which consists of k-sharpings of
H-associations :

H(k) = {B1/pl1+k(a1), ..., B1/plN+k(aN )}.
Let f : X → X , X = Zp, be a map.

Definition 5.1. An idea H is said to be is-stable (increasing sharpness stable)
if, for each sharping H ′ of H , f(H ′) = H ′′, where H ′′ is a sharping of H ′.

Definition 5.2. An is-stable idea H is said to be an is-attractor for an idea J
(with the sharpness coefficient t ∈ N) if

ρp(fk(J), H(tk))→ 0, k →∞.

At the moment we cannot formulate a kind of the condition of minimality for
the attractor H (compare with the case of dynamics with the constant sharpness).

Let again O = S1(0) ⊂ Zp.

Theorem 5.3. Let f : O → O be the monomial map ψn and let n be divisible
by p. Then each idea J consisting of a finite number of associations has an
is-attractor.
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To prove this theorem, we need some technical constructions. Let n be
divisible by p. We start with the following result.

Lemma 5.4. Let n be divisible by p and let ψn(d̄) = d̄ mod pl for some
d̄ ∈ S1(0) and l � 1. Then there exists the unique fixed point d ∈ B1/pl(d̄) of
the map ψn.

Proof. By Theorem 5.3 we have that

ψn(B1/pl(d̄)) = B1/pl+t(ψn(d̄)),

where |n|p = 1/pt. As ψn(d̄) = d̄ mod pl, ψn(d̄) ∈ B1/pl(d̄). Thus

B1/pl+t(ψn(d̄)) ⊂ B1/pl(d̄).

Hence ψn : B1/pl(d̄) → B1/pl(d̄). We remark that the ball B1/pl(d̄) is the
complete metric space and the map ψn is a contraction in this space: |xn −
yn|p � |n|p|x − y|p, x, y ∈ B1/pl(d̄). Thus ψn has the unique fixed point
d ∈ B1/pl(d̄).

Let a ∈ O and let l � 1 be a fixed natural number. Consider the sequence
{ψk

n(a) = an
k}. Let k be the first number such that

an
k

= an
k+s

mod pl (9.11)

for some s. We can assume that s is the minimal number for that (9.11) holds
true. We remark that k and s may depend on l : k = kl, s = sl.

Set m = ns, d̄ = an
k

and apply Lemma 5.4. There exists d ∈ B1/pl(an
k
)

such that ψs
n(d) = d. Set d1 = d. This element generates the cycle for ψn :

γ = {d1, d2 = dn1 , ..., ds = dn
s−1

1 }.
Lemma 5.5. The cycle γ has the length s.

Proof. Suppose that d1 = ψq
n(d1) for some q < s. Then we have to have

an
k

= d1 = ψq
n(d1) mod pl.

But
|ank+q − an

k |p � max[|ψq
n(a

nk
)− ψq

n(d1)|p, |d1 − an
k |p] �

max[|nq|p|ank − d1|p, 1/pl] = 1/pl.

Thus
an

k
= an

k+q
mod pl.

This contradicts to the assumption that s is minimal.
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We shall now use the index l. We have that, for each l, there exists a cycle
γ(l) = {d1,l, d2,l, ..., dsl,l} such that

an
kl+j

= dj,l mod pl.

Lemma 5.6. If l′ � l, then kl′ � kl.

To prove this Lemma, we use that mod pl′ equality implies mod pl equality
for l′ � l.

Lemma 5.7. All cycles γ(l) coincide with the cycle γ(1) (and in particular,
sl ≡ s).

Proof. As ψsl
n (dj,l) = dj,l, i.e., dn

sl−1
j,l = 1, each dj,l is a (p − 1)th root of 1.

Thus |dj,l − di,l′ |p = 1, if dj,l �= di,l′ (here i = 1, ..., l, j = 1, ..., l′.) We have

d1,2 = an
k2 = an

k1+λ
mod p2, for some λ � 1. Hence d1,2 = an

k1+λ
mod p.

But an
k1+λ

= dj,1 mod p for some j. So d1,2 = dj,1 mod p. Hence d1,2 = dj,1.

Thus γ(1) = γ(2). In the same way we obtain that γ(2) = ... = γ(l) = ...

Thus if the sequence {kl} is bounded, then it stabilizes: kl ≡ k, l � l0. We
show that such a stabilization corresponds to the special choice of a ∈ O.

Lemma 5.8. The sequence {kl} stabilizes iff, for some k, the element a is a
nk(ns − 1)th root of 1.

To prove this Lemma, we remark that equality (9.11) holds true (for fixed k
and s) for all l iff a is an nk(ns − 1)th root of 1.

If a is an nk(ns − 1)th root of 1, then γ = {ank
, ..., an

k+s−1}. If a is
not an nk(ns − 1)th root of 1 (in particular, if it is not (p − 1)th root), then
kl →∞, l→∞.

Proof. Theorem 5.3 Let J = {B1/pq1 (a1), ..., B1/pqN (aN )}, where aj ∈ O.

Denote by γ[j] = {d(j)
1 , ..., d

(j)

s(j)
} the cycle (of the length s(j)) corresponding

to the stabilization of iterations of the element aj (j = 1, 2, ...). Set H =
{Hj}Nj=1, where Hj = {B1/pqj (d(j)

1 ), ..., B1/pqj (d(j)

s(j)
)}. We prove that H is

an is-attractor for J. Let |n|p = 1/pt. As

ρm(ψk
n(J), H(kt)) = max

1�j�N
ρm(ψk

n(B1/pqj (aj)), H(kt)),

it is suffices to show that, for each 1 � j � N,

δk(j) = ρm(ψk
n(B1/pqj (aj)), H(kt))→ 0, k →∞.

We have
δk(j) � Δk(j) = ρm(ψk

n(B1/pqj (aj)), H
(kt)
j ) =
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min
1�i�s(j)

ρm(B
1/pqj+kt(an

k

j ), B
1/pqj+kt(d(j)

i )) � min
1�i�s(j)

|ank

j − d
(j)
i |p.

Let ε = 1/pl. Let K � k
(j)
l (where k

(j)
l is the number kl corresponding to

mod pl stabilization for aj). Let qj + Kt � l. Then, for each k � K, we have

min
1�i�s(j)

|ank

j − d
(j)
i |p � 1/pl.

We remark that Theorem 5.3 has merely the mathematical significance. The
brain of τ do not know precisely I-states {d(j)

1 , ..., d
(j)

s(j)
} which give the base

for the idea-attractor H. The real functioning of the brain can be based on the
following process.

The τ need not (and cannot) approach the infinite sharpness. There must be
the fixed sharpness l (which corresponds to the hardware of the brain or to the
concrete class of problems). Let us consider the case of a single idea-association
J = {B1/pq(a)}. The brain proceeds mod pl iterations of a : a, an, ...., an

k
, ...

By finding the first k and s that satisfy (9.11) the brain constructs the mod pl

approximation of the is-attractor H :

H[l] = {B1/pl(an
k
), ..., B1/pl(an

k+j
)} .

The idea H[l] is considered as the ε-solution of the problem J.
Thus there is no large difference in the algorithmic realizations of thinking

with the constant sharpness and increasing sharpness (of associations).

6. Strong triangle inequality for Hausdorff’s pseudometric
Theorem 6.1. Let (X, ρ) be a pseudometric space. Then the Hausdorff distance
ρ on the space Y = Sub(X) is a pseudometric.

Proof. Let A, B, C ∈ Y. There exists aε ∈ A such that ρ(A, B) � ρ(aε, β)+ε.
There exists cε ∈ C such that ρ(aε, C)+ε � ρ(aε, cε). There also exists bε ∈ B
such that ρ(cε, B) + ε � ρ(cε, bε). Thus:

ρ(A, B) � ρ(aε, B) + ε � ρ(aε, bε) + ε

� ρ(aε, cε)+ρ(cε, bε)+ε � 3ε+ρ(aε, C)+ρ(cε, B) � 3ε+ρ(A, C)+ρ(C, B) .

Theorem 6.2. Let (X, ρ) be an ultra-pseudometric space. Then the Hausdorff
distance ρ on the space Y = Sub(X) is an ultra-pseudometric.
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Proof. Let A, B, C ∈ Y and let ε > 0 and let aε, bε, cε be chosen in the same
way as in the proof of the previous theorem. We have

ρ(A, B) � ε + ρ(aε, bε) � ε + max[ρ(aε, cε), ρ(cε, bε)]

� ε + max[ε + ρ(aε, C), ε + ρ(cε, B)] � ε + max[ε + ρ(A, C), ε + ρ(C, B] .

a. Let ρ(A, C) = ρ(C, B). Then

ρ(A, B) � 2ε + ρ(A, C) (9.12)

for all ε > 0. This implies the strong triangle inequality
b. Let, for example, ρ(A, C) > ρ(C, B). For sufficiently small ε > 0, we

again obtain (9.12).

Remark 6.3. In general, we have:

ρ(A, B) �� ρ(C, A) + ρ(C, B) (9.13)

and
ρ(A, B) �� ρ(A, C) + ρ(B, C). (9.14)

Let ρ(A, B) �= 0 and let C ⊂ A ∩ B. Here ρ(C, A) = ρ(C, B) = 0 and
we have (9.13). Let ρ(A, B) �= 0 and let A ⊂ C and B ⊂ C. Here again
ρ(A, C) = ρ(B, C) = 0 and we have (9.14).



Chapter 10

RANDOM DYNAMICS

In Chapter 3 we studied deterministic dynamical systems. For such systems,
given the initial state x and the map ψ, one can foresee the whole future of the
system which can be represented by the orbit, {x, ψx, ψ2x, ..., ψnx, ... : n ∈
Z+}, of x under ψ. Such models may work very well for isolated systems not
perturbed by noise. But in general such models are inadequate. We have to
take into account some influence of noise on the system. Therefore we let the
map ψ depend on time, n, and a random parameter ω so that ψ = ψ(n, ω). We
will study models which involve the concept of a random dynamical system,
see [12] on general theory. Roughly speaking, a random dynamical system is a
mechanism which at each time n randomly selects a mapping ψ(n, ω) by which
a given state xn is mapped into xn+1 = ψ(n, ω)xn. The mappings are selected
from a given family (ψs)s∈S of mappings for some index set S. Thus (ψs)s∈S
is the set of all realizable mappings. The selection mechanism is permitted to
remember the choice made at time n, i.e. the probability of selecting the map
ψs at time step n + 1 can depend on the choice made at time n. To model the
selection procedure we use another system, a metric dynamical system, see next
section.

For a random dynamical system we can only predict what will probably
happen to the system in the future. Now, suppose that we find the system in the
state xn at time n. What is the probability of observing the state xn+1 in the
next time step? The answer to this question may depend on our knowledge of
the history of the system. In this chapter we investigate under what condition
we do not need to know anything about its history, except possibly its initial
state, to predict the probability of its future behavior. Systems which behave in
this way, i.e. the future behavior is independent of the past and depends only
on the present state, are called Markov processes and are more easy to handle
in scientific research.
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In the long-term behavior of a system two things may happen: 1) Almost
every possible state of the system is reached from almost every initial state
(ergodicity). 2) The dynamics is attracted to an attractor A of states in the
sense that there is a subset, U of X, properly containing A and consisting of
states which tend to A as time goes to infinity, i.e. limn→∞ ψnu ∈ A for every
u belonging to U. In the random case an attractor A may depend on the random
parameter ω so that A = A(ω). Theory of non-Archimedean random dynamical
systems was developed by S. Albeverio, M. Gundlach, A. Yu. Khrennikov and
their students D. Dubischar, K.-O. Lindahl and O. Steinkamp, see [51] and [81].

1. Introduction to the theory of random dynamical systems
Definition of a random dynamical system

We present the basic notions of the theory of random dynamical systems, see
L.Arnold [12] for detail.

Definition 1.1. A metric dynamical system is a family (Ω,F , P, (θ(t))t∈T),
where

1) (Ω,F , P) is a probability space.

2) θ(t) is measure preserving for each t ∈ T.

3) (θ(t))t∈T satisfies the flow property:

θ(s + t) = θ(t) ◦ θ(s), θ(0) = idX , (10.1)

for all s, t ∈ T.

Definition (Random dynamical system (RDS)) Let (X, d) be a metric space
with a Borel σ−algebra, B. A measurable random dynamical system1 on the
measurable space (X,B) over a metric DS (Ω,F , P, (θ(t))t∈T) with time T is
a mapping ϕ : T × Ω ×X → X, (t, ω, x) �→ ϕ(t, ω, x), with the following
properties:

(i) Measurability: ϕ is B(T)⊗F⊗ B, B−measurable.

(ii) Cocycle property: The mappings ϕ(t, ω) := ϕ(t, ω, ·) : X → X form a
cocycle over θ·, i.e. they satisfy ϕ(0, ω) = idX for all ω ∈ Ω if (0 ∈ T),
and

ϕ(t + s, ω) = ϕ(t, θ(s)ω) ◦ ϕ(s, ω) for all s, t ∈ T, ω ∈ Ω. (10.2)

1Random dynamical system(s) are henceforth abbreviated as ”RDS”.
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Generation in Discrete Time
Let the random map ϕ be a RDS with one-sided discrete time T = Z+. Let

us introduce the time-one mapping ψ(ω) := ϕ(1, ω). The repeated application
of the cocycle property forward in time gives

ϕ(n, ω) =
{

ψ(θn−1ω) ◦ ... ◦ ψ(ω), n � 1,
idX , n = 0. (10.3)

In this way the metric DS selects a mapping ψ(θnω), at each time n, which
takes the state xn to the state xn+1 = ψ(θnω)xn. Thus we can write the one-
sided discrete time cocycle ϕ(n, ω)x as the ”solution” of a random difference
equation

xn+1 = ψ(θnω)xn, n � 0, x0 = x ∈ X. (10.4)

Conversely, given a metric DS θ = (Ω,F , P, (θ(t))t∈T) and a family of measur-
able mappings ψ = (ψ(ω))ω∈Ω from X into itself, such that (ω, x) �→ ψ(ω)x
is F ⊗ B,B− measurable, the map ϕ defined by (10.3) is a measurable RDS.
We say that ϕ is generated by ψ.

2. Random dynamics for monomial maps
Monomial RDS,[51], are stochastic generalizations of deterministic DS of

the form
(X, (ψn

s )n∈Z+), where ψsx = xs, s ∈ N, x ∈ X. (10.5)

In this paper the state space X is a subset of the field of p−adic numbers.
We shall introduce perturbations of DS defined by (10.5). This can be done as
follows. First, let s depend on chance. That is, we let s : Ω→ S = {s1, ..., sr}
be a discrete random variable defined on a probability space (Ω,F , P) equipped
with a measure-preserving and invertible transformation θ. For discrete time,
θ generates a metric DS, (Ω,F , P, (θn)n∈Z). Then we let θ describe the per-
turbation of the random variable s so that s will become a stochastic process.
This can be modeled with a sequence (Sn), of random variables, where

Sn(ω) = s(ω)s(θω)...s(θn−1ω).

The random map ϕ : Z× Ω×X → X, defined by

ϕ(n, ω)x =
{

xSn(ω), n � 1,
x, n = 0,

(10.6)

forms a monomial RDS over the metric DS θ. Then in the sense of (10.4) with
ψ(θnω)x = xs(θnω) the cocycle ϕ(n, ω)x can be considered as the solution of
the random difference equation

xn+1 = xs(θnω)
n , n � 0, x0 = x ∈ X.
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The mappings ψ(θnω) can be generated by a Markov shift in the following
way. Let S = {s1, ..., sr} ⊂ N be the state space of the random variable s which
we now want to define. For this purpose we form the product space SN = {ω =
(ω0, ω1, ...) : ωi ∈ S} and define the random variable s as the coordinate map
s : SN → S, ω �→ ω0. Then the Markov shift θ = (SN,F(SN), P, (θn)n∈N)
over SN with transition matrix P, generates a family (s(θn·))n∈N of random
variables (coordinate mappings) by the relation

s(θnω) = ωn. (10.7)

Then we can consider the Markov shift θ as a mechanism which selects map-
pings from the family ψ = (ψs1 , ..., ψsr) of monomial mappings where ψsix =
xsi and si ∈ S. Moreover, by the Markov property of the Markov shift, the
random variables (10.7) form a Markov process. In this way the mappings
(ψ(θnω))n∈Z+ are Markov dependent. Thus, the role of S is to specify the
realizable mappings. The Markov shift relates their dependence.

State space analysis
In order to investigate the stochastic properties of a RDS ϕ of the form (10.6)

over a Markov shift θ, we first have to know something about the state space
X of p−adic numbers and especially the properties of monomial mappings on
X . The main consequence of this section is that the set of roots of unity in Qp

is an attractor for RDS ϕ and that this set is isomorphic to the multiplicative
group in the residue class modulo p. Let Γ(Qp) denote the set of roots of unity
in Qp. We study the monomial mappings ψs,

ψs : Qp → Qp, x→ xs ,s ∈ N,

on the field of p−adic numbers.
From Chapter 2 we have:

Corollary 2.1. Let x, y ∈ S1(0) and suppose |x− y|p < 1. Then for all natural
numbers n,

|xn − yn|p � |n|p |x− y|p , (10.8)

with equality for p > 2.

Let s be a natural number divisible by p. From Corollary 2.1 we see that the
corresponding monomial map ψs is contracting on the unit sphere S1(0) since
in this case we have |ψsx− ψsy|p � 1/p |x− y|p . We will use a special case
(s = p) to determine all possible fixed points under monomial mappings on
Qp.

Continuous case-the p−adic power function
We now generalize our RDS ϕ to the continuous case, i.e. we let the random

variables (s(θn·))Z+ take values in the state space S = Zp. Then we have to
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study properties of the p-adic power function x �→ xa. This map is defined for
x ∈ 1 + Zp and a ∈ Zp by

xa =
∞∑
n=0

(
a

n

)
(x− 1)n,

where (
a

0

)
:= 1,

(
a

n

)
:=

a(a− 1)...(a− n + 1)
n!

, n ∈ N.

Here is a result which is analogous to the one in the monomial case, see [190].

Lemma 2.2. Let x ∈ 1 + pZp. Then

|xa − 1|p � |a|p |x− 1|p , (10.9)

holds, with equality for p > 2.

We see from the lemma that for every x ∈ 1 + pZp the sequence xSn(ω)

converges to 1 if s(θnω) belongs to pZp infinitely often. This is the case when
P{s(ω) ∈ pZp)} is greater than zero. To see this let us recall the concept of
recurrence. Here we follow to the classical book of P.R. Halmos [85].

Definition 2.3 (Recurrent point). Let (X,B, μ) be a finite measure space. Let
B ∈ B and let T be a measure-preserving transformation. A point x is said to
be recurrent with respect to B if there is a natural number k for which T kx ∈ B.

We recall the following well known result from ergodic theory.

Theorem 2.4 (Recurrence Theorem). For each B ∈ B with μ(B) > 0 almost
every point of B is recurrent with respect to B.

The Recurrence theorem implies a stronger version of itself. In fact, for
almost every x in B (with μ(B) > 0), there are infinitely many values of n
such that Tnx ∈ B, see for example [85]. Let B = {ω : s(ω) ∈ pZp} with
P(B) > 0 and let θ be the Markov (left) shift (which is measure-preserving).
Then it follows from the recurrence theorem that for almost every point ω in B
there must be an arbitrarily large number of moments in time when the trajectory
of the point ω is in the set B, i.e. for almost every ω ∈ B, s(θnω) belongs to
pZp infinitely often. Moreover, if θ is ergodic, almost all points of the space
enter the set B, and of course once they are in there they will return infinitely
many times by the recurrence theorem. In the case that θ is ergodic we have
that {1} is an attractor for the RDS ϕ if P(s(ω) ∈ pZp) > 0.

Theorem 2.5. Let θ be ergodic and let P(s(ω) ∈ pZp) > 0. Then the set {1}
is an attractor for the RDS ϕ on X = 1 + pZp.



178 P -ADIC DETERMINISTIC . . .

Proof. We show that

lim
n→∞ dist(ϕ(n, ω)X, {1}) = 0 P− a.e.

By definition

dist(ϕ(n, ω)X, {1}) = sup
x∈1+pZp

inf
z∈{1}

|ϕ(n, ω)x− z|p
= sup

x∈1+pZp

|ϕ(n, ω)x− 1|p

= sup
x∈1+pZp

∣∣∣xSn(ω) − 1
∣∣∣
p

� sup
x∈1+pZp

|Sn(ω)|p |x− 1|p

= |Sn(ω)|p
1
p

→ 0 P− a.e.,

when n goes to infinity by Poincaré Recurrence Theorem, and the last equality
holds by Lemma 2.2.

Let us now return to the discrete case.

Attractors
Attractors of systems like (10.6) have been studied in [51] for the case that

p divides at least one si ∈ S. It was shown that there are only deterministic
attractors on Qp. First, {0} and the point at infinity, {∞}, are attractors. The
points attracted to these sets are B1/p(0) = {x ∈ Qp : |x|p � 1/p} and Qp\Zp

respectively. If one of the elements in the state space S of the random variable s
is divisible by p, then there is one more attractor on Qp. This attractor is a subset
of Γ(Qp). In [51] it was proved that in the case that p divides one of the numbers
in S, then the points on S1(0) are attracted to Is = ψp−1

s1 ◦ ... ◦ ψp−1
sr (Γ(Qp)).

The proof is based on the same procedure as in the proof of Theorem 2.5.
We now want to say something about the case when p does not divide any

of the elements in the state space S of the random variables.

Random Siegel disk
Let us introduce a generalization of Siegel disks which we call random Siegel

disks. To do this we define a distance d between a point x and a set A, by
d(x, A) := infa∈A |x− a|p .

Definition 2.6. [Random Siegel disk, Maximal random Siegel disk] Let the
RDS ϕ be generated by a family ψ = (ψs1 , ..., ψsr) of monomial mappings:
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ψsix = xsi , in the sense of section 1.0. Let A be an invariant set, i.e. ψs1 ◦
... ◦ ψsr(A) = A. Let O be a subset of Qp properly containing A. Then O is
said to be a random Siegel disk (for the RDS ϕ) concentrated around A if, for
almost every ω,

d(x, A) = d(ϕ(n, ω)x, A),

for every x ∈ O and every n ∈ Z+. The set Õ =
⋃

O, the union of all random
Siegel disks around A, is said to be a maximal random Siegel disk around A.

Theorem 2.7. Let p > 2. Let the monomial RDS ϕ be generated by a family
ψ = (ψs1 , ..., ψsr) of monomial mappings where ψsix = xsi . Let Is = ψp−1

s1 ◦
... ◦ ψp−1

sr (Γ) and suppose that p does not divide any of the si ∈ S. Then Zp is
a maximal random Siegel disk concentrated around Is for the RDS ϕ.

Proof. First we prove that S1(0) is a random Siegel disk around Is. Clearly
Is = ψp−1

s1 ◦ ... ◦ ψp−1
sr (Γ(Qp)) is an invariant set. Moreover, for every x on

the unit sphere S1(0) we have for p > 2 that

d(xSn(ω), Is) = inf
a∈Is

∣∣∣xSn(ω) − a
∣∣∣
p

= inf
a∈Is

∣∣∣xSn(ω) − aSn(ω)
∣∣∣
p

= inf
a∈Is

|Sn(ω)|p |x− a|p = inf
a∈Is

|x− a|p = d(x, Is),

where the last equality holds true because p does not divide any of the elements
in S and therefore not a product Sn(ω) so that |Sn(ω)|p = 1. Now, pZp is also

a random Siegel disk since xSn(ω) ∈ pZp for every n if x ∈ pZp which implies
that

d(xSn(ω), Is) = 1 = d(x, Is),

for every x ∈ pZp. But Zp = S1(0) ∪ pZp and
∣∣xSn(ω) − a

∣∣
p
→ ∞ for every

x outside Zp = B1(0). Hence Zp is maximal as required.

3. Definition of Markovian dynamics
Let X = Γ(Qp). Given an initial state x ∈ X , our RDS defined by the

random map ϕ, defined by (10.6), over a Markov shift θ can be considered as
a Γ(Qp)valued stochastic process defined by the forward motion

(xSn)n∈Z+ = (ϕ(n, ·)x)n∈Z+ . (10.10)

We say that a sequence (xSn(ω))Nn=1 is an N step realization of the stochas-
tic process (10.10). Then (xSn)n∈Z+ is a stochastic process with state space
Γ(Qp) and transition probability P (x, B) = P{ω : xs(ω) ∈ B} (a proof is
given in [12]). Thus, on Γ(Qp) we have a family (xSn)x∈Γ(Qp) of stochastic
processes. We want to investigate when each process (xSn)n∈Z+ satisfies the
(weak) Markov property
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P(ϕ(1 + n, ω)x = xn+1 | ϕ(n, ω)x = xn, ..., ϕ(1, ω)x = x1)
= P(ϕ(1 + n, ω)x = xn+1 | ϕ(n, ω)x = xn), (10.11)

for every sequence (xi ∈ Γ(Qp)) such that

P(ϕ(n, ω)x = xn, ..., ϕ(1, ω)x = x1) > 0.

In doing so we define transition sets

An(x, y) = {α = α1 · ... · αn : αi ∈ S and xα = y}, (10.12)

of all possible ordered products of n elements in S, taking x to y in n steps.
With the aid of the transition sets (10.12) we can write the probability of the n
step realization (xi)ni=1 as

P(xS1(ω) = x1, xS2(ω) = x2, ... , xSn(ω) = xn)

= P(xs(ω) = x1, x
s(θω)
1 = x2, ... , x

s(θn−1ω)
n−1 = xn)

= P(s(ω) ∈ A1(x, x1), ..., s(θn−1ω) ∈ A1(xn−1, xn))
= P(ω0 ∈ A1(x, x1), ..., ωn−1 ∈ A1(xn−1, xn)).

On Γ(Qp) the dynamics is discrete. Thus (for a sequence (xi) where xi ∈
Γ(Qp)) the weak Markov property (10.11) is satisfied if and only if the Markov
equation

P(ωn ∈ A1(xn, xn+1) | ωn−1 ∈ A1(xn−1, xn), ... ,ω0 ∈ A1(x, x1))
= P(ωn ∈ A1(xn, xn+1) | ω0 · ... · ωn−1 ∈ An(x, xn)), (10.13)

holds true for every sequence (xi ∈ Γ(Qp)) such that

P(ω0 ∈ A1(x, x1), ... ,ωn ∈ A1(xn−1, xn)) > 0. (10.14)

Remark 3.1. Note that on the right hand side of the Markov property defined
by (10.11) we allow dependence on the initial state x. This is in fact the weak
Markov property, see for example [57]. Another formulation of Markovian
dynamics, allowing no dependence on the past, could be: The dynamics on X
is Markovian under the RDS ϕ if

P(ϕ(1 + n, ω)x = xn+1 | ϕ(n, ω)x = xn, ..., ϕ(1, ω)x = x1)
= P{ω : ψ(θnω)xn = xn+1}.

In this case θ has to be a Bernoulli shift since P{ω : ψ(θnω)xn = xn+1} =
P(ωn ∈ A1(xn, xn+1)) so that

P(ωn ∈ A1(xn, xn+1) | ωn−1 ∈ A1(xn−1, xn), ... ,ω0 ∈ A1(x, x1))
= P(ωn ∈ A1(xn, xn+1)).
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In what follows we consider Markovian dynamics in the framework of weak
Markov property, namely Markov families, see [12, 57].

The family (xSn)x∈Γ(Qp) of processes is called a Markov family if and only
if (xSn)n∈Z+ is a Markov process for each initial state x ∈ Γ(Qp). We say that
the dynamics on Γ(Qp) is Markovian if (xSn)x∈Γ(Qp) is a Markov family2.

We remark that the sufficient condition for Markovian dynamics is that θ is
a Bernoulli shift.

One may ask whether this can be generalized directly to any Markov shift,
i.e. to every stochastic matrix P. The following example illustrates that this is
in fact not the case.

Example 3.2 (A non-Markovian p-adic chain). Consider the RDS on Γ(Q7).
Let S = {7, 2, 3} and let the elements of S be distributed by π = 1

20(8, 9, 3).
The probability vector π is a row eigenvector of the stochastic matrix

P =

⎛⎝ 1
2

1
4

1
4

1
3

2
3 0

1
3

1
3

1
3

⎞⎠ .

Let P = μπP be the corresponding Markov measure. Let ξ be a primitive 6th
root of unity in Q7 so that Γ(Q7) = {1, ξ, ξ2, ξ3, ξ4, ξ5}. Note that on Γ(Q7)
we have that x7 = x1 for every x. Then consider the initial state x0 = ξ and
the realization

(ξ3, ξ3, 1).

Then the one step transition sets, defined by (10.12), are A1(ξ, ξ3) = {3},
A1(ξ3, ξ3) = {1} and A1(ξ3, 1) = {2}. Hence the left hand side of (10.12)
becomes

P(ω2 = 2 | ω1 = 1, ω0 = 3) =
P([3, 1, 2])
P([3, 1])

=
p3p31p12

p3p31
= p12 =

1
4
,

and the right hand side with the two step transition set A2(ξ, ξ3) = {3} :

P(ω2 = 2 | ω1 · ω0 = 3) =
P([3, 1, 2]) + P([1, 3, 2])

P([3, 1]) + P([1, 3])

=
p3p31p12 + p1p13p32

p3p31 + p1p13
=

81
4

1
3 + 31

3
2
3

81
4 + 31

3

=
4
9
.

Thus we have found a non-Markovian p−adic chain.

2This approach is quite natural for models of the process of thinking [102, 51, 5]. Here the choice of the
initial idea x plays the crucial role.



182 P -ADIC DETERMINISTIC . . .

This was the counterexample but we can ask: Is there any stochastic matrix P
which is not generating a Bernoulli shift and still satisfies the Markov equation
(10.12)? And, on the contrary, are there state spaces Γ(Qp) and S such that
(10.12) implies that θ has to be a Bernoulli shift? We will see that for some
S we have to require that our Markov shift is a Bernoulli shift in order to get
Markovian dynamics.

4. Conditions for Markovian dynamics
In order to solve the Markov equation (10.12) we need to find transition sets

(for possible realizations (xi)ni=1) defined by (10.12). To facilitate this proce-
dure we take advantage of the algebraic properties of Γ(Qp). It was stated in
section 3 that Γp is (algebraically) isomorphic to F∗

p, the multiplicative subgroup
of the residue class modulo p. Hence Γ(Qp) is a cyclic group under multipli-
cation with p − 1 elements. Thus one of the roots, ξ, is a primitive (p − 1)th
root of unity so that Γ(Qp) = {1, ξp−1, ..., ξ

p−2
p−1}. Moreover every element

x ∈ Γ(Qp) (in particular the initial state of the RDS) is generating a subgroup

〈x〉 = {1, x, ..., xk−1 : xi �= 1 for 0 < i < k and xk = 1},
with k elements. We say that 〈x〉 is of order k and let |〈x〉| denote the order of
x. Hence an equality xab = xcd can be formulated as a congruence in the sense
that

xab = xcd ⇔ ab ≡ cdmod |〈x〉| . (10.15)

Consequently, we can determine transition sets (10.12) counting modulo |〈x〉|:

An(x, xβ) = {α = α1 · ... · αn : αi ∈ S and α ≡ β mod |〈x〉|}.

Remark 4.1. Given the initial state x the dynamics is restricted to 〈x〉 . From
(10.15) it follows that the dynamics on 〈x〉 under the RDS ϕ is totally described
by the dynamics on S if the elements in S are considered as elements in the
ring Z/|〈x〉|Z of residue class modulo |〈x〉|. Therefore the properties of the
long-term behaviour of the RDS on Γ(Qp) depend strongly on the order of
x. If the order of x, |〈x〉|, is not a prime, the residue class modulo |〈x〉|
contains divisors of zero, i.e. there are elements a, b ∈ Z/|〈x〉|Z different
from 0 such that ab ≡ 0mod |〈x〉|. Then xab = x0 = 1 which leads to
trivial dynamics. For example 2 · 2 = 4 which equals 0 in Z/4Z. But if |〈x〉|
is prime then Z/|〈x〉|Z is a field, isomorphic to the field of |〈x〉| elements,
F|〈x〉|. Thus F∗

|〈x〉| = F|〈x〉| \ {0} is a group under multiplication and therefore
contains no divisors of zero. Consequently, if |〈x〉| is a prime number and
S ⊆ {1, ..., |〈x〉| − 1} the dynamics is restricted to 〈x〉 \{1} so that the RDS
can not enter the state 1. Hence, to avoid trivial dynamics we will thus assume
that the order of x is a prime number different from 2 (If |〈x〉| = 2, S will
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contain only one element.) and that S ⊆ {1, ..., |〈x〉| − 1}. Such an x exists
if p�≡1mod 4; by the theorem of Lagrange we know that |〈x〉| is a divisor of
|Γp| = p − 1. Since Γ(Qp) is abelian the inverse of the theorem of Lagrange
Theorem is also true, i.e. given a prime divisor n of p−1 there is a x ∈ Γ(Qp) of
order n. Now p−1 is divisible by a prime number different from 2 if p�≡1mod 4.

Remark 4.2. If |〈x〉| is prime and S ⊆ {1, ..., |〈x〉|−1}, then all one step transi-
tion sets A1(xi, xi+1), xj ∈ Γ(Qp) are singletons. This is a direct consequence
of the group property of F∗

|〈x〉|.

Furthermore, it is clear that we only need to consider n step conditional
probabilities in (10.12) for which n � 3, since (10.12) is always valid for
n = 2. The following results describe how the Markov equation (10.12) is
putting conditions on the entries in the transition matrix P. We shall consider
the case of Markov shifts generated by transition matrices with row eigenvectors
π where pi > 0 for all i ∈ S. This is not a real restriction; since otherwise no
cylinder containing si would have positive measure. Then the state si might as
well be deleted. As a consequence, each row and each column of P contains a
positive entry.

Also note that if the columns of P are constant, then the corresponding
Markov shift is just a Bernoulli shift.

Lemma 4.3. Let |〈x〉| be a prime number, S ⊆ {1, ..., |〈x〉| − 1} and let
i1 ·...·in, ir ∈ S be an arbitrary ordered product. Then the n+1 step realization
(xi1 , ..., xi1...ink), given the n step realization (xi1 , ..., xi1...in), generates the
Markov equation

pink = P(ωn = k | ω0 · ... · ωn−1 ∈ {α : α ≡ i1 · ... · in mod |〈x〉|}),
if and only if pi1i2 · ... · pin−1in > 0.

Proof. First we prove that (10.14) is satisfied if and only if pi1i2 ·...·pin−1in > 0.
In Remark 4.2 we found that one step transition sets are singletons. Therefore

P(ω0 ∈ A1(x, xi), ..., ωn−1 ∈ A1(xi1·...·in−1 , xi1·...·in−1in))
= P(ω0 = i1, ..., ωn−1 = in) = pi1pi1i2 · ... · pin−1in ,

which is greater than zero if and only if pi1i2 · ... · pin−1in > 0 (we assume that
pi1 > 0). For the left hand side of (10.12) we obtain

P(ωn ∈ A1(xi1·...·in , xi1·...·ink) | ωn−1 ∈ A1(xi1...in−1 , xi1...in),

...,ω0 ∈ A1(x, xi1))
= P(ωn ∈ {k} | ωn−1 ∈ {in},...,ω0 ∈ {i1})
= P(ωn = k | ωn−1 = in,...,ω0 = i1) = pink.
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For the right hand side we have

P(ωn ∈ A1(xi1...in , xi1...ink) | ω0 · ... · ωn−1 ∈ An(x, xi1...in))
= P(ωn = k | ω0 · ... · ωn−1 ∈ {α : α ≡ i1 · ... · in mod |〈x〉|}),

as required.

Lemma 4.4. Let |〈x〉| be a prime number, S ⊆ {1, ..., |〈x〉| − 1} and let
i1 · ... · in, ir ∈ S and j1 · ... · jn, jr ∈ S be arbitrary ordered products.
Then if i1 · ... · in ≡ j1 · ... · jn mod |〈x〉| and pi1i2 · ... · pin−1in > 0 and
pj1j2 · ... · pjn−1jn > 0 the Markov equation (10.12) implies that

pink = pjnk for all k ∈ S,

i.e. row in is equal to row jn in the transition matrix P.

Proof. Let j be an arbitrary element in S. Consider the n + 1 step realization
(xi1 , ..., xi1·...·in , xi1·...·ink), given that the n step realization (xi1 , ..., xi1·...·in)
has occurred. Then from the previous lemma we have that

pink = P(ωn = k | ω0 · ... ·ωn−1 ∈ {α : α ≡ i1 · ... · in mod |〈x〉|}). (10.16)

Then consider the n + 1 step realization (xj1 , ..., xj1·...·jn , xj1·...·jnk), given the
realization (xj1 , ..., xj1·...·jn). According to the previous lemma

pjnk = P(ωn = k | ω0 · ... ·ωn−1 ∈ {α : α ≡ j1 · ... · jn mod |〈x〉|}). (10.17)

Since by hypothesis i1 · ... · in ≡ j1 · ... · jn mod |〈x〉|, the left hand side of
(10.16) and (10.17) must coincide. Consequently, pink = pjnk for every k ∈ S,
as required.

Lemma 4.5. Let σ be an arbitrary permutation on F2n for some natural number
n. Then the map

γσ : Z/2nZ→ Z/2nZ, i �→ i + σ(i),

is not onto.

Proof. Assume the opposite. By hypothesis

2n∑
i=0

i ≡
2n∑
i=0

[i + σ(i)] (mod2n).

The left hand side of this equation is (2n−1)n which is congruent to−n modulo
2n. But the sum in the left hand side is twice this sum and thus congruent to 0
modulo 2n contrary hypothesis.
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Note that multiplication modulo p is isomorphic to addition modulo p − 1
for every prime number p. Moreover p− 1 is even, so that have

Corollary 4.6. Let σ be an arbitrary permutation on F∗
p. Then the map

γσ : F∗
p → F∗

p, i �→ iσ(i),

is not onto.

Theorem 4.7. Let |〈x〉| be a prime number and let S ⊆ {1, ..., |〈x〉|−1}. Then
at least two rows of P are equal.

Proof. As we noted before each row and each column of the transition ma-
trix P contains a positive entry. Thus P contains |〈x〉| − 1 positive entries,

(piσ(i))
|〈x〉|−1
i=1 , for some permutation σ. Now Corollary 4.6 implies that aσ(a)≡

bσ(b) mod |〈x〉| for two different elements a and b in F∗
p. Then, by Lemma 4.4,

row σ(a) equals row σ(b).

Example Let |〈x〉| = 5 and S = {1, 2, 3, 4}. By the group property every
element in F∗

5 can be written as a product of two elements in four ways if we
do care about order:

1 = 1 · 1 = 2 · 3 = 3 · 2 = 4 · 4
2 = 1 · 2 = 2 · 1 = 3 · 4 = 4 · 3
3 = 1 · 3 = 2 · 4 = 3 · 1 = 4 · 2
4 = 1 · 4 = 2 · 2 = 3 · 3 = 4 · 1.

Then if p11, p23, p32, p44 > 0 we have according to Lemma 4.4 that p1k =
p3k = p2k = p4k so that the rows of the transition matrix P are constant. Thus
we obtain the following result.

Theorem 4.8. Let |〈x〉| be a prime number and let S ⊆ {1, ..., |〈x〉| − 1}. If
|〈x〉|−1 entries of the transition matrix P are greater than zero and the product
of the indeces for each of these entries are equal, then (xSn)x∈X is a Markov
family if and only if θ is a Bernoulli shift.

Let us now study the case when S = {a, b} ⊂ {1, ..., |〈x〉| − 1} (and |〈x〉|
is a prime). Then we define the transition matrix P,

P =
(

paa pab
pba pbb

)
,

generating the Markov measure P = μπP . We obtain the following result

Theorem 4.9. Let |〈x〉| be a prime number and let S = {a, b} be a subset of
{1, ..., |〈x〉|−1}. Then (xSn) is a Markov process if and only if θ is a Bernoulli
shift.
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Proof. As stated before, it is necessary that each row and each column contains
a positive entry. By Lemma 4.4 it is clear that if pab, pba > 0 then pbk = pak
so that θ has to be a Bernoulli shift. In the remaining cases we must have
paa, pbb > 0. But since |〈x〉| is a prime number and a, b �= 0 we have (by the
little theorem of Fermat) that a|〈x〉|−1 ≡ b|〈x〉|−1 ≡ 1mod |〈x〉| . Hence by
Lemma 4.4 we have pak = pbk so that θ is a Bernoulli shift as required.

The general case for 2 × 2 matrices
We now go on to study the general case when the order of x need not be

an odd prime. The case when the order of x is not a prime is in general more
difficult since the mappings ψsj : x �→ xsj do not form a group in this case.
We can, however, obtain some results for 2× 2 matrices, in other words, when
the RDS is generated by two maps.

Let S = {a, b} for two natural numbers a and b such that they are distinct
when considered as elements in Z/|〈x〉|Z. For simplicity we first study the case
when b = p. First we observe that for p > 2 we have pn ≡ 1mod p − 1 for
every natural number n. Moreover ampn ≡ am mod p − 1, and in fact, since
|〈x〉| is a divisor of p− 1 :

(i) pn ≡ 1mod |〈x〉| ,
(ii) ampn ≡ am mod |〈x〉| .

Both (i) and (ii) are direct consequences of the rule: x ≡ y modn implies
cx ≡ cy modn for any integer c. Let us do the following remarks.

Remark 4.10. If p = 2, Γ(Qp) contains only one element, 1. Therefore every
Markov shift will do. The dynamics is also trivial for |〈x〉| = 2. Therefore we
shall always assume that |〈x〉| � 3. For a ≡ p ≡ 1mod |〈x〉| the dynamics is
also trivial, xSn(ω) = x, so that ϕ will be the identity map on Γ(Qp). Conse-
quently, condition (10.12) is valid (with probabilities which are equal to 1) for
every possible n step realization. Therefore any Markov shift will imply that
(xSn) is a Markov process. Also for a satisfying a2 ≡ amod |〈x〉| (implying
an ≡ amod |〈x〉| for ∀n ∈ N) the sequences (xSn) are Markov chains.

Let us consider the case when a�≡1mod |〈x〉| and a2 �≡amod |〈x〉| . Then we
obtain the following result.

Lemma 4.11. Let S = {a, p} where{
a�≡1mod |〈x〉| ,
a2 �≡amod |〈x〉| , . (10.18)

and let pap, ppa > 0. Then (xSn) is a Markov process if and only if θ is a
Bernoulli shift.
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Proof. Suppose that (xSn) is a Markov process. First note that we assume that
pa, pb > 0. Let ppa > 0 and consider the realization

(x, xa, xa
2
).

Then, by the condition (10.18), we obtain transition sets A1(x, x) = {p},
A1(x, xa) = {a} and A1(xa, xa

2
) = {a}. Hence the left hand side in the

Markov condition (10.12) is:

Δ3
1 = P(ω2 = a | ω1 = a, ω0 = p) =

P([p, a, a])
P([p, a])

=
ppppapaa

ppppa
= paa.

For the right hand side of the Markov condition we use A2(x, xa) = {p·a, a·p}
and obtain

Δ3
2 = P(ω2 = a | ω1 · ω0 = a · p)

=
P([p, a, a]) + P([a, p, a])

P([p, a]) + P([a, p])
=

ppppapaa + papapppa
ppppa + papap

.

Now, the Markov condition Δ3
1 = Δ3

2 implies that

papapppa = papappaa.

By the condition of the lemma we conclude that paa = ppa. Hence, the columns
of P are constant and θ is a Bernoulli shift.

Note that ppa = 0 implies that ppp = 1 so that p is an absorbing state. In this
case P is reducible. Also note that if pap = 0 the last equality in the proof does
not give any condition. Now, by the previous Lemma we obtain the following
result.

Theorem 4.12. Let S = {a, p} where⎧⎨⎩
a�≡1mod |〈x〉| ,
a2 �≡amod |〈x〉| ,
an ≡ 1mod |〈x〉| , for some n � 2.

(10.19)

Then (xSn) is a Markov process if and only if θ is a Bernoulli shift.

Proof. Suppose that (xSn) is a Markov process. By the previous lemma we can
assume that pap or ppa equals zero. Now let m = min{n : an ≡ 1mod |〈x〉|}.
Consider the following three cases:

1) Let pap > 0 and ppa = 0, so that ppp = 1. Consider the m + 1 step
realization

(x, ..., x, xa).
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Then by the condition of the Theorem we have transition sets A1(xi, xi+1) =
{p} for 0 � i � m and A1(xm, xm+1) = {a}. Therefore the left hand side
of (10.12) is

Δm+1
1 =

P([p, ..., p, a])
P([p, ..., p])

=
ppppp...pppppa

ppppp...ppp
= ppa,

and since Am(x, x) = {am, pm} the right hand side of (10.12) becomes

Δm+1
2 =

P([p, ..., p, a]) + P([a, ...a, a])
P([p, ..., p]) + P([a, ..., a])

=
ppppp...pppppa + papaa...paapaa

ppppp...ppp + papaa...paa
.

Now the Markov condition Δm+1
1 = Δm+1

2 implies that

papaa...paapaa = papaa...paappa, (10.20)

so that paa = 0 (since ppa = 0). Thus the columns of P are constant and
consequently θ is a Bernoulli shift .

2) Let pap = ppa = 0. Then we can consider the above given realization.
Consequently (10.20) is not valid since paa > 0 implies that the left hand
side of (10.20) is positive while ppa = 0 implies that the right hand side is
zero.

3) Let pap = 0 and ppa > 0, so that paa = 1. Consider the m + 1 step
realization

(xa, xa
2
..., xa

m−1
, x, x). (10.21)

Then by the condition of the Theorem we have transition sets A1(xi, xi+1) =
{a} for 0 � i � m and A1(xm, xm+1) = {p}. Therefore the left hand side
of (10.12) is

Δm+1
1 =

P([a, ..., a, p])
P([a, ..., a])

=
papaa...paapap

papaa...paa
= pap,

and since Am(x, x) = {am, pm} the right hand side of (10.12) becomes

Δm+1
2 =

P([a, ...a, p]) + P([p, ..., p, p])
P([a, ..., a]) + P([p, ..., p])

=
papaa...paapap + ppppp...pppppp

papaa...paa + ppppp...ppp
.

Now the Markov condition Δm+1
1 = Δm+1

2 implies that

ppppp...pppppp = ppppp...ppppap,
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so that ppp = pap (since ppp > 0). Thus the columns of P are constant in
every case and consequently θ is a Bernoulli shift .

Note that a ≡ −1mod |〈x〉| is a solution to (10.19) for |〈x〉| � 3. Thus we
have:

Corollary 4.13. Let S = {a, p}. Then if a≡ −1mod |〈x〉| for some x ∈ Γ(Qp)
with |〈x〉| � 3, the dynamics on Γ(Qp) is Markovian if and only if θ is a
Bernoulli shift.

We now study the dynamics on Γ(Qp) when S = {a, b} and p is a divisor of
b. This is, in fact, equivalent to the case when b ∈ N is arbitrary, since b = kp,
k ∈ N implies that bn ≡ knpn ≡ kn mod |〈x0〉| ∀n ∈ N. Hence we study
S = {a, b}, a, b ∈ N.

Remark 4.14. Our previous results for b = p can be directly generalized to the
case when b ≡ 1mod |〈x〉| .

For b = p we found that if a satisfies (10.18) and pap, ppa > 0, then the
Markov shift θ has to be a Bernoulli shift. This result can be generalized by:

Lemma 4.15. Let S = {a, b} where⎧⎪⎪⎨⎪⎪⎩
a�≡bmod |〈x〉| ,

ab�≡b2 mod |〈x〉| ,
a2 �≡abmod |〈x〉| ,

a2b�≡ab2 mod |〈x〉| .
. (10.22)

Then if pab, pba > 0, (xSn) is a Markov process if and only if θ is a Bernoulli
shift.

Proof. Replacing p by b, and considering the realization (xb, xba, xba2) the
proof is identical to that of Lemma 4.11.

It is clear that a ≡ 2mod |〈x〉| and b ≡ 1mod |〈x〉| are solutions of (10.22).
The same holds for a ≡ −1mod |〈x〉| . We can also show that the numbers
a ≡ −2mod |〈x〉| and b ≡ −1mod |〈x〉| also satisfy (10.22).

We may ask for the existence of more solutions. The answer is that these
are the only general solutions for |〈x0〉| � 3. But of course the number of
solutions may far exceed the one given above even for small orders of 〈x〉 . For
|〈x〉| = 5 we have that every combination of a and b for which a�≡bmod |〈x〉| ,
satisfies the condition (10.22). Whereas for |〈x〉| = 6 there only exists one
more solution, a ≡ 2mod |〈x〉| and b ≡ 4mod |〈x〉| , which is, however, not a
solution for |〈x〉| = 8.

We now give a generalization of Theorem 4.12.
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Theorem 4.16. Let S = {a, b}. Suppose that (a, b) satisfies (10.22) with the
additional condition

an ≡ bn mod |〈x〉| , an+1 �≡bn+1 mod |〈x〉| ,

for some n � 2. Then (xSn) is a Markov process if and only if θ is a Bernoulli
shift.

Proof. We replace p by b and replace the condition an ≡ bn mod |〈x〉| by
an ≡ bn mod |〈x〉| in Theorem 4.12. Then, if we consider the realizations
(xb, ..., xb

m−1
, xa

m
, xa

m+1
) and (xa, ..., xa

m−1
, xb

m
, xb

m+1
) respectively (for

the case 1) and 3) in the proof of Theorem 4.12 ), the proof can be completed
with the same procedure as in the proof of Theorem 4.12.

5. Concluding remarks
Given a transition matrix P and a prime p, p�≡1mod 4, Lemma 4.4 was found

as a useful tool for deciding whether the dynamics on Γ(Qp) is Markovian or
not. But this result is not just about RDS (defined on Γp) generated by monomial
mappings.

Let |〈x〉| be a prime number and let S = {1, ..., |〈x〉| − 1}. To each a ∈ S
there is a corresponding monomial mapping ψa : x �→ xa and vice versa.
Moreover by (10.15) we have

ψa ◦ ψbx = ψc ◦ ψdx ⇔ ab ≡ cdmod |〈x〉| .

Hence the composition of mappings in (ψs)s∈S is a binary operation with the
same properties as multiplication in F∗

|〈x〉|. Consequently, the map

γ : F∗
|〈x〉| → (ψs)s∈S , s �→ ψs,

is an (algebraic) isomorphism. In this way the (ψs)s∈S form a group of map-
pings on 〈x〉 \{1} isomorphic to F∗

|〈x〉|. Note that in this case the family (ψs)s∈S
is, in fact, a subgroup of perm(〈x〉 \{1}), the group of all permutations on
〈x〉 \{1} (or on |〈x〉| − 1 letters). Therefore we can consider the RDS ϕ on
〈x〉 \{1} as generated by a group of permutations on 〈x〉 \{1} (or on |〈x〉| − 1
letters).

We are now able to make some more general statements. The idea is the
following. Let X be a finite state space and let the family ψ = (ψs)s∈S of
mappings be a subgroup of perm(X) isomorphic to F∗

p and let θ be a Markov
shift on SN. Then consider the RDS ϕ generated by ψ (in the sense of section
1.0). Define transition sets

An(x, y) = {i1 · ... · in : ψin ◦ ... ◦ ψi1x = y, ik ∈ S}.
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Then a corresponding stochastic process (ϕ(n, ·)x)n∈Z+ is a Markov process
if and only if the Markov equation (10.12) holds true. Now, with just a slight
modification (not counting modulo |〈x〉| but operating with the binary operation
of composition on perm(X)), we obtain a result which is analogous to the one
in Lemma 4.4.

Lemma 5.1. Let i1, ..., in, ir ∈ S and j1, ..., jn, jr ∈ S be arbitrary. Then if
ψin◦...◦ψi1x = ψjn◦...◦ψj1x and pi1i2 ·...·pin−1in > 0 and pj1j2 ·...·pjn−1jn >
0 the Markov equation (10.12) implies that

pink = pjnk for all k ∈ S,

i.e. row in is equal to row jn in the transition matrix P .

In section 4, Theorem 4.7, we found that, requiring Markovian dynamics, at
least two rows of P had to be equal. In fact we propose a much stronger version
of this theorem.

Theorem 5.2. Let |〈x〉| be a prime number and let S ⊆ {1, ..., |〈x〉| − 1}.
Then (xSn) is a Markov family if and only if all rows of Pare equal, i.e. θ is a
Bernoulli shift.



Chapter 11

DYNAMICS OF PROBABILITY DISTRIBUTIONS
ON THE P -ADIC MENTAL SPACE

Since [100],[101], [102],[103],[5], [104],[52],[109] [111], [127], [6], [4] we
have developed a model of the process of thinking based on the neural pathway
representation of cognitive information, the Neural Pathway Approach, see
chapters 8, 9. In our model the elementary unit of cognitive information is
given not by the frequency of firing of an individual neuron, but by the string
of firings of neurons throughout a pathway of neurons. In chapters 8, 9 such a
string of firings throughout a pathway were called a mental state. In this chapter
we shall use the terminology “mental point”, instead of “mental state”. The
notion of a mental state would be reserved for a probability distribution on the
mental space (space of mental points). This choice of termilogy is similar to
physics. In statistical mechanics a state is also a probability distribution on the
physical space.

As always, we shall use the symbol X to denote the mental space. In chapters
8, 9 the mental space was mathematically described by the ring ofp-adic integers
X = Zp. In this chapter we shall consider a more general mental space

X = Qp.

The crucial point of our investigation is understanding that each psycho-
logical function (mental processor) is based on a tree of neural pathways, the
cognitive tree, which is centered with respect to one fixed neuron S. Such a
centering determines a hierarchical structure on a cognitive tree and on the
corresponding space of mental states. This hierarchical structure induces the
p-adic ultrametric geometry on the mental space X.

Of course, such a model with one neuron centering of a psychological func-
tion is over-simplified. Complex psychological functions should be based on a
few cognitive trees centered with respect to an ensemble of neurons.



194 P -ADIC DETERMINISTIC . . .

We remark that in chapters 8 and 9 we have not paid attention to a tree
structure of neural pathways. In fact, we directly jump to the space X of mental
states produced by centered neural pathways. In principle such a mental space
arises even for one centered pathway — hierarchical chain of neurons:

N = (n0, n1, ..., nM , ....). (11.1)

Of course, we pointed out that ensembles of hierarchical neural chains play an
important role in the representation of cognitive information, see Chapter 9.
We recall the important fact that was discussed in Chapter 9: a fixed mental
state x ∈ X can be represented by an ensemble of neural pathways. This fact
is the cornerstone of a probabilistic cognitive model that will be developed in
the present chapter, see [109].

The important difference between models presented in chapters 8, 9 and
this one is that in the former model we considered not all centered neural
pathways, but only hierarchical chain of neurons starting with the centering
neuron, see (11.1) where S = n0. This is the very restricted class of centered
neural pathways. Here the central neuron S = n0 does not have any input. The
whole hierarchical chain is ‘ruled’ by the S. In the present chapter we consider
the general case: centered neural pathways with neurons producing input for
the S :

N = (n−j , ..., n−1, S = n0, n1, ..., nM , ....). (11.2)

In Chapter 8 the process of thinking was reduced to operating with mental
states and in Chapter 9 with higher order information structures composed of
mental states, namely, associations and ideas. The operating had the meaning
of functioning of a dynamical system on the space of mental states – strings of
firings of neurons throughout pathways. We considered a dynamical system,
a feedback process, in the mental space X. Mathematically such a dynamical
system was described by a map f : X → X that mapped strings of firings
throughout pathways into strings of firings throughout pathways. In such a
simplest model the process of thinking was described by a mathematical law:

xn+1 = f(xn), (11.3)

where x belongs to the mental space X. In fact, this approach to the process
of thinking is a natural extension of the Neural Dynamical Approach, see, e.g.,
[16], [207], [199], [182], [58], [206]. The main distinguishing feature of our
approach is that instead of studying dynamics of firings of individual neurons we
study dynamics of firings of whole pathways. The string of firings is considered
as the elementary unit of mental information. Our approach can be called the
Neural Pathway Dynamical Approach.

In this chapter we develop the Neural Pathway Approach. The new model is
based on the same p-adic mental space as the former p-adic dynamical model.
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However, it is no more assumed that cognitive meaning could be associated
with special symbol (as in symbolic models, see e.g. [166], [40]), or pattern of
neural activation, or even result of coupling of various neural networks (neural
networks=connectionist=distributed representation models, see e.g. [42], [9],
[88]). Cognitive meaning is given by probability distribution on the mental
space. Our feelings are feelings of statistical intensivities.

The main problem of the dynamical model studied in chapters 8, 9 was the
absence of a description of the body-mind relation and its role in the process of
thinking. In this chapter we provide such a description by identifying the mental
state of a cognitive system with the probability (intensivity) distribution of the
representation of mental points by neural pathways. In the present model the
mental process is described as a stochastic process performing ‘body→mind’
relation. The evolution of the mental state — the probability distribution of
this process — can be described (at least for simple psychological functions)
as diffusion on an ultrametric p-adic tree: thinking as ultrametric diffusion.
Psychological, neurophysiological, cognitive, and philosophical consequences
of our thinking model (based on the probability distribution on the space of
neural pathways) will be discussed in the next section.

The model of probabilistic thinking on the p-adic mental space presented
in this chapter is closely coupled to the p-adic RDS-thinking model, see [52],
see Chapter 10 for p-adic RDS. Functioning of a RDS induces dynamics of
corresponding probability distribution on the configuration space of the RDS.
In this chapter we study general dynamics of probability distributions on the
p-adic mental space.

1. Dynamics of body→ mind field
As has already been mentioned, one of the strong sides of the Neural Pathway

Approach is a new viewpoint on the problem of localization of psychological
functions. Since the elementary cognitive unit is represented by a pathway
and a pathway can go through various domains of brain and body, there is
no localization of mental functions in the Euclidean geometry of the physical
space (which is typically used to describe physical brain and body). On the
other hand, there is localization in the ultrametic space of all pathways. In fact,
this is a kind of hierarchical localization — compare with A. Damasio:

“What determines the contribution of a given brain unit to the operation of the system to

which it belongs is not just the structure of the unit but also its place in the system. ... The mind

results from the operation of each of the separate components, and from the concerted operation

of the multiple systems constituted by those separate components", p. 15, [44].

In our model there is even no place for ‘separate components’; everything is
unified from the beginning as a consequence of the pathway representation of
cognitive information.
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We have to distinguish the space Π of all pathways, chains of neurons, in
the physical brain and body and the space X of all possible mental states that
can be produced by elements of Π. In principle, a few distinct elements of Π,
pathways, can produce (at some instant of time) the same element of X, a mental
state. Moreover, it should be the case, since it is very dangerous for a cognitive
system to base the information representation of an important mental point by
using a single neural pathway. Thus (at least some) mental points should be
represented by (perhaps very large) ensembles of neural pathways. In fact, this
multiplicity of the neural pathway representation of mental points might be the
main fundamental feature of the process of thinking, see further considerations
on the probabilistic structure of mental states.

And this is not the end of the psychological function localization story in the
Neural Pathway Approach. The crucial point of our considerations is that:

The most natural (I could say beautiful) mathematical model, the so called
p-adic geometry on the mental space X, is obtained under the assumption that
each pathway contains a Central Neuron – S. Roughly speaking, S collects
information from the preceding part of the pathway and distributes this infor-
mation throughout the following part of the pathway, see Figure 1. By choosing
the central neuron we obtain a hierarchical structure on the space X. The cor-
responding geometry on X is the so called ultrametric space geometry.

S

Figure 11.1. Centered pathway

We do not yet have neurophysiological and psychological confirmations that
thinking is based on the ultrametric geometry. However, the mathematical
beauty of the model is a strong argument (as it very often is in physics) in
favour of the ultrametric p-adic model in the Neural Pathway Approach.
Remark 1.1. By choosing the central neuron S we choose the center of a co-
ordinate system in the (p-adic) ultrametric geometry. By choosing a system
of coordinates we choose a psychological function. It is important to under-
line that we do not claim that there exists a kind of absolute central neuron or
a group of neurons that ‘rule’ all mental processes. Our geometric model of
mental processing is not similar to the model of physical processes based on
Newtonian absolute space. Our model is closer to models of relativity theory.

We now turn back to the psychological function localization story. There
is no (Euclidean) localization of a psychological function. However, there
is partial localization related to the central neuron S of the tree of pathways
representing a psychological function.

In Chapter 8 we have studied the Neural Pathway Dynamical Model for the
dynamics of mental points produced by one fixed central pathway. Of course,
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we understood that the model was oversimplified1. First of all from neuro-
physiological point of view it would be natural to suppose that a psychological
function (in advanced cognitive systems) is not based on a single centered path-
way, but on a system of such pathways. In the simplest case all these pathways
are centered with respect to the same central neuron S. Therefore it would be
useful to consider a tree of pathways, see, e.g., Figure 11.1.

S

Figure 11.2. A tree of S-centered pathways: a ‘cognitive tree’

Firings of neurons throughout pathways of the cognitive tree produce mental
points which are statistically involved in the realization of a psychological
function. We denote a psychological function by the symbol f and a cognitive
tree used by the f by the symbol Πf . How should we represent mathematically
the functioning of f? There are various levels of the description. At the basic
level we should provide the description of ‘body→mind’ correspondence. This
correspondence is described by a function

ϕ : Πf → X

that maps neural pathways into mental points represented by these pathways:
z ∈ Πf → x = ϕ(z) ∈ X. We call the map ϕ(z) the body→ mind field2.

The psychological function f performs the evolution of the field ϕ. Starting
with the initial field ϕ0(z), f produces a time-dependent field ϕ(t, z).

We have to consider the very important problem of the interpretation of
the evolution parameter, the ‘time’. At the moment we restrict ourselves to

1Nevertheless, even such a model has incredibly rich cognitive and mathematical structures.
2Of course, ϕ depends on the psychological function f, namely, ϕ = ϕf .
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considering the discrete time evolution: t = tn = 0, 1, 2, . . .. By taking into
account the process of wholeness of thinking we describe the functioning of f
by an integral operator with the kernel K(z, y) :

ϕ(tn+1, z) =
∫

Πf

K(z, y)ϕ(tn, y)dy, (11.4)

where the integration is performed over the cognitive tree, Πf . We notice that
neither the space of pathways Πf nor the space of mental states X have the
Euclidean geometry. In particular, we cannot use the ordinary real analysis to
describe this model mathematically. We must use the ultrametric analysis.

The form of the kernel K(z, y) is determined by the psychological function
f : K = Kf . We notice that mental evolution (11.4) is represented by a
linear integral operator in the space of body→mind fields. In principle, we can
consider more general, nonlinear models. However, the model with summation
over the whole tree with a weight function K(z, y) looks very natural.

Thus we propose the following model of thinking:
Each psychological function f is based on a tree of neural pathways, a cog-

nitive tree Πf , see, e.g., Figure 11.1. The cognitive tree Πf , has the hierarchical
structure corresponding to the existence of the central neuron, S, of this tree.
An elementary unit of information (mental point) is given by the string of firings
of neurons throughout a pathway, a branch of the tree.

In Chapter 8 there were proposed various neural pathway coding systems
based on strings of firings. Here we discuss these models in more detail.

2-adic coding (‘yes–no’ coding). For each instant of time t we assign to
each neuron in a pathway — 1, if a neuron is firing, and 0 otherwise. Here
mathematically a mental point is represented by a sequence of zeros and ones.
Each sequence is centered with respect to the position corresponding to firings
of the central neuron S.

Let us consider the geometric structure of the mental space X corresponding
to the simplest cognitive tree of centered pathways. There are no input neural
pathways going into the central neuron S. Here each mental state belonging
to the corresponding mental space can be coded by a sequence of zeros and
ones. The first digit in a sequence gives the state, 0 or 1, of the central (in this
case the starting) neuron S. The hierarchy on the mental space is based on the
exceptional role that is played by the central neuron. This hierarchy induces
the 2-adic ultrametric topology on the mental space. As we already know, this
space is nothing but the ring of 2-adic integers Z2. Here the distance (induced
by the 2-adic valuation) between two mental states x and y is small if they have
a very long common root starting with S. Thus in our model:

Neurons located on different pathways at large distances from the central
neuron can produce very close mental points!
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p-adic coding. General p-adic coding (where p � 2 is a natural number) may
be induced by the frequency coding. We assign to each neuron in a pathway
the frequency of firings. In the mathematical model it is convenient to consider
a discrete set of frequencies: 0, 1, .., p − 1, where p is some natural number.
Here frequency is the number of output spikes produced by a neuron during
some unit period of time, e.g., one second. Thus mathematically a mental point
is represented by a sequence of numbers belonging to the set {0, 1, . . . , p− 1}.
Information is not homogeneously distributed throughout such sequences. The
presence of the central neuron S in the cognitive tree Πf induces a hierarchical
structure for elements of an information sequence. Here the cognitive tree Πf

in general produces the mental space X = Qp.
We underline that the system of coding, and not the topological structure of

a cognitive tree, determines the structure of the corresponding mental space.
Totally different cognitive trees Πf can produce the same mental tree X = Qp.
For example, let us consider 2-adic coding. The trees in figures 11.2 and 11.3
produce the same, 2-adic, mental space.

S

Figure 11.3. cognitive tree — a

S

Figure 11.4. cognitive tree — b

For each point z (pathway) of the cognitive tree we define the mental state
ϕ(z) produced by this pathway. There is a well defined map z → ϕ(z) from
the cognitive tree to the space of mental points X, body→mind field.

The mental process is described by iterations of body→mind field ϕ on
the (whole) cognitive tree. Such iterations are performed by, e.g., dynamical
system, (11.4).

Main cognitive features of the model:
a) Nonlocality of psychological functions.
b) Wholeness — integral evolution of the field ϕ.
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c) Sensation — thinking. Since neural pathways go through the whole body,
a part of a pathway involved in a high level psychological function can be
connected to, e.g., skin-sensitivity. Thus high order psychological functions
also depend on various physiological stimuli.

d) Interrelation of distinct psychological functions. The central neuron S of
a cognitive tree plays the role of the center of the system of coordinates. Other
neurons can also be considered as such centers. Therefore the same pathway
contributes to distinct psychological functions.

e) Emotion based reasoning. Our pathway thinking model supports the fun-
damental conjecture of Damasio, [44], that emotions play an important role
in the process of ‘reason–thinking’. Pathways going through centers creating
emotions can participate in a psychological function performing a high order
thinking process, e.g., proving of mathematical theorems. On the other hand,
pathways going through reasoning-centers can go through some emotional cen-
ter. Thus reason participates in the creation of emotions and vice versa.

2. Dynamics of probability distributions
The body→mind field ϕ(z) describes important features of the functioning of

the neural system (in particular, its part located in the brain). However, we will
not be concentrated on the study of dynamics, e.g., (11.4), of the body→mind
field. The main reason is that (it seems) ϕ(z) describes merely the production
of information by the neural system (in particular, its part located in brain) and
not the flow of mental information by itself. I would like to formulate this as:

Mental thesis: Mental activity is performed not in the pathway space, the
cognitive tree, but in the mental space.

This thesis would be justified if some neurophysiological and cognitive sci-
ence conformations were obtained. However, at the present time our hypothesis
on pathwaycoding of mental information looks quite speculative from the neuro-
physiological viewpoint. In any case, at the moment there are no experimental
technologies that would give the possibility of measuring firings of neurons
throughout even one long pathway of individual neurons. To confirm our path-
waycoding hypothesis we have to measure simultaneously firings of neurons
for a huge ensemble of neural pathways.

Independence Thesis: The cognitive meaning (with respect to a psycholog-
ical function f) of a mental point does not depend on a neural pathway that
produces this mental point.

Thus mental information does not remember its neurophysiological origin.
The Independence Thesis is supported (at least indirectly) by experimental
evidences that functions of some damaged parts of the brain can be (in some
cases) taken over by other parts of the brain, see, e.g., [43], [44], [45], [63].
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This thesis is also supported by neurophysiological evidences that very different
neural structures in brains of different species (e.g., fish and rat) can fulfill the
particular psychological function.

Of course, we should recall that by choosing the central neuron S we chose
the concrete psychological function f. Thus ‘the cognitive meaning’ is related
to this concrete psychological function. By choosing another psychological
function (a system of coordinates) we obtain another cognitive meaning.

In principle, the Independence Thesis might be considered as a kind of anti-
materialist thesis. We would not like to be at such a position. We understand
well that the relation between the brain (in fact, in our pathway model — the
whole body) and mind plays the crucial role in mental activity. The Indepen-
dence Thesis should be considered as directed towards the individual determin-
istic relation between physical neural pathways in the body and the cognitive
meaning of the corresponding mental states. The absence of such individual
determinism does not contradict statistical determinism.

Thesis of Statistical Pathway Cognition. The cognitive meaning of a men-
tal point (with respect to a psychological function f) is determined by the statis-
tical probability of realization of this mental point in the ensemble of pathways
Πf (the cognitive tree corresponding to f).

Remark 2.1. (On the notion of probability) Over many years I studied the
foundations of probability theory, see [105]. I know well the great diversity of
viewpoints of the notion of probability. For me probability has nothing to do
with ‘potentiality’, ‘measure of belief’, and other perverse views. Probability
is a statistical measure. Let E be a large ensemble of, e.g., physical systems.
Let these physical systems have some states. These states are represented as
points in a state space. The probability of a state x with respect to the ensemble
E is given by the proportion:

p(x) =
the number of systems having the state x

the total number of elements in the ensemble
.

In our model physical systems are centered neural pathways; states are strings
of firings throughout pathways — mental points. An ensemble E is a cognitive
tree; the state space is the mental space. We suppose that the cognitive meaning
of a mental point x ∈ X is determined by the quantity

p(x) =
the number of neural pathways that produce x

the total number of neural pathways in the cognitive tree
.

We call p(x) the (statistical) mental state. Here and in all following consid-
erations it is assumed that a psychological function f is fixed. In fact, p(x)
depends on f : p(x) = pf (x).
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Mental processes are probability–evolution processes. These are evolutions
of mental states. We have to find a mathematical model that would provide the
adequate description of the evolution: t→ p(t, x).

We consider a discrete dynamical system in the space of probability distri-
butions:

p(tn+1, x) = Lp(tn, x), (11.5)

where L is some operator in the space of probability distributions. The generator
of evolution L may be linear, may be nonlinear. There must be performed
experimental studies to find the form of L. Of course, L depends essentially on
a psychological function f and an individual.

Intuitively it is clear that integration over the whole mental space must be
performed. The following evolution can be considered:

p(tn+1, x) =
∫
X

K(tn, x, y)p(tn, y)dy,

where K(t, x, y) is a time-dependent kernel of evolution.
Continuous time models can be used as approximations of discrete-time

models. The real processing of cognitive information is a discrete time process.
There exists a “quantum of mental time" τ such that all time intervals Δt < τ
has no cognitive meaning.

The mental state p(t, x) is nothing other than the probability distribution
of the body→mind field ϕ(z). We can consider the cognitive tree Πf as a
probability space with the uniform probability measure

P(ω) =
1

number of elements in Πf

for ω ∈ Πf . Following to the probabilistic tradition we use the symbol ω to
denote points of the probability space. The map (body→mind field) ϕ : Πf →
X is a random variable and the mental state

p(x) = P({ω ∈ Πf : ϕ(ω) = x})
gives the probability that neural pathways in the cognitive tree represent the
mental point x (or neural intensivity of the representation of x).

Thus the evolution of the mental state, t → p(t, x), can be reduced to
the evolution of the corresponding stochastic process ϕ(t, ω), the process of
body→mind correspondence.

But(!) probability theory tells us that we can not reconstruct the stochastic
process ϕ(t, ω) as a point wise map in an unique way on the basis of corre-
sponding probability distributions. The same mental flow can be generated by
various neural flows. This trivial probabilistic argument gives strong support
to our Mental Thesis.
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This probabilistic consideration can be used as a strong argument supporting
non-reductionism:

Neural reduction of mental processes is impossible.

3. Diffusion Model for Dynamics of Mental State
The simplest (but nontrivial!) model of mental evolution can be obtained by

considering Markovian body→mind fields. A Markovian process is a stochastic
process without long range statistical memory. In the Markovian case we have
the following equality for the conditional probabilities:

P(ϕ(tn+1, ω) = xn+1|ϕ(tn, ω) = xn, . . . , ϕ(t0, ω) = x0) =

P(ϕ(tn+1, ω) = xn+1|ϕ(tn, ω) = xn),

where t0 < t1 < . . . < tn < tn+1. Here the mental point xn+1 at the instant of
time t = tn+1 is statistically determined by the mental point xn at the previous
instant of time t = tn. A Markovian mental state p(tn+1, x) does not remember
about mental states at previous instances of time tn−1, . . . , t0.

Such a type of mental processing is natural for ‘low level’ mental activity,
e.g., reactions to stimuli. When we react at the instant of time t = tn+1 to the
state of hunger which we had at the instant of time t = tn we do not recall all
our states of hunger for the last few days or years. We perform just a transition
p(tn, x) → p(tn+1, x). Here the mental state p(tn, x) is the state of hunger
and the mental state p(tn+1, x) is the state of nourishing3.

We now consider a simpler reaction: to pain induced by fire at the instance of
time t = tn+1. The mental state p(tn+1, x), pain, does not depend even on the
previous mental state p(tn, x). Here the body→mind field produces a sequence
of independent random variables (e.g., the well known Bernoulli process):

P(ϕ(tn+1, ω) = x|ϕ(tn, ω) = y) = P(ϕ(tn+1, ω) = x) ≡ p(tn+1, x).

We now consider continuous time evolution for general Markovian
body→mind fields. The evolution of the mental state p(t, x) is described by
the Chapman-Kolmogorov equation:

∂p
∂t

(t, x) = Lp(t, x), (11.6)

lim
t↓0

p(t, x) = p0(x),

where L is the generator of the Markovian evolution, see [50]. If we know the
initial mental state p0(x) and the generator of mental evolution L we can find
the mental state at any instant of time t � 0.

3Of course, previous experiences of hunger were used to build the cognitive tree corresponding to nourishing.
A part of this tree architecture is even transmitted genetically.
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Equation (11.6) is also called the direct Kolmogorov equation. Besides this
equation we can consider the inverse Kolmogorov equation:

∂p
∂t

(t, x) = L∗p(t, x), (11.7)

lim
t↑T

p(t, x) = pT (x),

where L∗ is the adjoint operator of the generator L of the Markovian evolution.
If we know the mental state at some instant of time T > 0 we can recall
the mental state p(t, x) at any instant of time 0 � t < T. Thus the inverse
Kolmogorov equation describes the process of recalling. It seems that human
beings have the ability to solve the direct and inverse Kolmogorov equations
(at least for small time intervals). This gives the possibility of predicting an
expected mental state by using the direct Kolmogorov equation and to recall a
mental state from the past by using the inverse Kolmogorov equation. Such an
ability to solve the evolution equation for the mental state depends essentially
on a human individual.

We would like to remark that there exist stationary mental states p(x) that
are not changed in the process of evolution.

In the p-adic model of the mental space X = Qp the simplest Markovian
evolution is given by the diffusion process. This process was intensively studied
in p-adic theoretical physics, see, e.g., [212]. The corresponding evolution
equation has the form:

∂p
∂t

(t, x) = −1
2
D2

xp(t, x),p(0, x) = p0(x), (11.8)

where Dx is a kind of differential operator on the p-adic tree (Vladimirov’s
operator, [212]).

A generalization of derivative for functions f : Qp → Rp or Cp,Vladimirov’s
operator Dx, is defined with the aid of the p-adic Fourier transform, [212]. We
remark that it is impossible to define the ordinary derivative for maps from Qp

to Q, see [99].

p-adic Fourier transform:

ϕ̃(ξ) =
∫

Qp

ϕ(x)e(ξx)dx, ξ ∈ Qp,

where e is a p-adic character (an analogue of exponent):

e(ξx) = e2πi{ξx}.

Here, for a p-adic number a, {a} denotes its fractional part, i.e., for

a =
a−m

pm
+ ... +

a−1

p
+ a0 + ... + akp

k + ...
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(where aj = 0, 1, ..., p− 1, and a−m �= 0) we have

{a} =
a−m

pm
+ ... +

a−1

p
.

A generalization of derivative Dx is defined as

Dx(ϕ)(x) =
∫

Qp

|ξ|p ϕ̃(ξ)e(−ξx)dξ.

It is important to remark that (in the opposite to the ordinary derivative) the
Dx is a nonlocal operator. It can be represented [30] as an integral operator:

Dx(ϕ)(x) =
p2

p + 1

∫
Q

ϕ(x)− ϕ(y)
|x− y|2p

dy .

To find Dx(ϕ)(x) in some fixed point x, we have to take into account values of
ϕ in all points of the mental configuration space. .

We can easily find a fundamental solution K(t, x). This is the solution for
the initial mental state p0(x) = δ(x). Here δ(x) is the well known Diracs δ-
function. This is the probability distribution that is concentrated in the fixed
point. By knowing the dynamics K(t, x), x ∈ X, of the mental state starting
with the ‘sharp mental state’ δ(x) (all neural pathways of the whole mental tree
produce the same mental point)4, we can find the dynamics of the mental state
p(t, x) for any initial distribution p0(x) :

p(t, x) =
∫
X

K(t, x− y)p0(y)dy.

4. Mental State as the Distribution of a p-adic Random
Walk

We have a collection Πf of centered neural pathways working for a psycho-
logical function f. Each pathway z belonging to (cognitive tree) Πf produces a
mental point x belonging to the mental space X. The mental state was defined as
a probability density of neural pathways producing a fixed mental point. One of
the simplest models of mental evolution is diffusion on the p-adic mental space
X . It is well known that ultrametric diffusion can be represented as a random
walk (S. Albeverio, W. Karwowski, X. Zhao, L. Brekke, M. Olson, S. Evans,
A. Figa-Talamanca, etc.). Such a representation was widely used in models for
spin glasses and proteins. It is natural to use a random walk representation for
the mental evolution, since in our model the mental space has the p-adic ultra-
metric structure. First, we recall the ultrametric (p-adic) random walk model

4We understood that such a mental state might not be approached in reality. So K(t, x) is merely the ideal
object used in the mathematical model.
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for physical systems, e.g., spin glasses and proteins, and then we propose an
analogous mental model.

Consider a random walk with a p-adic configuration space. Barriers separat-
ing points are determined by the p-adic distance between points. Points x and
y are separated by a barrier:

b(x, y) = b(|x− y|p),
where b(s) is some function of the real variable s. In general there is only one
restriction on the form of energy barriers:

A function b(s) monotonically increases when s = |x− y|p increases.

Thus points x and y which are located in a small ball are separated by a small
energy barrier. Therefore it is easy to move from, e.g., x to y. Points x and
y which are located far away from each other are separated by a high energy
barrier. Therefore the system jumps from, e.g., x to y not so often. Such a
behavior is well described by transition probabilities of the form:

q(x, y) = q(|x− y|p) = e−b(|x−y|p).

This model has been widely investigated in physical literature (for example, by
A. Ogielski and D. Stein [175], B. Huberman and M. Kerszberg [91], S. Gross-
man [77], G. Paladin, M. Mezard [177], R. Rammal, J. Angles d’Auriac and
B. Doucot [184], A. Blumen, J. Klafter and G. Zumofen [28], M. Schrecken-
berg [191]). We shall use the corresponding mathematical results in our further
mental investigations.

In the random walk mental model, instead of saying that at some moment a
neural pathway z produced a mental point x and at the next moment the neural
pathway z produced a new mental point y (as we did in previous sections), we
say that at the first moment the neural pathway z was located at the mental point
x and then z jumped to a new mental point y. In this model neural pathways
randomly walk over the mental space X. The p-adic distance between mental
points x and y determines the mental energy barrier b(x, y) = b(|x− y|p). To
move from a mental point x to a mental point y the neural path z must pass the
mental energy barrier b(x, y). As in the above physical model we introduce the
probability p(t, x) of the neural pathway being found in the mental point x. In
previously discussed model p(t, x) is nothing other than the mental state. The
evolution of p(t, x) can be described by the equation of ultrametric diffusion.

In physical literature the behavior of the autocorrelation functions of states
was intensively studied. We can use these results in our mental model. Suppose
that at time t = 0 a neural pathway z (working for a psychological function f)
is prepared in a mental point x (so the probability distribution is concentrated
precisely in x). We calculate the probability p0(t) that after a time t it will again
be found in the same point x. The main distinguishing feature of ultrametric
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diffusion is that (depending on the structure of mental energy barriers) the
autocorrelation function can have a power law decay:

p0(t) ≈ t−γ , t→∞.

For such a slow decay energy barriers bj must increase sufficiently quickly, e.g.,
bj = jb, b > 0. Here γ = T ln p/b. In physical models the parameter T has the
meaning of temperature. In our model we call T the mental temperature. If the
mental temperature T is high then p0(t) decreases very quickly. In this case a
mental pathway can not produce the same mental point for a long time.

The possibility of having a power law decay plays an important role in the
process of information exchange in the neural system. Suppose that p0(t)
decreases very quickly — according to the famous Kohlrausch law:

p0(t) ≈ e−tβ ,

with β = t/b. In such a case the mental state is very unstable. Its existence time
is not sufficient for information exchange between various psychological func-
tions. We recall that Kohlrausch’s decay can also take place for the ultrametric
random walk (if energy barriers do not grow fast enough, e.g., bj = b ln j).

We recall that for finite n (where n is the length of a pathway) there is an
exact formula for the autocorrelation function p0(t). In principle, this formula
can be tested experimentally — for a fixed neural pathway of the length n. If
this formula is confirmed experimentally, it could be used to find the mental
temperature T (T = Tf depending on a psychological function f). The men-
tal temperature is an important macroscopic characteristic of a psychological
function. The mental temperature T can be also connected with transition prob-
abilities. The probability of jumping over the mental energy barrier bm is equal
to qm = e−bm/T .

We recall that in the model of the ultrametric random walk studied in the
physical literature the transition probability increases with decreasing of the
p-adic distance. Such a behaviour has interesting mental consequences.

First we consider the output part of a neural pathway z. It is essentially easier
to change the states of neurons which are located (on z) farther from the central
neuron S than neurons which are located (on z) near the S. If we only change
states of far neurons then the distance between corresponding mental points is
still small. Thus such a transition can be easily performed, since the mental
energy barrier b(x, y) = b(|x− y|p) decreases, when |x− y|p → 0.

It is clear that for the input part of the neural pathway z the behavior is
completely different. Here S has very little influence on neurons (located on
the input part of the pathway z) which are far from it.

I think that such a behavior does not contradict neurophysiological and cog-
nitive data.
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The most important consequence of our mental model is that a psycholog-
ical function f has the largest influence on domains of the brain which are
spatially separated from the central neuron S = Sf of f. This might explain the
greatest mystery of the brains functioning — spatial separation of domains of
concentration of a few psychological functions performing some synchronized
task.

Thus the ultrametric p-adic topology on the mental space determines this spa-
tial separation of domains of concentration of psychological functions. From
the physical point of view this spatial separation is, on the one hand, a conse-
quence of the neural pathway coding of mental information and, on the other
hand, the random walk structure of the functioning of psychological functions.



Chapter 12

ULTRAMETRIC WAVELETS AND
THEIR APPLICATIONS

This chapter is devoted to investigation of pseudodifferential dynamical equa-
tions on ultrametric spaces. Ultrametric pseudodifferential operators were con-
sidered in [212, 209, 210, 98, 2, 132, 131, 175, 191, 91]. The simplest example
among these operators is the Vladimirov p–adic fractional derivation operator,
which can be diagonalized by the p–adic Fourier transform, see Chapter 11. In
this chapter we introduce a wide family of pseudodifferential operators on more
general ultrametric spaces, which do not necessarily possess a group structure.
Since there is no Fourier transform on general ultrametric space, the introduced
pseudodifferential operators cannot be diagonalized using this method. Instead
of this we introduce and apply the method of ultrametric wavelets.

In the paper of S. Kozyrev [136] the basis of p–adic wavelets in the space
L2(Qp) of quadratically integrable functions on the field of p–adic numbers
was introduced and it was proven that this basis is a basis of eigenvectors for
the Vladimirov operator. Also the relation to the standard wavelet analysis on
real line was discussed. The wavelet analysis is a well established approach
used in a broad field of applications (see for instance the review [46]).

In paper [137] a family of pseudodifferential operators in the space L2(Qp),
diagonal in the basis of p–adic wavelets, but not diagonalizable by the Fourier
transform, was built, and the corresponding eigenvalues were computed. In
[117] the results of the papers [137] and [136] were generalized onto the case
of a wide family of ultrametric spaces. In this chapter we present results of
[117] and application of these results to simulation of mental processes, see
[118].

We introduce bases of ultrametric wavelets on the considered wide family
of ultrametric spaces. These bases are analogous to the p–adic wavelet basis,
constructed in [136]. We prove that the ultrametric wavelet bases consist of
eigenvectors for the introduced pseudodifferential operators. For this class of
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ultrametric spaces the wavelet analysis turns out to be an effective substitute
for the Fourier analysis.

We introduce specific maps for the considered ultrametric spaces onto pos-
itive real numbers. The introduced maps are surjective, they are one to one
correspondences on the set of full measure, and are continuous. We call these
maps the ultrametric changes of variable. They map ultrametric wavelet bases
onto some new orthonormal bases in L2(R+). Note that these bases are analo-
gous to the wavelet basis generated by the Haar wavelet. The main difference
with the p–adic case is that the image of an ultrametric wavelet basis con-
tains the vectors which are, up to shifts and dilations, the images of p–adic
wavelets with different p. We call the image of ultrametric wavelet basis the
non-homogeneous wavelet basis in L2(R+). The non–homogeneity here means
that, unlike in the case of the usual wavelet bases, vectors of non–homogeneous
wavelet basis can not be constructed using shifts and dilations of fixed wavelet.

We apply the theory of utrametric wavelets to simulate mental processes. In
chapters 8, 9, 11 we considered a cognitive tree as the generator of the mental
space X of a cognitive system τ. We recall that every psychological function
f was based on its own cognitive tree Πf . The structure of the corresponding
mental space X was not directly coupled to the structure of the cognitive tree Πf.
The structure of the mental space X was determined by the system of encoding
of mental information. For example, if this system is based on “firing/not”
encoding then the mental space X can be mathematically represented as X =
Z2 (if we consider a cognitive tree in which all branches correspond to output
signals for the centering neuron S of the tree, see chapters 8, 9) or as X = Q2

(if there are branches representing output as well as input signals for the S,
see Chapter 11). If we consider more complex encoding systems in which
states of neurons are encoded by α ∈ {0, 1, ..., p− 1} then we obtain models
in which the mental space X = Zp or X = Qp. In chapters 8, 9, 11 the
parameter p was always a prime number. However, it was remarked that this
is the purely mathematical restriction which was invented into the model to
simplify mathematical theory. Instead of the prime p, we can in principle
consider any natural number. In this case X = Qp need not be a field, but just
a ring.

Moreover, we can consider encoding systems in which the number of branches
for each vertex of a cognitive tree depends on this vertex. In this case we obtain
more general ultrametric mental spaces. However, in this case it does not look
so natural to split the structure of a cognitive tree and the corresponding mental
space. The structure of the first is directly incorporated into the second through
the coupling of encoding to vertexes of the cognitive tree. Therefore in the gen-
eral ultrametric model presented in this chapter, see [118], we do not consider
the mental space as an additional structure. We identify the mental space X
with the absolute – set of directed pathways – of a cognitive tree Πf . So the
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encoding system which is used in this chapter is based on the identification of
mental points with neural pathways. Thus in this model an elementary unit of
mental information is given by a spatial mental configuration – a neural path-
way. Of course, the embedding of a neural pathway into the physical Euclidean
space does not play any role. We shall speak about the location on a cognitive
tree (or in the corresponding ultrametric space). On such a mental space – the
absolute of a cognitive tree – we consider a mental field

ϕ : X → C.

Dynamics of this field can be described by an evolutionary pseudo-differential
equation on X. Elementary mental fields (localized spikes on the mental ultra-
metric space) are given by wavelets.

1. Construction of the ultrametric space
In the present section we define a family of ultrametric spaces related to trees.

A tree is a graph without loops. For general discussion of trees see [193].
Consider an arbitrary tree (finite or infinite), such that the path in the tree

between arbitrary two vertices is finite, and the number of edges incident to
each of the vertices is finite. If a vertex I is incident to pI + 1 edges, we will
say that the branching index of I is pI . Examples of this kind of trees are the
Bruhat–Tits trees (when the branching index is constant).

The absolute of a tree will be an ultrametric space (with respect to the nat-
urally defined metric). Consider two equivalent definitions of the absolute of
the tree.

The first definition is as follows. The infinitely continued path with the
beginning in vertex I is a path with the beginning in I , which is not a subset of
a larger path with the beginning in I . The space of infinitely continued paths in
the tree, which begin in some vertex S (that is, the root) is called the absolute
of the tree. Obviously the definition of the absolute of the tree does not depend
on the choice of S (taking any other vertex A leads to an equivalent definition).

The equivalent definition of the absolute is as follows: the absolute is the
space of equivalence classes of infinitely continued paths in the tree, such that
any two paths in one equivalence class coincide starting from some vertex (i.e.
the tails of the paths in one equivalence class are the same). If we choose in
each of the equivalence classes the paths, which begin in vertex S, we will
reproduce the first definition.

We consider trees with a partial order (or directed trees), where the partial
order is defined in the following way. Fix the vertex S and the point∞ at the
absolute. To fix the point∞ at the absolute means that have to fix the infinitely
continued path S∞ from the vertex S to ∞. The point ∞ we will call the
infinite point, or the infinity. We define the following natural partial order on
the set of vertices of the tree: J > I if J belongs to the path I∞.
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We denote the absolute of the tree by X . Let us construct an ultrametric and
a measure on X .

For the points x, y of the absolute there exists a unique path xy in the tree.
The notation xy should be understood in the following way. Since the points
x, y of the absolute are identified with the paths Sx and Sy, the path xy will
be contained in Sx

⋃
Sy. Then there exists a unique vertex A satisfying

Sx = SAx, Sy = SAy, Ax
⋂

Ay = A (12.1)

The notation ABC means that AC = AB
⋃

BC. Then

xy = Ax
⋃

Ay

Consider the paths x∞ and y∞. There exists a unique smallest (in the
introduced partial order) vertex I such that

x∞ = xI∞, y∞ = yI∞ (12.2)

We have

x∞ = xI
⋃

I∞, y∞ = yI
⋃

I∞, xy = xI
⋃

Iy

We have three possibilities.
1) Let I > S. Then

xy
⋂

S∞ = I

Consider the (non–maximal) path SI = I0I1 . . . Ik, S = I0 < I1 < · · · <
Ik = I .

Define the distance between x and y as the following product of branching
indices:

ρ(x, y) =
k∏

j=1

pIj (12.3)

2) Let I ≤ S. Then the vertex S lies at the path I∞. In this case we have
the path SI = I0I1 . . . Ik, S = I0 > I1 > · · · > Ik = I .

Define the distance between x and y as follows:

ρ(x, y) =
k−1∏
j=0

p−1
Ij

(12.4)

When I = S, the product above contains empty set of multipliers, and we
define the distance as ρ(x, y) = 1.

3) Let I and R are incomparable. In this case there exists a unique supremum
J in the sense of the introduced partial order in the tree:

J = sup (I, R),
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i.e., J is the smallest vertex larger than both R and I:

I∞ = IJ∞, R∞ = RJ∞

Consider the paths RJ = J0J1 . . . Jk, R = J0 < J1 < · · · < Jk = J ; and
IJ = I0I1 . . . Il, I = I0 < I1 < · · · < Il = J (correspondingly J = Jk = Il).

Define the distance between x and y as follows:

ρ(x, y) =
k∏

m=1

pJm

l∏
n=1

p−1
In

(12.5)

Summing up the above three cases, the introduced distance between x and
y can be described as follows.

Put into correspondence to an edge in the tree the branching index of the
largest vertex of the edge (this definition is correct, since any two vertices,
connected by edge, are comparable).

For the points x and y of the absolute consider vertex I , where the paths
x∞ and y∞ merge. Then the distance ρ(x, y) is introduced as the product of
branching indices of edges in the directed path RI in the degrees ±1, where
branching indices of increasing edges are taken in the degree +1, and branching
indices of decreasing edges are taken in the degree −1. Here an edge is called
increasing, if the end of the edge is larger than the beginning, and is called
decreasing in the opposite case.

The following lemma can be proved by direct computation.

Lemma 1.1. The function ρ(x, y) is an ultrametric (i.e. it is nonnegative, equal
to zero only for x = y, symmetric, and satisfies the strong triangle inequality):

ρ(x, y) ≤ max (ρ(x, z), ρ(y, z)), ∀z

Proof. To prove that ρ(x, y) is an ultrametric, it is sufficient to prove that ρ(x, y)
satisfies the strong triangle inequality (the other conditions, which are necessary
for ultrametricity are obvious).

Consider the points x, y, z at the absolute and the corresponding paths x∞,
y∞, z∞. Then the paths x∞, y∞ coincide, starting from some vertex I (we
consider these paths as increasing paths to the point∞). Analogously, the paths
y∞, z∞ coincide, starting from some vertex J ; the paths x∞, z∞ coincide,
starting from some vertex K.

Since vertices I and K lie at the increasing path x∞, these vertices are
comparable. Analogously, the vertices I and J are comparable; as well as the
vertices J and K. Therefore the set of vertices I , J , K is an ordered set.

There are two possibilities: or I = J = K, or some of the vertices do not
coincide. Let I > J . Then the increasing paths y∞ and z∞ coincide, starting



214 P -ADIC DETERMINISTIC . . .

from J , and coincide with the path x∞, starting from I , which implies that
I = K. Therefore

ρ(x, y) = ρ(x, z) > ρ(y, z)

i.e. the strong triangle inequality is satisfied.
Analogously, with the other choice of the order on the set I , J , K we again

will obtain the strong triangle inequality, which finishes the proof of the lemma.

We have defined the ultrametric on the absolute of the tree. In the topology
corresponding to the defined ultrametric, the absolute X will be locally compact.
For the Bruhat–Tits tree the construction of ultrametric reduces exactly to the
definition of p–adic distance.

Define the measure μ on the absolute of the tree, which for the case of the
Bruhat–Tits tree will reduce to the Haar measure on p–adic numbers. To define
the measure μ, it is enough to define this measure on the disks DI , where DI

is the set of all the infinitely continued paths incident to the vertex I which
intersect the path I∞ only at the vertex I .

Define the diameter dI of the disk as the supremum of the distance ρ(x, y)
between the paths Ix and Iy in DI . Then DI is the ball of radius dI with its
center on any of Ix ∈ DI .

Definition 1.2. The measure μ(DI) of the disk DI is equal to the disk diameter.

Since the disk DI contains pI maximal subdisks, which by definitions of
the ultrametric and the measure have the measure p−1

I μ(DI), the measure μ is
additive on disks. By additivity we can extend the measure on algebra generated
by disks (σ–additivity of the measure will follow from the local compactness
of the absolute, analogously to the case of the Lebesgue measure). We denote
L2(X, μ) the space of the square integrable (with respect to the defined measure)
functions on the absolute. Since the absolute X is not a group, there is no
Fourier transform in L2(X, μ). We are nevertheless able to define the wavelet
transform.

Define the enumeration on the set of directed edges (the edge is directed, or
has a direction, if we distinguish the beginning and end of the edge). For each
vertex I in the tree we have pI + 1 edges incident to the vertex, 0 ≤ pI <∞.
By definition there exists a unique edge incident to the path I∞. Enumerate
this edge by−1, and enumerate all the other pI edges by xI = 0, . . . , pI − 1 in
an arbitrary way. Note that the direction of the edge is important: since every
edge has a beginning and an end, it corresponds to two directed edges (with the
opposite direction) with two different numerations. We also take all the edges
at the path S∞, directed from the∞ to S be enumerated by 0 (and by −1 if
the edges are directed in the opposite way).
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Define the following enumeration of the points of the absolute X by se-
quences of indices. Consider the point x of the absolute. Consider the paths
Sx and S∞. There exists a unique vertex I such that

Sx = SIx, S∞ = SI∞, x∞ = xI
⋃

I∞
It is obvious that S and I are comparable, i.e. we have two possibilities: I ≤ S
or I > S.

1) Let I > S and the distance in the tree between I and S (the number of
edges in the path IS) is γ. Then we enumerate the vertices in the corresponding
path Ix = I−γI−γ+1 . . . . The sequence corresponding to x can be written:

x = xI−γxI−γ+1 . . . xI−1 , xI0xI1 . . .

Here xJ are the numbers of the edges directed from the higher to the lower
vertex in the path (this means that there is no −1 indices here, all the indices
are in the set 0, . . . , pJ − 1).

2) Let I = S. Then we enumerate the vertices in the path Sx = I0I1 . . . .
The sequence corresponding to x can be written:

x = 0, xI0xI1 . . .

This enumeration is the analogue of the expansion of a p–adic number into
a series over the degrees of p or of the expansion of a real number into in-
finite decimal fraction. In both these expansions, numbers (real or p–adic)
are parameterized by sequences of digits. This suggests to call the introduced
parameterization of the absolute the digital parameterization.

Remark 1.3. The defined above parameterization allows to put in correspon-
dence to the vertex I the point of the absolute with the enumeration I0 . . . ,
which we will denote by the same symbol I .

2. The wavelet basis in L2(μ, X)

For the vertex I of the tree, define the function ΩI(x) on the absolute, which
is equal to the characteristic function of the disk DI .

Define the ultrametric wavelet as the function ψIj(x) on the absolute, where
I is the vertex of the tree and j = 1, . . . , pI − 1, given by the formula

ψIj(x) =
e2πijxIp

−1
I ΩI(x)√

μ(DI)
(12.6)

Note that the definition of the wavelet depends on the enumeration of the
edges of the tree (but the supports of the wavelet do not depend on the enumer-
ation).
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Theorem 2.1. {ψIj} is an orthonormal system of functions in L2(X, μ). If all
the infinitely continued directed paths in the tree are infinite, then {ψIj} is a
basis in L2(μ, X).

Proof. Consider the scalar product

〈ψIj , ψI′j′〉 = 1√
μ(DI)μ(DI′)

∫
e−2πijxIp

−1
I e2πij′xI′p

−1
I′ ΩI(x)ΩI′(x)dμ(x)

(12.7)
The expression above can be non–zero only when I ≥ I ′ or I ≤ I ′. Without
loss of generality we choose I ≤ I ′. In this case

ΩI(x)ΩI′(x) = ΩI(x)

Consider I < I ′. Then for the integral at the SHS of (12.7) we get

1√
μ(DI)μ(DI′)

e2πij′xI′p
−1
I′
∫

e−2πijxIp
−1
I ΩI(x)dμ(x) = 0

since xI′ is a constant on DI .
Therefore, the scalar product (12.7) can be non–zero only for I = I ′, then

we obtain for (12.7)

〈ψIj , ψIj′〉 =
1

μ(DI)

∫
e2πi(j′−j)xIp

−1
I ΩI(x)dμ(x) = δjj′

We get for (12.7)
〈ψIj , ψI′j′〉 = δII′δjj′

which proves that vectors ψIj are orthonormal.
To prove that if all the infinitely continued directed paths in the tree are infinite

the set of vectors {ψIj} is an orthonormal basis (i.e. it is total in L2(X, μ)), we
use the Parsevale identity. Since the set of indicators (characteristic functions)
of the disks DI is total in L2(X, μ), proving that {ψIj} is a total system requires
only to check the Parsevale identity for the indicator ΩI(x).

We have for the normed indicator the following scalar product:

1√
μ(DJ)

〈ΩJ , ψIj〉 =
1√

μ(DI)μ(DJ)
〈ΩJ(x), e2πijxIp

−1
I ΩI(x)〉 (12.8)

which is equal to √
μ(DJ)
μ(DI)

e2πijxIp
−1
I

for J < I, and to zero otherwise.
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This implies the following identity:

∑
Ij

∣∣∣∣∣ 1√
μ(DJ)

〈ΩJ , ψIj〉
∣∣∣∣∣
2

= μ(DJ)
∑
I>J ;j

1
μ(DI)

= μ(DJ)
∑
I>J

pI − 1
μ(DI)

(12.9)
Consider the increasing sequence J∞, J = I0 < I1 < . . . of vertices starting
from J . We will consider both the cases when this sequence is finite or infinite
(when the sequence is finite, we will denote the largest vertex in this sequence
by If ; this vertex can be identified with the infinite point∞ of the absolute).
Since f is the length of the sequence J∞, for the case when the sequence J∞
is infinite, we will say that f is infinite.

The following property is satisfied

μ(DIk
) = μ(DJ)

k∏
l=1

pIl

This implies for (12.9) the following

μ(DJ)
∑
I>J

pI − 1
μ(DI)

=
f∑

k=1

pIk
− 1∏k

l=1 pIl

=
f∑

k=1

⎡⎣(k−1∏
l=1

pIl

)−1

−
(

k∏
l=1

pIl

)−1
⎤⎦

which is equal to

1−
(

f∏
l=1

pIl

)−1

when f is finite, and to

lim
f→∞

⎡⎣1−
(

f∏
l=1

pIl

)−1
⎤⎦ = 1

when f is infinite.
It means that if all the infinitely continued directed paths in the tree are

infinite the Parsevale identity is satisfied, and that {ψIj} is an orthonormal
basis in L2(X, μ), thus proving the theorem.

We call this basis the basis of the ultrametric wavelets.

3. Pseudodifferential operators
In the present section we construct a family of ultrametric pseudodifferential

operators, which will be diagonal in the basis of ultrametric wavelets.
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Consider the operator in L2(X, μ)

Tf(x) =
∫

T (x, y)(f(x)− f(y))dμ(y) (12.10)

Introduce some conditions on the kernel T (x, y) of the operator (12.10).

Definition 3.1. We consider the class of kernels T (x, y), which are nonnegative
and depend (as a function of two variables x and y) only on the highest (in the
sense of the partial order in the tree) point A(x, y) lying at the path between x
and y in the tree.

Lemma 3.2. The function T (x, y) is symmetric, positive and locally constant
with respect to y for a fixed x (outside any vicinity of x), and, for an arbitrary
fixed x, the following condition is satisfied:

T (x, y) = const , if ρ(x, y) = const (12.11)

Theorem 3.3. The function of the form

T (x, y) =
∑
I

T (I)δ|I|,ρ(x,y)ΩI(x) (12.12)

where T (I) ≥ 0, satisfies the conditions of lemma 3.2, and an arbitrary function
satisfying (12.11) can be represented in the form (12.11).

Here |I| = μ(DI) is the diameter if the disk DI , which consists of the paths
incident to the vertex I and directed in the opposite direction to the infinity (and
the disk diameter is equal to the measure of the disk). Semind that the function
ΩI(x) is the characteristic function of the disk DI .

Proof. The positivity of T (x, y) is obvious. Let us prove the symmetricity of
T (x, y). We have

T (x, y)− T (y, x) =
∑
I

T (I)δ|I|,ρ(x,y) (ΩI(x)− ΩI(y)) (12.13)

In order to prove that this expression is equal identically to zero, consider the
case when x is such that the following characteristic function is non–zero:
ΩI(x) = 1. This implies

ρ(x, I) ≤ |I| (12.14)

If δ|I|,ρ(x,y) �= 0, then
ρ(x, y) = |I| (12.15)

Formulas (12.14), (12.15) and ultrametricity of the absolute imply that ΩI(y) =
1. Therefore, the corresponding terms in (12.13) cancel. This proves that the
T (x, y) given in (12.12) is symmetric. Let us prove now that it satisfies (12.11).
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Fix x ∈ DI at the absolute. Then for y lying at the sphere with the center x
and the radius |I| we have

δ|I|,ρ(x,y) = 1

Also ΩI(x) is a constant on this sphere. Therefore T (x, y) will be a constant
on the considered sphere and (12.11) will be satisfied.

This proves that T (x, y) satisfying the conditions of the present theorem will
satisfy lemma 3.2.

Vice versa, it is easy to see that the kernel (12.12) for x, y lying in the disk
with the center I and the radius |I|, and satisfying ρ(x, y) = |I|, takes the value
T (I).

Since all the space x, y ∈ X × X is the disjoint union of such a subsets,
therefore, taking an arbitrary positive T (I) we are able to construct an arbitrary
kernel satisfying (12.11). This finishes the proof of the theorem.

Theorem 3.4. Let the kernel (12.11) satisfies the condition of convergence of
all the integrals in (12.17) for any I . Then the operator (12.10) is a selfadjoint
(and moreover, positive) operator in L2(X, μ) with a dense domain and the
wavelets ψIj are eigenvectors for the operator (12.10):

TψIj(x) = λIψIj(x) (12.16)

with the eigenvalues

λI =
∫
ρ(I,y)>|I|

T (I, y)dμ(y) + T (I, I1)μ(DI) (12.17)

Here in the notations ρ(I, y), T (I, y), T (I, I1), symbol I is the point of the
absolute, corresponding to vertex I in the sense of the remark 1.3. Vertex I1 is
the maximal vertex, which is less than I and has the numeration, obtained from
the numeration of I by adding of 1 (in T (I, I1) we mean the corresponding
points of the absolute).

Proof. To prove the present theorem we use Lemma 3.2. Consider the wavelet
ψIj . Then

TψIj(x) =
∫

T (xy) (ψIj(x)− ψIj(y)) dμ(y)

Consider the following cases.
1) Let x lies outside DI . Then Lemma 3.2 implies

TψIj(x) = −T (x, I)
∫

ψIj(y)dμ(y) = 0

Note that by (12.11) T (x, I) does not depend on the enumeration of the points
of the absolute.
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2) Let x ∈ DI . Then again by Lemma 3.2

TψIj(x) =(∫
ρ(x,y)>|I|

+
∫
ρ(x,y)=|I|

+
∫
ρ(x,y)<|I|

)
T (x, y)(ψIj(x)− ψIj(y))dμ(y) =

=

(∫
ρ(x,y)>|I|

+
∫
ρ(x,y)=|I|

)
T (x, y)(ψIj(x)− ψIj(y))dμ(y) =

= ψIj(x)
∫
ρ(x,y)>|I|

T (x, y)dμ(y)+∫
ρ(x,y)=|I|

T (x, y)(ψIj(x)− ψIj(y))dμ(y) =

= ψIj(x)
∫
ρ(I,y)>|I|

T (I, y)dμ(y)+

T (I, I1)ψIj(x)μ(DI)p−1
I

pI−1∑
l=1

(
1− e2πijl

)
The last equality follows from Lemma 3.2 and the local constance of ψIj .

Since for j = 1, . . . , p− 1 mod p we have

p−1∑
l=1

(
1− e2πip−1jl

)
= p

we obtain

TψIj(x) = ψIj(x)

(∫
ρ(I,y)>|I|

T (I, y)dμ(y) + T (I, I1)μ(DI)

)
which gives (12.17). Therefore the operator T is well defined on the basis in
L2(X, μ). Moreover, the obtained eigenvalues are nonnegative. This finishes
the proof of the theorem.

The next theorem gives a simple representation for the eigenvalues of the
operator (12.10) with the kernel (12.12).

Theorem 3.5. Let the following series converge:∑
J>S

T (J)μ(DJ) <∞ (12.18)

Then the operator (12.10) corresponding to the kernel (12.12) is a selfadjoint
(and moreover, positive) operator in L2(X, μ), which is diagonal in the basis
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of ultrametric wavelets and has the following eigenvalues in this basis:

λI = T (I)μ(DI) +
∑
J>I

T (J)μ(DJ)(1− p−1
J ) (12.19)

Note that condition of convergence of the series (12.18) is equivalent to
convergence of the integrals (12.17).

Proof. Substituting (12.12) into (12.17) we get

λI=
∫
ρ(I,y)>|I|

∑
J

T (J)δ|J |,ρ(I,y)ΩJ(I)dμ(y)+
∑
J

T (J)δ|J |,ρ(I,I1)ΩJ(I)μ(DI) =

=
∑
J>I

T (J)μ(DJ)(1− p−1
J ) + T (I)μ(DI)

if the corresponding series converge.
Here we use the property

δ|J |,ρ(I,I1)ΩJ(I) = δIJ

Since every two paths in the tree, which go to infinity, coincide starting from
some vertex, condition (12.18) is equivalent to∑

J>I

T (J)μ(DJ) <∞, ∀I

4. Relation to wavelets on real line
In [136] the relation between the basis {ψγjn} of p–adic wavelets and the

basis of wavelets in the space of quadratically integrable functions L2(R+) on
positive half–line was discussed. The basis {ψγjn} was called the basis of
p–adic wavelets, since after the natural map of p–adic numbers onto positive
real numbers (called the p–adic change of variable) this basis maps onto the
wavelet basis (in the space of functions on positive real half–line) generated
by the Haar wavelet (for p=2). For p > 2 the p–adic change of variable maps
the basis of p–adic wavelets onto the orthonormal basis in L2(R+), which is a
simple generalization of the basis generated by the Haar wavelet: the vectors of
this basis are complex valued compactly supported stepwise functions, which
take p different values equal to the p–th complex roots of 1.

The wavelet basis in L2(R+) is a basis given by shifts and dilations of the
mother wavelet function, cf. [46]. The simplest example of such a function is
the Haar wavelet

Ψ(x) = χ[0, 1
2
](x)− χ[ 1

2
,1](x) (12.20)
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(i.e, the difference of two characteristic functions).
The wavelet basis in L2(R) (or basis of multiresolution wavelets) is the basis

Ψγn(x) = 2−
γ
2Ψ(2−γx− n), γ ∈ Z, n ∈ Z (12.21)

The p–adic wavelets ψγjn(x), see [136], are defined in the way similar to
the definition of ψIj(x) in the present paper:

ψγjn(x) = p−
γ
2χ(pγ−1jx)Ω(|pγx−n|p); γ ∈ Z, n ∈ Qp/Zp, j = 1, . . . , p−1

The following p–adic change of variable was considered:

η : Qp → R+

η :
∞∑
i=γ

aip
i �→

∞∑
i=γ

aip
−i−1, ai = 0, . . . , p− 1, γ ∈ Z, (12.22)

which maps the wavelet basis on the basis of p–adic wavelets. The following
theorem was proven:

Theorem 4.1. For p = 2 the map η, defined by (12.22), maps the orthonormal
basis of wavelets in L2(R+) (generated from the Haar wavelet) onto the basis
of eigenvectors of the Vladimirov operator (p–adic wavelets):

η∗ : Ψγη(n)(x) �→ (−1)nψγ1n(x) (12.23)

For general p the p–adic change of variable, applied to the basis of p–adic
wavelets, will generate a basis in L2(R+) of vectors which, up to multiplication
by numbers, have the form

Ψ(p)
γn (x) = p−

γ
2Ψ(p)(p−γx− n), γ ∈ Z, n ∈ Z+

where Z+ is the set of positive integers and

Ψ(p)(x) =
p−1∑
l=0

e2πilp−1χ[lp−1,(l+1)p−1](x)

This basis is a generalization of the basis of wavelets, generated by the Haar
wavelet (and can be extended into a basis in L2(R+), if we take n ∈ Z+).

Constructed in the present paper basis {ψIj} gives rise to a new basis in
L2(R+), which is a generalization of the wavelet basis.

In the present paper we build a generalization of the map η, which we will
call the ultrametric change of variable, η : X → R+. For the point x at the
absolute

x = xIγxIγ+1 . . . xI−1 , xI0xI1 . . . ; xI = 0, . . . , pI − 1, γ ∈ Z
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the map η looks as follows

η : x �→
−1∑
k=γ

xIk

−1∏
l=k

pIl
+

∞∑
k=0

xIk

k∏
l=0

p−1
Il

(12.24)

for negative γ and

η : x �→
∞∑
k=γ

xIk

k∏
l=0

p−1
Il

(12.25)

for positive γ.
This map is not a one–to–one map (but it is a one–to–one map almost every-

where). The map η is continuous and moreover, one can prove the following
lemma:

Lemma 4.2. The map η satisfies the Hölder inequality

|η(x)− η(y)| ≤ ρ(x, y) (12.26)

Proof. Consider

x = xIαxIα+1 . . . xI−1 , xI0xI1 . . . ; y = yJβ
yJβ+1

. . . yJ−1 , yJ0yJ1 . . . .

where we assume without loss of generality that α ≤ β. For simplicity we
assume 0 ≤ α ≤ β. In this case

η(x) =
∞∑
k=α

xIk

k∏
l=0

p−1
Il

η(y) =
∞∑
k=β

yJk

k∏
l=0

p−1
Jl

Then

ρ(x, y) =
α−1∏
l=0

p−1
Il

We have

η(x)− η(y) =
β−1∑
k=α

xIk

k∏
l=0

p−1
Il

+
∞∑
k=β

[
xIk

k∏
l=0

p−1
Il
− yJk

k∏
l=0

p−1
Jl

]
=

= ρ(x, y)

⎛⎝β−1∑
k=α

xIk

k∏
l=α

p−1
Il

+
∞∑
k=β

[
xIk

k∏
l=α

p−1
Il
− yJk

k∏
l=α

p−1
Jl

]⎞⎠ ≤
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≤ ρ(x, y)

⎛⎝β−1∑
k=α

(pIk
− 1)

k∏
l=α

p−1
Il

+
∞∑
k=β

(pIk
− 1)

k∏
l=α

p−1
Il

⎞⎠ =

= ρ(x, y)
∞∑
k=α

(pIk
− 1)

k∏
l=α

p−1
Il

= ρ(x, y) lim
f→∞

(
1−

f∏
l=α

p−1
Il

)
= ρ(x, y)

Lemma 4.3. The map η satisfies the conditions

η : DI → η(I) + [0, μ(DI)] (12.27)

η : X\DI → R+\{η(I) + [0, μ(DI)]} (12.28)

up to a finite number of points.

Note that here we identify the vertex I and the point at the absolute with the
enumeration I0 . . . .

Proof. For the vertex I , consider the points

I = xIαxIα+1 . . . xI−1 , xI0xI1 . . . xIβ−10 . . .

and
Ĩ = xIαxIα+1 . . . xI−1 , xI0xI1 . . . xIβ−1pIβ

− 1, . . .

The first is the point at the absolute X corresponding to the vertex I , while the
second is the first with the addition of the tail of pIβ

− 1, . . . .

η(I) =
−1∑
k=α

xIk

−1∏
l=k

pIl
+

β−1∑
k=0

xIk

k∏
l=0

p−1
Il

η(Ĩ) =
−1∑
k=α

xIk

−1∏
l=k

pIl
+

β−1∑
k=0

xIk

k∏
l=0

p−1
Il

+
∞∑
k=β

(pIk
− 1)

k∏
l=0

p−1
Il

We have

η(Ĩ)− η(I) =
∞∑
k=β

(pIk
− 1)

k∏
l=0

p−1
Il

=
β−1∏
l=0

p−1
Il

∞∑
k=β

(pIk
− 1)

k∏
l=β

p−1
Il

=

= μ(DI) lim
f→∞

⎛⎝1−
f∏

l=β

p−1
Il

⎞⎠ = μ(DI)
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Then
η(Ĩ) = η(I) + μ(DI)

Using lemma 4.2, we obtain the proof of the lemma.

Lemma 4.4. The map η maps the measure μ on the absolute onto the Lebesgue
measure l on R+: for any measurable subset S ⊂ X we have:

μ(S) = l(η(S))

or in symbolic notations
η : dμ(x) �→ dx

Proof. Lemma 4.3 implies that disks in X map onto closed intervals in R+

with conservation of measure. The map η : X → R+ is surjective, and since
nonintersecting disks map onto intervals that do not intersect or have intersection
of the measure zero (by lemma 4.3), this proves the lemma.

Therefore the corresponding conjugated map

η∗ : L2(R+)→ L2(X, μ)

ρ∗f(x) = f(ρ(x)) (12.29)

is a unitary operator. The inverse to this map will map basis of ultrametric
wavelets on the absolute X on some basis of functions on real positive half–
line.

This and Lemmas 4.3, 4.4 suggest the following definition:

Definition 4.5. We call the basis {ΨIj} in L2(R+), where ΨIj = η−1∗ψIj , the
basis of nonhomogeneous wavelets on positive real half–line.

The map η−1∗ between spaces of quadratically integrable functions is well
defined since the map η is one to one on the set of a complete measure.

We see that using the ultrametric change of variable η we can define the new
examples of wavelets in L2(R+). The name nonhomogeneous wavelets means
that the basis η−1∗{ψIj} in L2(R+) lacks translation invariance (the shift of the
wavelet is not necessarily a wavelet, while for usual multiresolution wavelets
this would be true).

The basis of nonhomogeneous wavelets combines wavelets corresponding
to p–adic wavelets with different p.

5. Ultrametric wavelets as elementary mental fields
We consider the cognitive tree Πf corresponding to a psychological function

f. The absolute X of this cognitive tree is used as a mathematical model of
the mental space (corresponding to the psychological function f). Points of the
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absolute (pathways) x are called mental points. The root S of the cognitive tree
corresponds to the centering neuron.1.

Let us consider two sets of neural pathways

X input = {x ∈ X : ρ(x, S∞) > 1}

Xoutput = {x ∈ X : ρ(x, S∞) � 1}
In our model the centering neuron (root) S collects all signals propagated
through neural pathways x ∈ X input. Thus elements of the set X input can be
identified with various stimuli for the psychological function f. Signals from
the S propagate throughout neural pathways x ∈ Xoutput. Thus elements of
the set Xoutput can be identified with various responses of the cognitive tree
(psychological function f) to stimuli represented by the X input. We remark
that

X input = {x ∈ X : x = x−γ ...x−1, x0....xs..., where x−γ �= 0}

Xoutput = {x ∈ X : 0, x0....xs...}
Let f : X → X be a continuous map. We can consider the model of

dynamical thinking on the level of mental points:

xn+1 = f(xn).

If the neural pathway x0 is activated at the initial moment t = t0 then the
neural pathway xn will be activated at the moment t = tn. For example, one
stimulus x0 activates a chain of other stimuli and responses. We can proceed
in the same as in Chapter 9 and consider balls-associations in the ultrametric
mental space, see [111], and their dynamics. Of course, not every continuous
map f : X → X would induce dynamics of balls. So we should consider the
class of dynamical maps which can be lifted from the ultrametric space to the
space of its balls, cf. Chapter 9. The next step can be the consideration of RDS
on ultrametric spaces instead of deterministic dynamical systems. Such RDS
generate dynamics of probability distributions on ultrametric mental spaces
and by generalizing the latter model we would arrive the model of probabilistic
thinking on an ultrametric mental space. In this book we do not try to realize
this program.

We start directly with a very general mental model by defining a mental state
as a map

ϕ : X → C.

1By choosing different vertexes of a tree as roots we obtain different cognitive trees (corresponding to
different psychological functions)
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In the general model the evolution of the mental state is given by the pseudod-
ifferential equation

α
∂ϕ

∂t
(t, x) = Tϕ(t, x), α ∈ C, (12.30)

ϕ(0, x) = ϕ0(x). (12.31)

Here t ∈ R+ and x ∈ X. Thus starting with the initial mental state ϕ0(x) a
psychological function f produces mental states ϕ(t, x). Here the generator T
of the mental evolution depends on the psychological function f : T = Tf .

We can consider two main models of the process of thinking.
a). Mental ultrametric diffusion. Here ϕ : X → [0, 1] ⊂ R; ϕ(t, x) =

p(t, x) is interpreted as a probability distribution on the mental space; the evo-
lution equation is the Chapman-Kolmogorov equation (the direct Kolmogorov
equation) on X :

∂p
∂t

(t, x) = −Tp(t, x), (12.32)

p(0, x) = p0(x), (12.33)

where T is a pseudodifferential operator (satisfying to some additional restric-
tions).

The p(t, x) gives the intensity of the activation of the pathway x at the
moment t. This intensity can be a complex functions of potentials in neurons,
axons, ...

b). Quantum-like mental ultrametric model. Here ϕ = ψ(t, x) is a complex
valued normalized amplitude on the ultrametric space X, so it belongs to the
unit sphere of the Hilbert space H = L2(X, μ). The corresponding amplitude
of probability (the intensity of the activations of neural pathways) is given by
the Born’s rule:

p(t, x) = |ψ(t, x)|2.
The evolution equation is the Schrödinger equation, cf. [111], for quantum-like
systems:

ihm
∂ϕ

∂t
(t, x) = Hϕ(t, x), (12.34)

ϕ(0, x) = ϕ0(x), (12.35)

where hm > 0 is a scaling factor – a mental analogue of the Planck constant.
Here H is the Hamiltonian of the psychological function f – the operator of
mental energy for this function. This is a self-adjoint positively defined pseudo-
differential operator.

We remark that in our model a cognitive neural tree is considered as a macro-
scopic quantum-like system, see [114], [115]. Thus our model has nothing to
do with various reductionist models (cf. with, e.g., S. Hameroff or R. Penrose)
in which quantum mental behavior is generated by quantum behavior of atoms
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and photons composing the brain. In our model quantum-like probabilistic
mental behavior is a consequence of the complex information structure of a
cognitive system.

Wavelets on the mental space can be considered as elementary mental waves.
As we have seen, any mental state can be represented as the superposition of ele-
mentary mental waves. Wavelets are stationary states of the mental Hamiltonian
H. These mental waves have compact supports: wavelets ψIj is concentrated on
the ball DI , a neighborhood of the neuron I. Thus there exist (infinitely many)
stationary mental states localized (in the ultrametric topology of the cognitive
tree) at any individual neuron I. We recall that the ultrametric localization is the
localization on a subtree of neural pathways based on a neuron I. The wholeness
of brain’s functioning is based on the superposition of these localized mental
states ψ ∈ H. Here

ψ(t, x) = e−
it

hm
Hψ0(x).

For ψ0 = ψIj we have

ψIj(t, x) = e−
it

hm
[
P

J>I T
(J)μ(DJ )(1−p−1J )+T (I)μ(DI)]ψIj(x).

As was already emphasized in [111], [114], [115] (for the p-adic mental
model), one of the distinguishing features of the ultrametric mental models is
that the operator of mental energy H has spectrum of the infinite degeneration.
Each level of mental energy λI is coupled with the infinite sequence of mental
states {ψIj}. It is interesting that in our model levels λI of mental energy are
determined by neurons I.

Thus it seems that the spatial (with respect to the cognitive tree) encoding
does not provide the complete description of the mental processing. There
should be additional wave-like factors (as we have in wavelets). This wave-
like factors can be related to some physical fields on brain as well as purely
information fields. We remark that even in the case of physical fields these
are fields which are defined not on the physical Euclidean space, but on the
ultrametric space corresponding to a cognitive tree.



Chapter 13

THEORY OF P-ADIC VALUED PROBABILITY

The development of a non-Archimedean (especially, p-adic) mathematical
physics, see Chapter 1, induced some new mathematical structures over non-
Archimedean fields. In particular, probability theory with p-adic valued prob-
abilities was developed in [99], [101]. This probability theory appeared in
connection with a model of quantum mechanics with p-adic valued wave func-
tions [99], [101]. The main task of this probability formalism was to present
the probability interpretation for p-adic valued wave functions.

The first theory with p-adic probabilities was the frequency theory in which
probabilities were defined as limits of relative frequencies νN = n/N in the
p-adic topology1.This frequency probability theory was a natural extension of
the frequency probability theory of R. von Mises, see [214], [215], [216]. One
of the most interesting features of the p-adic frequency theory of probability
is the possibility to obtain negative (rational) probabilities as limits of relative
frequencies. Thus negative probabilities which has been considered in quantum
physics (in particular, by Dirac and Feynman) can be obtained on the mathemat-
ical level of rigorousness as p-adic probabilities. Typically p-adic frequency
negative probabilities (as well as probabilities which are larger than 1) appear
in the cases of violation of the ordinary Mises statistical stabilization (with re-
spect to the real metric). In fact, in this chapter we shall only consider a p-adic
generalization of Mises’ principle of the statistical stabilization. The next nat-
ural step is to find a p-adic generalization of Mises’ principle of randomness.
This problem was studied in [105](on the basis of a p-adic generalization of
Martin-Löf’s theory of statistical tests).

1The following trivial fact is the cornerstone of this theory: the relative frequencies belong to the field of
rational numbers Q; we can study their behavior not only in the real topology on Q, but also in some other
topologies on Q and, in particular, in the p-adic topologies on Q.
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The next step was the creation of p-adic probability formalism on the basis
of a theory of p-adic valued probability measures. It was natural to do this
by following to A. N. Kolmogorov who proposed the measure-theoretical ax-
iomatics of probability theory. Kolmogorov used properties of the frequency
(Mises) probability (non-negativity, normalization by 1 and additivity) as the
basis of his axiomatics. Then he added the technical condition of σ-additivity
for using Lebesgue’s integration theory. In books [99], [101] we tried to follow
A.N. Kolmogorov. p-adic frequency probability has also the properties of ad-
ditivity, it is normalized by 1 and the set of possible values of this probability
is the whole field of p-adic numbers Qp. Thus it was natural to define p-adic
probability as a Qp-valued measure normalized by 1.

However, it was a rather complicated problem to propose a p-adic analogue
of the condition of σ-additivity. It is the well known fact that all σ-additive
Qp-valued measures defined on σ-rings are discrete measures.

An abstract theory of non-Archimedean measures has been developed by A.
van Rooji [208]. The basic idea of this approach is to study measures defined
on rings (which in principle cannot be extended to measures on σ-rings). This
gives the possibility for constructing non-discrete p-adic valued measures. On
the other hand, the condition of continuity for measures in [208] implies the
σ-additivity in all natural cases2.

In this chapter, see also [105], we present a p-adic probability formalism
based on measure theory of A. van Rooji[208]. By probabilistic reasons we use
the special case of this measure theory: measures defined on algebras of sets
(such measures have some special properties). However, probabilistic applica-
tions stimulate also the development of the general theory of non-Archimedean
measures defined on rings. We prove the formula of the change of variables for
these measures and use this formula for developing the formalism of conditional
expectations for p-adic valued random variables.

As the fields of p-adic numbers are non-Archimedean there exist infinitely
large p-adic numbers (a kind of infinitely large natural numbers) in Qp (at
least some p-adic integers can be interpreted in such a way). Thus p-adic
analysis gives the possibility to use actual infinities and consider statistical
ensembles with an infinite number of elements. Probabilities with respect to
such ensembles are defined as ordinary proportions (but in thep-adic case we can
consider not only proportions of finite quantities, but also infinite quantities).

One of the main features of such ensemble probabilities is the appearance of
negative (rational) probabilities (as well as probabilities which are larger than
1). In this approach the origin of such ‘pathological’ (from the real viewpoint)
probabilities is very clear. In particular, we shall see that a large set of negative

2Thus the σ-additivity is not a problem. The problem is find the right domain of definition of p-adic
probabilistic measures.
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probabilities is naturally interpreted as a set of infinitely small probabilities
(giving the split of the conventional probability 0). We shall also see that a
large set of probabilities which are larger than 1 is naturally interpreted as a set
of probabilities which are negligibly differ from 1. Other interesting property
of p-adic ensemble probability is that the corresponding probabilistic measure
is not well defined on a set algebra, but only on a generalization of algebra –
so called semi-algebra, see [105] for detail (the same set theoretic construction
has already been used in chapter 3).

Theory with p-adic valued probabilities is the basis of a new theory of ran-
dom dynamical system in which randomness is understood as randomness with
respect to p-adic valued probability measures. In this book we do not plan to
develop such a dynamical theory, see [120],[121], [122] for first steps toward
this theory.

Everywhere in this chapter the family of all subsets of a set Ω is denoted by
the symbol of FΩ. This is the simplest example of algebra of sets.

1. Probability as limit of frequencies in the p-adic topology
We present the basic notions of the von Mises frequency probability theory.

Consider a random experiment E and denote by L = {α1, ..., αm} the set of all
possible results of this experiment. The set L is said to be the label set, or the set
of attributes. We consider only finite sets L. Let us consider N realizations of
E and write a result xj after each realization. Then we obtain the finite sample:

x = (x1, ..., xN), xj ∈ L.

A collective is an infinite idealization of this finite sample :

x = (x1, ..., xN , ...), xj ∈ L, (13.1)

for which the following two von Mises’ principles are valid.
The first is the statistical stabilization of relative frequencies of each attribute

α ∈ S in the sequence (13.1). Let us compute frequencies

νN (α; x) = nN (α; x)/N,

where nN (α; x) is the number of realizations of the attribute α in the first N
trails. The principle of the statistical stabilization of relative frequencies says :

The frequency νN (α; x) approaches a limit as N approaches infinity for
every label α ∈ L.

This limit
P(α) = lim νN (α; x)

is said to be the probability of the label α in the frequency theory of probability.
Sometimes this probability will be denoted by Px(α) (to show a dependence
on the collective x).
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“We will say that a collective is a mass phenomenon or a repetitive event, or
simply a long sequence of observations for which there are sufficient reasons
to believe that the relative frequency of the observed attribute would tend to
a fixed limit if the observations were infinitely continued. This limit will be
called the probability of the attribute considered within the given collective",
[215].

The second principle is the so-called principle of randomness. Heuristically
it is evident that we cannot consider, for example, the sequence z = (0, 1, 0, 1,
..., 0, 1, ...) as a random object (generated by a statistical experiment). However,
the principle of the statistical stabilization holds for z and P(0) = P(1) = 1/2.
Thus, we need an additional restriction for sequences (13.1). This condition
was proposed by von Mises:

The limits of relative frequencies have to be stable with respect to a place
selection (a choice of a subsequence) in (13.1).

In particular, z does not satisfy this principle. For example, if we choose
only even places, then we obtain the zero sequence z0 = (0, 0, ...) where
P(0) = 1,P(1) = 0.

However, this very natural notion was the hidden bomb in the foundations of
von Mises’ theory. The main problem was to define a class of place selections
which induces a fruitful theory. The main and very natural restriction is that a
place selection in (13.1) cannot be based on the use of attributes of elements.
For example, we cannot consider a subsequence of (13.1) constructed by choos-
ing elements with the fixed label αk ∈ L. Von Mises proposed the following
definition of a place selection:

(PS) “a subsequence has been derived by a place selection if the decision to
retain or reject the nth element of the original sequence depends on the number
n and on label values x1, ..., xn−1 of the (n − 1) presiding elements, and not
on the label value of the nth element or any following element",

see [215], p.9. Thus a place selection can be defined by a set of functions
f1, f2(x1), f3(x1, x2), f4(x1, x2, x3), ..., each function yielding the values 0
(rejecting the nth element) or 1 (retaining the nth element).

Here are some examples of place selections:
(1) choose those xn for which n is prime;
(2) choose those xn which follow the word 01;
(3) toss a (different) coin; choose xn if the nth toss yields heads.
The first two selection procedures may be called lawlike, the third random.

It is more or less obvious that all of these procedures are place selections: the
value of xn is not used in determining whether to choose xn.

The principle of randomness ensures that no strategy using a place selection
rule can select a subsequence that allows different odds for gambling than a
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sequence that is selected by flipping a fair coin. This principle can be called
the law of excluded gambling strategy.

The definition (PS) induced some mathematical problems. If a class of place
selections is too extended then the notion of the collective is too restricted (in
fact, there are no sequences where probabilities are invariant with respect to all
place selections). This was the main point of criticism of von Mises’ theory.
This problem has been investigated since the 1930s and solved only in the 1970s
on the basis of Kolmogorov’s notion of algorithmic complexity.

However, von Mises himself was satisfied by the following operational so-
lution of this problem. He proposed to fix for any collective a class of place
selections which depends on the physical problem described by this collective.
Thus he removed this problem outside the mathematical framework.

The frequency theory of probability is not, in fact, the calculus of proba-
bilities, but it is the calculus of collectives which generates the corresponding
calculus of probabilities. We briefly discuss some of the basic operations for
collectives.

Let us provide a generalization of the von Mises frequency theory of proba-
bility. Our main idea is very clear and it is based on the following two remarks:

1) relative frequencies νN = n/N always belong to the field of rational
numbers Q;

2) there exist many topologies τ on Q which are different from the usual real
topology τR (corresponding to the real metric ρR(x, y) = |x− y|).

As in ordinary Mises’ theory, we also consider infinite sequences (13.1). We
propose a new topological principle of the statistical stabilization of relative
frequencies:

The statistical stabilization of relative frequencies νN (αi; x) can be consid-
ered not only in the real topology on the field of rational numbers Q, but also
in any other topology τ on Q.

This topology is said to be the topology of statistical stabilization. Limiting
valuesP(αi) ≡ Pτ

x(αi) of νN(αi; x), i = 1, ..., k, are said to be τ -probabilities.
These probabilities belong to the completion Qτ of Q with respect to the topol-
ogy τ . The choice of the topology τ of statistical stabilization is connected with
the concrete probabilistic model.

Definition 1.1. Sequence (13.1), for which the principle of statistical stabiliza-
tion of relative frequencies for the topology τ is valid, is said to be a (S, τ)-
sequence.

We do not consider any τ -analogue of the principle of randomness, cf. with
the original von Mises theory and [105]. So we shall not introduce here a
generalization of the notion of the von Mises collective and we restrict our
considerations to S-sequences.
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Set
UQ = {q ∈ Q : 0 � q � 1}.

We denote the closure of the set UQ in the completion Qτ by UQτ . The following
theorem is an evident consequence of the topological principle of the statistical
stabilization:

Theorem 1.2. The probabilities P(αi) belong to the set UQτ for an arbitrary
(S, τ)-sequence x.

As usual, let us consider the algebra FL of all subsets of L. As in the frequency
theory of von Mises we define probabilities

P(A) =
∑
αi∈A

P(αi)

for A ∈ FL. By Theorem 1.2 the probability P(A) belongs to the set UQτ for
every A ∈ FL.

Theorem 1.3. Let the completion Qτ of Q with respect to the topology of
statistical stabilization τ be an additive topological group. Then for every
(S, τ)-sequence x the probability is an additive function on FL:

P(A ∪B) = P(A) + P(B), A, B ∈ FL, A ∩B = ∅.
Here we have used only lim(uN + vN ) = limuN + lim vN in an additive

topological group.

Theorem 1.4. The probability P(L) = 1 for every topology of the statistical
stabilization τ on Q.

We define a conditional frequency probability P(A/B) in the same way as
in the ordinary von Mises frequency probability theory, see [215], [216], see
also [105].

Theorem 1.5. Let Qτ be a multiplicative topological group. Then for arbitrary
A, B ∈ FL, P(B) �= 0, the Bayes formulaP(A/B) = P(A∩B)/P(B) holds.

Here we have used limuN/vN = limuN/ lim vN if lim vN �= 0 in a multi-
plicative topological group.

However, we may choose the topology of statistical stabilization τ such that
Qτ is not an additive group. In this case we obtain non-additive probabilities.
Further, Qτ may be not a topological multiplicative group. In this case we have
violations of Bayes’ formula for conditional probabilities. Moreover, there are
possibilities of different combinations of these properties. For example, there
exist additive probabilities without Bayes’ formula.
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Now (following to Kolmogorov) we can present an axiomatics corresponding
to the properties of frequency probabilities. Of course, this axiomatics depends
on the topology τ. Thus we have an infinite set of axiomatic theories A(τ). The
simplest case (and the one most similar to the Kolmogorov axiomatics) is that
Qτ is a topological field.

Definition 1.6. τ -probability is a UQτ -valued measure with the normalization
condition P(Ω) = 1.

There should be introduced some technical restrictions on P to provide
a fruitful theory of integration (compare with Kolmogorov’s condition of σ-
additivity).

We obtain a large class of non-Komogorov probabilistic models if we choose
a metrizable topology τ such that the corresponding metric has the form

ρτ (x, y) = |x− y|τ ,
where | · |τ is a valuation on Q. According to the Ostrovsky theorem, every
valuation on Q is equivalent to the ordinary real absolute value | · |R or one
of the p-adic valuations | · |p. Therefore we may obtain only two classes of
probabilistic models:

1) the ordinary theory of probability (with the topology of the statistical
stabilization τR) ;

2) one of the p-adic valued probabilistic models (with topologies of the
statistical stabilization τp).

The most interesting property of p-adic probabilities is that

UQp = Qp,

see books [99], [101]. To prove this fact we need only to show that every x ∈ Qp

can be realized as a limit of frequencies νN = n/N, where n, N are natural
numbers, n � N. Thus any p-adic number x may be a p-adic probability.

For example, every rational number may be taken as a p-adic probability.
There are such ‘pathological’ probabilities (from the point of view of the usual
theory of probability) as

P(A) = 2,P(A) = 100,P(A) = 5/3,P(A) = −1.

If p = 1, mod 4, then i =
√−1 belongs to Qp. Thus ‘complex quantities’ can

be obtained as frequency probabilities; for example,

P(A) = i =
√−1,P(A) = 1± i.

Thus it negative (and even complex) probabilities can be realized as p-adic
frequency probabilities.
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We have presented in book [99] a large number of statistical models where
frequencies oscillate with respect to the real metric ρR and stabilize with respect
to one of p-adic metrics ρp. There p is a parameter of the statistical model. The
corresponding statistical simulation was carried out on a computer.

2. p-adic valued ensemble probability
In the following model with p-adic valued probabilities we interpret p-adic

integers

N = l0 + l1p + · · ·+ lsp
s + · · · , where ls = 0, 1, ..., p− 1, (13.2)

with an infinite number of nonzero digits ls as infinitely large numbers. Such an
interpretation of p-adic integers gives the possibility of considering numerous
actual infinities. Therefore we can study ensemble probabilities on ensembles
of an infinite volume or consider classical probabilities for an infinite number
of equally possible cases.

Ensembles of infinite volumes
We shall study an ensemble S = SN which has a p-dic ‘volume’ N, where

N is a p-adic integer, (13.2). If N is finite then S is an ordinary finite ensemble,
if N is infinite then S has essentially p-adic structure. Consider a sequence of
ensembles Mj having volumes ljp

j , j = 0, 1, ... Set

S = ∪∞j=0Mj . (13.3)

We set

|S| =
∞∑
j=0

|Mj |,

where, for a finite set O, the symbol |O| denotes the number of elements in O;
so, in particular, |Mj | = ljp

j . Then

|S| = N.

The partition (13.3) of the ensemble S will play the crucial role in our proba-
bilistic considerations. Thus S is not just an arbitrary ensemble of the cardinality
N. It is the ensemble of the cardinality N constructed on the basis of the hierar-
chical structure corresponding to this partition. We may imagine an ensemble
S as being the population of a tower T = TS , which has an infinite number of
floors with the following distribution of population through floors: population
of jth floor is Mj . Set Tk = ∪kj=0Mj . This is population of the first k+1 floors.

Let A ⊂ S and let there exist:

n(A) = lim
k→∞

nk(A), where nk(A) = |A ∩ Tk|. (13.4)
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The quantity n(A) is said to be a p-adic volume of the set A.
We define the probability of A by the standard proportional relation:

P(A) ≡ PS(A) =
n(A)
N

. (13.5)

Denote the family of all A ⊂ S, for which (13.5) exists, by GS . The sets
A ∈ GS are said to be events. Later we shall study some properties of the
family of events. First we consider the set algebra F which consists of all finite
subsets and their complements.

Proposition 2.1. F ⊂ GS .

Proof. Let A be a finite set. Then n(A) = |A| and (13.5) has the form:

P(A) =
|A|
|S| . (13.6)

Now let B = Ā. Then |B ∩ Tk| = |Tk| − |A ∩ Tk|. Hence there exists
limk→∞ |B ∩ Tk| = N − |A|. This equality implies the standard formula:

P(Ā) = 1−P(A). (13.7)

In particular, we have : P(S) = 1. The following two propositions are
similar to Propositions 2.30 and 2.31 of Chapter 3:

Proposition 2.2. Let A1, A2 ∈ GS and A1 ∩A2 = ∅. Then A1 ∪A2 ∈ GS and

P(A1 ∪A2) = P(A1) + P(A2). (13.8)

Proposition 2.3. Let A1, A2 ∈ GS . The following conditions are equivalent:

1)A1 ∪A2 ∈ GS ; 2)A1 ∩A2 ∈ GS ;

3)A1 \A2 ∈ GS ; 4)A2 \A1 ∈ GS .

There are standard formulas:

P(A1 ∪A2) = P(A1) + P(A2)−P(A1 ∩A2); (13.9)

P(A1 \A2) = P(A1)−P(A1 ∩A2). (13.10)

Proof. We have

nk(A1 ∪A2) = nk(A1) + nk(A2)− nk(A1 ∩A2).
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Therefore, if, for example, A1 ∩ A2 ∈ GS then there exists a limit of the right
hand side. It implies A1 ∪ A2 ∈ GS and (13.9) holds. Other implications are
proved in the same way.

The family GS is an example of semi-algebra of sets, see [105], also cf.
Chapter 3.

In general A1, A2 ∈ GS does not imply A1 ∪ A2 ∈ GS . To show this, by
Proposition 2.3 it suffices to find A1, A2 ∈ GS such that A1 ∩ A2 �∈ GS It is
easy to do: let A1, A2 ∈ GS are such that |A1 ∩ A2 ∩Ml| = 1 for nonempty
Ml (there is only one element x ∈ A1 ∩ A2 on each nonempty floor). If N is
infinite then limk→∞ nk(A1 ∩A2) does not exist.

Thus we have that the system of sets GS is not a set algebra, cf. Chapter 3.
It is closed only with respect to a finite unions of sets which have empty

intersections. However, GS is not closed with respect to countable unions of
such sets: in general (Aj ∈ GS , j = 1, 2, ..., Ai ∩ Aj = ∅, i �= j, ) does not
imply ∪∞j=1Aj ∈ GS . The natural additional assumptions:

(A)
∑∞

j=1 P(Aj) converges in Qp

or (the more strong assumption),

(B)
∑∞

j=1 |P(Aj)|p <∞,

also do not imply A ∈ GS .

Example 2.4. Let p = 2, N = −1 = 1+2+22+ · · ·+2n+ · · · . Suppose that
the sets Aj have the following structure: |Aj ∩M3(j−1)| = 1, |Aj ∩M3j−1| =
23j−1 − 1 and Aj ∩Mi = ∅, i �= 3(j − 1), 3j − 1, i.e., the set Aj is located
on two floors of the tower T. In particular, Ai ∩ Aj = ∅, i �= j. As Aj ∈ F,
then Aj ∈ GS ; the probability P(Aj) = −23j−1, j = 1, 2... . The series∑∞

j=1 |P(Aj)|2 <∞. We show that A = ∪∞j=1Aj �∈ GS . We have:

n3(j−1)(A) = |Aj ∩ T3(j−1)|+ | ∪j−1
s=1 As ∩ T3(j−1)| = 1 + γ,

where |γ|2 < 1. Thus |n3(j−1)(A)|2 = 1. But |n3j−1(A)|2 < 1.

We note the following useful formula for computing probabilities:

P(A) =
∞∑
j=0

P(A ∩Mj)

(probability to find in the tower T an inhabitant I with the property A is equal
to the sum of probabilities to find an inhabitant with this property on the fixed
floor).
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Definition 2.5. The systemP = (S,GS ,PS) is called a p-adic ensemble prob-
ability space3 for the ensemble S.

If N is a finite natural number then we obtain the classical probability space
for a finite ensemble (with GS = FS).

In fact, any p-adic ensemble probability space P can be approximated by
ensemble probability spaces Pk having ensembles of finite volumes. Set

nk = l0 + l1p + · · ·+ lkp
k

for N which has the expansion (13.2). Let ls be the first nonzero digit in (13.2).
Consider finite ensembles

Snk
: |Snk

| = nk (k = s, s + 1, ...),

and ensemble probability spaces

Pnk
= (Snk

,GSnk
,PSnk

).

There GSnk
coincides with the algebra FSnk

of all subsets of the finite ensemble
Snk

and probability is defined as usual by

PSnk
(A) =

|A|
|Snk
| , A ∈ FSnk

. (13.11)

We identify Snk
with the population of the first k + 1 floors of the tower TS .

Proposition 2.6. Let A ∈ GS . Then

PS(A) = lim
k→∞

PSnk
(A ∩ Snk

). (13.12)

To prove (13.12), we have only used that Qp is a topological group. This ap-
proximation depends essentially on the rule of a measurement, which is defined
by the sequence {nk} which gives an approximation of the infinite ensemble S
by finite ensembles {Snk

}. In principle the change of this rule may change the
limiting result.

Proposition 2.7. The probability P maps GS into the ball BrS (0), where rS =
1/|N |p.

To study conditional probabilities we have to extend the notion of the p-adic
ensemble probability to consider more general ensembles.

Let S be the population of the tower TS with an infinite number of floors
Mj , j = 0, 1, ..., and the following distribution of population: there are mj

3Cf. Chapter 3.
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elements on the jth floor, mj ∈ N and the series
∑∞

j=1 mj converges in Zp

to a nonzero number N = |S|. We define the p-adic ensemble probability of
a set A ⊂ S by (13.4), (13.5); GS is the corresponding family of events. It is
easy to check that Propositions 2.1– 2.7 hold for this more general ensemble
probability.

Let A ∈ GS and P(A) �= 0. We can consider A as a new ensemble with
the p-adic hierarchical structure A = ∪∞j=0MAj , where MAj = A ∩Mj , and
introduce the corresponding family of events GA.

Proposition 2.8. Let A ∈ GS ,P(A) �= 0 and B ∈ GA. Then B ∈ GS and
Bayes’ formula

PA(B) =
PS(B)
PS(A)

(13.13)

holds true.

Proof. The tower TA of the A has the following population structure: there are
MAj elements on the jth floor. In particular, TAk = Tk ∩A. Thus

nAk(B) = |B ∩ TAk| = |B ∩ Tk| = nk(B) (13.14)

for each B ⊂ A. Hence the existence of nA(B) = limk→∞ nAk(B) implies the
existence of nS(B) = limk→∞ nk(B). Moreover, nS(B) = nA(B). There-
fore,

PA(B) =
nA(B)
nS(A)

=
nA(B)/|S|
nS(A)/|S| .

By (13.14) we obtain the following consequence:

Let A, B ∈ GS ,P(A) �= 0, and B ⊂ A. Then B ∈ GA.

Thus we obtain

GA = {B ∈ GS : B ⊂ A}.
Let A, B, A ∩B ∈ GS ,P(A) �= 0. We set by definition PA(B) = PA(A ∩

B). Then

PA(B) =
PS(B ∩A)

PS(A)
. (13.15)

If we set PA(B) = P(B/A) and omit the index S for the probabilities for
an ensemble S, then we obtain Bayes’ formula.
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The rules for working with p-adic probabilities
One of the main tools of the ordinary theory of probability is based on the

order structure on the field of real numbers R. It gives the possibility of com-
paring probabilities of different events; events E with probabilities P(E)� 1
are considered as negligible and events E with probabilities P(E) ≈ 1 are
considered as practically certain. However, the use of these relations in con-
crete applications is essentially based on our (real) probability intuition. What
is a large probability? What is a small probability? Moreover, it is not easy to
compare two arbitrary probabilities. For instance, do you prefer to win with the
probability P(E1) = 11

17 or P(E2) = 13
19 . Formally, because P(E1) < P(E2)

it would be better to choose E2. But in practice this choice does not give many
advantages. Thus ordinary probability intuition is based more on centuries of
human experiment than on exact mathematical theory.

If we want to work with p-adic probabilities we have to develop some kind
of a p-adic probability intuition. However, there arises a mathematical problem
which does not give the possibility of generalizing the real scheme directly. This
is the absence of an order structure on Qp. Of course, we can also do something
without an order structure. For example, we can classify (split) different events
with the aid of their p-adic probabilities. For instance, it works sufficiently
successful in the frequency probability theory. If there are two sequences x
and y (generated by some statistical experiment) which are not S-sequences in
the ordinary von Mises’ frequency theory, then we could not split properties of
x and y. Both these sequences seem to be totally chaotic from the real point
of view. However, if they are (S, τp)-sequences, then it would be possible to
classify them with the aid of p-adic probability distributions, Px(αi),Py(αi).
In the ensemble approach different p-adic probabilities, PS(E1) �= PS(E2),
mean that the events E1 and E2 have different p-adic volumes.

However, we could do much more with p-adic probabilities by using the
partial order structure which exists on the ring of p-adic integers.

(O) Let x = x0x1...xn... and y = y0y1...yn... be the canonical expansions
of two p-adic integers x, y ∈ Zp. We set x < y if there exists n such that
xn < yn and xk � yk for all k > n.

This partial order structure on Zp is the natural extension of the standard
order structure on the set of natural numbers N. It is easy to see that x < y
for any x ∈ N and y ∈ Zp \N, i.e., any finite natural number is less that any
infinite number. But we could not compare any two infinite numbers.

Example 2.9. Let p = 2 and let x = −1/3 = 10101....1010..., z = −2/3 =
0101....0101... and y = −16 = 0001...1111... . Then x < y and z < y, but
the numbers x and z are incompatible.
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It is important to remark that there exists the maximal number Nmax ∈ Zp.
It is easy to see:

Nmax = −1 = (p− 1) + (p− 1)p + · · ·+ (p− 1)pn + · · · .

Therefore the ensemble S−1 is the largest ensemble which can be considered
in the p-adic framework.

Remark 2.10. It seems to be natural to suppose that the volume of the ensemble
increases with the increase of p, i.e., |Sp

−1| < |Sq
−1|, p < q.

Proposition 2.11. Let N ∈ Zp, N �= 0. Then SN ∈ GS−1 and

PS−1(SN ) =
|SN |
|S−1| = −N. (13.16)

Proposition 2.12. Let N ∈ Zp, N �= 0. Then GSN
⊂ GS−1 and probabilities

PSN
(A) are calculated as conditional probabilities with respect to the sub-

ensemble SN of ensemble S−1 :

PSN
(A) = PS−1(A/SN ) =

PS−1(A)
PS−1(SN )

, A ∈ GSN
. (13.17)

But A ∈ GS−1 does not imply A ∩ SN ∈ GSN
.

By Proposition 2.12 we can, in fact, restrict our considerations to the case of
the maximal ensemble S−1. Therefore we shall study this case S ≡ S−1.

The (partial) orderO on the set of p-adic integers Zp gives the possibility to
compare p-adic volumes n(A) of sets A ∈ GS . It is natural to say that probability
P(B) is larger than probability P(A) if the p-adic volume n(B) of B is larger
than the p-adic volume n(A) of A. Thus we obtain the following (partial) order
on the set of probabilities:

(Õ) P(B) > P(A) iff n(B) > n(A).

We use the same symbols >, < for this new order on Zp. We hope that the
reader would not mix these two orders on Zp :
O-order is used to compare p-adic volumes,
Õ-order is used to compare probabilities.
For example, let p = 2 and let n(B) = −2(= 011...1...), n(A) = −3(=

1011...1...). Then n(B) > n(A) (with respect toO) and consequently P(B) =
2 > P(A) = 3 (with respect to Õ)

We study some properties of probabilities.

(1) As we have only a partial order structure we cannot compare probabilities
of arbitrary two events A and B.

(2) As x � −1 with respect toO for any x ∈ Zp, we have P(A) � 1 = P(S)
for any A ∈ GS .
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(3) As x � 0 with respect to O for any x ∈ Zp, we have P(A) � 0 for any
A ∈ GS .

To illustrate further properties of p-adic probabilities, we shall use the third
order structure, namely, the usual real order structure on the set Zp ∩Q. In this
case we shall say r-increase or r-decrease.

This r-order on Zp ∩ Q has no probabilistic meaning. We consider this
order, because we want to use the ‘real intuition’ to imagine the location of
rational probabilities P(A), A ∈ GS , on the real line. We shall use the symbols
[a, b], ..., (a, b) for corresponding intervals of the real line. For example, let
p = 2 and let P(B) = 2 and P(A) = 3. Then P(B) > P(A), but from the
viewpoint of the r-order P(B) is less than P(A).

(4) Set F f = {A ∈ GS : n(A) ∈ N}. 4

The restriction of the orderO on the set of natural numbers N coincides with
the standard (real) order on N. Thus n(A) < n(B), A, B ∈ F f , iff the natural
number n(A) is less than the natural number n(B). This implies (by definition of
the order Õ on the set of probabilities) that P : F f → (−∞, 0)∩ Z and P(A)
is increasing if P(A) is r-decreasing. Therefore, for example, probabilities
P(A) = −1 or−3 are rather small with respect to probabilities P(B) = −100
or −300.

(5) Set F̄ f = {B = Ā : A ∈ F f} (in particular, F̄ f contains complements
of all finite subsets of Ω). Then P : F̄ f → N and P(B) is decreasing if P(B)
is r-increasing. Therefore, for example, probabilities P(E) = 100 or 200 are
rather small with respect to probabilities P(C) = 1 or 2.

We can use these rules for conditional probabilities. For example, letP(B) =
100, P(B′) = 200, P(A) = 2 and B, B′ ⊂ A. Then P(B/A) = 50 >
P(B′/A) = 100.

By (4) and (5) we can work with probabilities belonging to F f ∪ F̄ f .

(6) Now consider events A �∈ F f ∪ F̄ f . We can develop our intuition only
by examples.

Example 2.13. Let p = 2. Let |A ∩M2k| = 22k and A ∩M2k+1 = ∅, k =
0, 1, ... . Then n(A) = −1/3(= 1010...10...) and P(A) = 1/3. Let B ⊂ A
and B ∩M4k = A ∩M4k, B ∩Mj = ∅, j �= 4k. Then n(B) = −1/15(=
100010001...10001...) and P(B) = 1/15. It is evident that−1/15 < −1/3 in
Z2. Hence P(B) = 1/15 < P(A) = 1/3.

Thus it seems to be that the probabilistic order relation on the set [0, 1] ∩Q
coincides with the standard real order. Moreover, it seems to be reasonable

4In particular, F f contains all finite subsets of S. The F f contains also some infinite subsets A ∈ GS which
have finite p-adic volumes. For example, let |A ∩ Tk| = 1 + pk, k = 1, 2, ... (1 + pk inhabitants of the
first (k + 1) floors have the property A). Then n(A) = 1 and hence A ∈ F f .
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to use this relation also in the case where the numbers n(A) and n(B) are
incompatible in Z2

5.

Example 2.14. Let p and A be the same as above. Let |C ∩ M2k+1| =
22k+1, C ∩M2k = ∅, k = 0, 1, ... . Then n(C) = −2/3 and P(C) = 2/3.
The numbers n(A) = −1/3 and n(C) = −2/3 are incompatible in Z2. But
heuristically it seems to be evident that we can use the r-order structure on [0, 1]
to compare the probabilities of the events A and C. Therefore the probability
of ω ∈ C is two times larger than the probability ω ∈ A.

Further we have that a probability x ∈ (−∞, 0)∩Z is practically negligible
with respect to any probability y ∈ (0, 1] ∩ Q. The intuitive argument is the
following. A probability P(A) ∈ (−∞, 0) ∩ Z is probability of an event
A with a finite p-adic volume in the infinitely large ensemble S. Probability
P(A) ∈ (0, 1] ∩Q is probability of an event A with an infinite p-adic volume
in the infinitely large ensemble S.

Therefore, p-adics gives the possibility to split probability 0 to a set of prob-
abilities, 0→ D+

0 ; in particular, (−∞, 0) ∩ Z ⊂ D+
0 .

Remark 2.15. A probability P on a Boolean algebra A is non-degenerate:
P(A) = 0, A ∈ A iff A = ∅. The p-adic split of probability 0 can be considered
as a step in the direction to Boolean probabilities. The set of new labels D+

0 gives
the possibility to split many probabilities which must be equal to probability
0 from the viewpoint of real analysis. However, we still have not obtained a
Boolean probability. There are numerous events A ∈ GS , A �= ∅, which have
probability 0. For example, let |A ∩ Tk| = pk, k = 1, 2, ... . Then P(A) = 0.

We can also use these rules for conditional probabilities. For example, let
P(B) = 1/15 < P(B′) = 2/15, P(A) = 1/5 and B, B′ ⊂ A. Then
P(B/A) = 1/3 < P(B′/A) = 2/3. Moreover, for example, let P(B) =
−1 < P(B′) = −5, P(A) = −100 and B, B′ ⊂ A. Then P(B/A) =
1/100 < P(B′/A) = 1/20. Thus the r-order structure on (0, 1]∩Q reproduces
the rule (4).

Proposition 2.16. If P(B) ∈ N, then n(B̄) ∈ {0} ∪N; if P(B) ∈ (0, 1)∩Q
then n(B̄) ∈ Zp \N.

Proof. If k = P(B) ∈ N, then n(B) = −k, k = 1, 2, ... , and n(B̄) = −1+k.
If a = P(B) ∈ (0, 1) ∩Q then n(B) = −a and n(B̄) = a− 1 �∈ N.

Thus if P(B) ∈ N, then the set B̄ has a finite p-adic volume, n(B̄). On the
other hand, if P(B) ∈ (0, 1)∩Q, then the set B̄ has an infinite p-adic volume,

5However, probably it is the wrong extrapolation and we must assume existence of events with incompatible
probabilities.
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n(B̄). It is natural to assume that probability P(B) ∈ N is larger than any
probability P(C) ∈ (0, 1) ∩Q.

Therefore, p-adics gives the possibility to split probability 1 to a set of prob-
abilities, 1→ D−

1 . In particular, N ⊂ D−
1 .

However, the probability 1 is still not totally split. There are numerous events
A �= ∅with P(A) = 1. For example, let |A∩Mk| = p[(k+1)/2]−1, k = 1, 2, ...
(here [x] denotes the integer part of x). Then n(A) = −1 and P(A) = 1. But
Ā �= ∅.

We can also split any probability x = P(A) ∈ (0, 1) ∩Q.
Let A ∈ GS , x = P(A) ∈ (0, 1) ∩ Q, C ∈ F f , A ∩ C = ∅, and let

B = A ∪ C. Then λ = P(B) = P(A) + P(C) = x − k, where P(C) =
−k, k ∈ N. As the p-adic volume of the set C is finite (and the ensemble S is
infinite) probability P(C) = −k is infinitely small. Thus the probability x can
be split in a set of probabilities D+

x . Each probability λ ∈ D+
x is larger than

probability x and probability Δ = λ− x = −k is infinitely small.
Let B ∈ GS , C ∈ F f , B∩C = ∅, and let A = B∪C, x = P(A) ∈ (0, 1)∩

Q. Then λ = P(B) = P(A) − P(C) = x + k, where P(C) = −k, k ∈ N,
is infinitely small probability. Thus the probability x can be split in a set of
probabilities D−

x . Each probability λ ∈ D−
x is less than probability x and

probability Δ = x− λ = −k is infinitely small.

Thus probability x is split in a set of probabilities Dx = D−
x ∪D+

x .

We now consider probabilities with respect to an ensembleSN for an arbitrary
N ∈ Zp, N �= 0. By using formula (13.17) we can translate to the general case
results obtained for the ensemble S = S−1. In the general case:

probability 0 is split in a set D+
0 which contains the set {λ = k

N : k ∈ N};
probability 1 is split in a set D−

1 which contains the set {λ = 1− k
N : k ∈ N};

probability x ∈ (0, 1) ∩ Q is split in a set Dx = D−
x ∪ D+

x , where D−
x ,

in particular, contains the set {λ = x − k
N : k ∈ N} and D+

x , in particular,
contains the set {λ = x + k

N : k ∈ N}.

3. Measures
Let X be an arbitrary set and let R be a ring of subsets of X. The pair

(X,R) is called a measurable space. The ring R is said to be separating if
for every two distinct elements, x and y, of X there exists an A ∈ R such that
x ∈ A, y �∈ A. We shall consider measurable spaces only over separating rings
which cover X.
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Every ringR can be used as a base for the zero-dimensional topology6 which
we shall call theR-topology. This topology is Hausdorff iffR is separating.

Everywhere in this chapter as well as in Chapter 10R is a separating covering
ring of a set X.

A subcollection S ofR is said to be shrinking if the intersection of any two
elements of S contains an element of S. If S is shrinking, and if f is a map
R → K or R → R, we say that limA∈S f(A) = 0 if for every ε > 0, there
exists an A0 ∈ S such that |f(A)| � ε for all A ∈ S, A ⊂ A0.

Let K be a non-Archimedean field with the valuation | · |K.

Definition 3.1. A measure onR is a map μ : R → K with the properties:

(i) μ is additive;

(ii) for all A ∈ R, ‖A‖μ = sup{|μ(B)|K : B ∈ R, B ⊂ A} <∞;

(iii) if S ⊂ R is shrinking and has empty intersection, then limA∈S μ(A) =
0.

We call these conditions respectively additivity, bounded, continuity. The
latter condition is equivalent to the following: limA∈S ‖A‖μ = 0 for every
shrinking collection S with empty intersection.

Condition (iii) is the replacement for σ-additivity. Clearly (iii) implies σ-
additivity. Moreover, we shall see that for the most interesting cases (iii) is
equivalent to σ-additivity. Of course, we could in principle restrict our attention
to these cases and use the standard condition of σ-additivity. However, in that
case we should use some topological restriction on the space X. This implies
that we must consider some topological structure on a p-adic probability space.
We do not like to do this. We shall develop the theory of p-adic probability
measures in the same way as A.N. Kolmogorov(1933) developed the theory of
real valued probability measures by starting with an arbitrary set algebra.

Further, we shall briefly discuss the main properties of measures. For any
set D, we denote its characteristic function by the symbol ID. For f : X → K
and ϕ : X → [0,∞), put

‖f‖ϕ = sup
x∈X
|f(x)|Kϕ(x).

We set
Nμ(x) = inf

U∈R,x∈U
‖U‖μ

for x ∈ X. Then ‖A‖μ = ‖IA‖Nμ for any A ∈ R. We set ‖f‖μ = ‖f‖Nμ .

6A topological space (X; τ) is zero dimensional if each point x ∈ X has a basis of clopen (i.e., at the same
time open and closed) neighborhoods.
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A step function (or R-step function) is a function f : X → K of the form
f(x) =

∑N
k=1 ckIAk

(x), where ck ∈ K and Ak ∈ R, Ak ∩Al = ∅, k �= l. We
set for such a function ∫

X
f(x)μ(dx) =

N∑
k=1

ckμ(Ak).

Denote the space of all step functions by the symbol S(X). The integral f →∫
X f(x)μ(dx) is the linear functional on S(X) which satisfies the inequality

|
∫
X

f(x)μ(dx)|K � ‖f‖μ. (13.18)

A function f : X → K is called μ-integrable if there exists a sequence of step
functions {fn} such that

lim
n→∞ ‖f − fn‖μ = 0.

The μ-integrable functions form a vector space L(μ) ≡ L(X, μ) (and S(X) ⊂
L(μ)). The integral is extended from S(X) on L(μ) by continuity. The in-
equality (13.18) holds for f ∈ L(μ).

Let
Rμ = {A : A ⊂ X, IA ∈ L(μ)}.

This is a ring. Elements of this ring are called μ-measurable sets. By setting
μ(A) =

∫
X IA(x)μ(dx) the measure μ is extended to a measure on Rμ. This

is the maximal extension of μ, i.e., if we repeat the previous procedure starting
with the ringRμ, we will obtain this ring again.

Set

Xε = {x ∈ X : Nμ(x) � ε}, X0 = {x ∈ X : Nμ(x) = 0}, X+ = X \X0.

Every A ⊂ X0 belongs toRμ. We call such sets μ-negligible.
Now we construct product measures. Let μj , j = 1, 2, ..., n, be measures

on (separating) rings Rj of subsets of sets Xj . The finite unions of the sets
A1×· · ·×An, Aj ∈ Rj , form a (separating) ringR1×· · ·×Rn ofX1×· · ·×Xn.
Then there exists a unique measure μ1 × · · · ×μn onR1 × · · · ×Rn such that
μ1 × · · · × μn(A1 × · · · ×An) = μ1(A1)× · · · × μn(An). We have

Nμ1×···×μn(x1, ..., xn) = Nμ1(x1)× · · · ×Nμn(xn).

Let X be a zero-dimensional topological space7. We denote the ring of
clopen (i.e., at the same time open and closed) subsets of X by the symbol

7We consider only Hausdorff spaces.
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B(X) (in fact, this is an algebra). We denote the space of continuous bounded
functions f : X → K by the symbol Cb(X) ≡ Cb(X, K). We use the norm

‖f‖∞ = sup
x∈X
|f(x)|K

on this space.
First we remark that if X is compact andR = B(X) then the condition (iii)

in the definition of a measure is redundant. If X is not compact then there exist
bounded additive set functions which are not continuous.

Let X be zero-dimensional N-compact topological space, i.e., there exists a
set S such that X is homeomorphic to a closed subset of NS . We remark that
every product of N-compact spaces is N-compact; every closed subspace of
an N-compact space is N-compact. Then every bounded σ-additive function
μ : B(X) → K is a measure. On the other hand, if X is a zero-dimensional
space such that every bounded σ-additive function B(X) → K is a measure,
then X is N-compact.

In the theory of integration a crucial role is played by the Rμ-topology,
i.e., the (zero-dimensional) topology that has Rμ as a base. Of course, Rμ-
topology is stronger thatR-topology. Every μ-negligible set isRμ-clopen. The
following two theorems [208] will be important for our considerations.

Theorem 3.2. (i) If μ is a measure onR, then Nμ isR-upper semicontinuous,
(hence, Rμ-upper semicontinuous) and for every A ∈ Rμ and ε > 0 the set
Aε = A ∩Xε isRμ-compact.

(ii) Conversely, let μ : R → K be additive. Assume that there exists an R-
upper semicontinuos ϕ : X → [0,∞) such that |μ(A)|K � supx∈A ϕ(x), A ∈
R, and {x ∈ A : ϕ(x) � ε} is R-compact (A ∈ R, ε > 0). Then μ is a
measure and Nμ � ϕ.

Theorem 3.3. Let μ : R → K be a measure. A function f : X → K is
μ-integrable iff it has the following two properties:

(1) f isRμ-continuous;
(2)for every ε > 0, the set {x : |f(x)|KNμ(x) � ε} isRμ-compact.

We shall also use the following fact.

Theorem 3.4. Let f ∈ L(μ) and let∫
A

f(x)μ(dx) = 0 for every A ∈ R. (13.19)

Then supp f ⊂ X0.

Proof. Let us assume that f satisfies (13.19) and there exists x0 ∈ X+ (hence
Nμ(x0) = α > 0) such that |f(x0)|K = c > 0. Let {fk} be a sequence
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of R-step functions which approximates f. For every ε > 0 there exist Nε

such that ‖f − fk‖μ < αε for all k � Nε. In particular, this implies that
|fk(x0)|K � c− ε, k � Nε. Then we have

ΔB,k = |
∫
B

fk(x)μ(dx)|K = |
∫
B

fk(x)μ(dx)−
∫
B

f(x)μ(dx)|K < αε,

where B ∈ R. Let

fk(x) =
∑
j

ckjIBkj
(x), ckj ∈ K, Bkj ∈ R, Bkj ∩Bki = ∅, i �= j,

and let x0 ∈ Bkj0 . If B ⊂ Bkj0 , B ∈ R, then ΔB,k = |ckj|K|μ(B)|K =
|fk(x0)|K|μ(B)|K < αε. On the other hand, as ‖Bkj0‖μ � α, then for every
δ > 0, there exists B ⊂ Bkj0 , B ∈ R, such that |μ(B)|K � (α− δ). Thus we
obtain for this B: ΔB,k � (α− δ)(c− ε). By choosing ε > 0, δ > 0, such that
(α− δ)(c− ε) > αε arrive to the contradiction.

We shall use the following simple facts.

Lemma 3.5. Let (Xj,Rj), j = 1, 2, be measurable spaces and let f : X1 →
X2 be measurable. If S is shrinking in R2 then f−1(S) is shrinking in R1. If
S has empty intersection, then f−1(S) has also empty intersection.

Lemma 3.6. Let (Xj ,Rj), j = 1, 2, be measurable spaces and let η : X1 →
X2 be a measurable function. Then, for every measure μ : R1 → K, the
function μη : R2 → K defined by the equality μη(A) = μ(η−1(A)) is a
measure on R2 and, for every R2-continuous function, h : X2 → K the
following inequality holds:

‖h‖μη � ‖h ◦ η‖μ. (13.20)

Proof. We have for every A ∈ R2,

‖A‖μη = sup{|μ(η−1(B))|K : B ∈ R2, B ⊂ A} � ‖η−1(A)‖μ <∞.
(13.21)

Thus μη is bounded. We now prove that μη is continuous on R2. Let S be
shrinking in R2 which has the empty intersection. By Lemma 3.5 η−1(S) is
shrinking in R1 which has also the empty intersection. By (13.21) we obtain
that limA∈S ‖A‖μη = 0.

We prove inequality (13.20). Let h : X2 → K be R2-continuous. We wish
to prove that

|h(b)|KNμη(b) � ‖h ◦ η‖μ
for all b ∈ X2. So we choose b ∈ X2 with h(b) �= 0. Then the set

Cb = {y ∈ X2 : |h(y)|K = |h(b)|K}
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isR2-open. Hence there is a B ∈ R2 with b ∈ B ⊂ Cb. Then

|h(b)|KNμη(b) � |h(b)|K‖B‖μη � |h(b)|K‖η−1(B)‖μ =

sup
x∈η−1(B)

|h(b)|KNμ(x) � sup
x∈η−1(B)

|(h ◦ η)(x)|KNμ(x) � ‖h ◦ η‖μ.

The following theorem on the change of variables will be important in our
probabilistic considerations.

Theorem 3.7. (Khrennikov – van Rooij, see [128]) Let (Xj,Rj), j = 1, 2, be
measurable spaces and let η : X1 → X2 be a measurable function, and let
μ : R1 → K be a measure. If f : X2 → K is an R2-continuous function such
that the function f ◦ η belongs to L(X1, μ), then f ∈ L(X2, μη) and∫

X1

f(η(x))μ(dx) =
∫
X2

f(y)μη(dy).

Proof. It suffices to prove that for every ε > 0 there exists aR2-step function g
such that ‖f − g‖μη � ε and ‖f ◦ η− g ◦ η‖μ � ε. By (13.20) the first follows
from the second. So we fix ε > 0.

By Theorem 3.3 the set

A = {x ∈ X1 : |(f ◦ η)(x)|KNμ(x) � ε}
isR1-compact and therefore contained in an element ofR1. But Nμ is bounded
on every element ofR1, so Nμ is bounded on A. We choose δ > 0 so that

δNμ(x) � ε for all x ∈ A.

As A is compact, f(η(A)) is also compact. We can cover f(η(A)) by disjoint
closed balls of radius δ : f(η(A)) ⊂ Uδ(α0) ∪ ... ∪ Uδ(αN ), where α0 is
chosen to be 0 in order to obtain:

|αn|K � |t|K for t ∈ Uδ(αn), n = 0, 1, ..., N. (13.22)

For each n, Cn = {C ∈ R2 : C ⊂ f−1(Uδ(αn))} is a collection of open
sets covering the compact set η(A)∩ f−1(Uδ(αn)). Thus, for each n there is a
Cn ∈ Cn such that η(A) ∩ f−1(Uδ(αn)) ⊂ Cn. We now have

C0, ..., CN ∈ R2,

Cn ⊂ f−1(Uδ(αn)), n = 0, 1, ..., N,

η(A) ⊂ C0 ∪ ... ∪ CN .
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Put g(x) =
∑N

n=0 αnICn(x). Then g is a R2-step function. We wish to
show that, for all a ∈ X,

Δ(a) = |(f ◦ η)(a)− (g ◦ η)(a)|KNμ(a) � ε.

Thus, take a ∈ X :
(1) If a ∈ A, then there is a unique n with η(a) ∈ Cn. Then

Δ(a) = |(f ◦ η)(a)− αn|KNμ(a) � δNμ(a) � ε.

(2) If a �∈ A, but η(a) ∈ Cn for some n, then by (13.22) we obtain that

Δ(a) = |(f ◦ η)(a)− αn|KNμ(a) � |(f ◦ η)(a)|KNμ(a) � ε.

(3) If a �∈ C0 ∪ ... ∪ CN , then g(η(a)) = 0. Thus

Δ(a) = |(f ◦ η)(a)|KNμ(a) � ε

(as a �∈ A).

Open problem. To find a condition for functions f which is weaker than
continuity, but implies the formula of the change of variables.

Further we shall obtain some properties of measures which are specific for
measures defined on algebras.

Throughout this section,A is a separating algebra of a set X. First we remark
that if we start with a measure μ defined on the algebra A then the system Aμ

of μ-integrable sets is again an algebra.

Proposition 3.8. Let μ : A → K be a measure. Then for each ε > 0, the set
Xε is Aμ-compact.

This fact is a consequence of Theorem 3.2.

Proposition 3.9. Let μ : A → K be a measure. Then the algebra B(X) of
Aμ-clopen sets coincides with the algebra Aμ.

Proof. We use Theorem 3.3 and the previous proposition. Let B ∈ B(X).
Then IB is Aμ-continuous and {x : |IB(x)|KNμ(x) � ε} = B ∩Xε. As B is
closed and Xε is compact, B ∩Xε is compact. Thus B(X) ⊂ Aμ.

As a consequence of Proposition 3.9, we obtain that Cb(X) ⊂ L(X, μ) (for
the space X endowed with Aμ-topology) and the following inequality holds:

|
∫
X

f(x)μ(dx)|K � ‖f‖∞‖X‖μ, f ∈ Cb(X).

Let X be zero dimensional topological space. A measure μ defined on the
algebra B(X) of the clopen sets is called a tight measure. Thus by Proposition
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3.9 every measure μ : A → K is extended to a tight measure on the space X
endowed with the Aμ-topology.

Proposition 3.10. Let μ : A → K be a measure and let f ∈ L(X, μ). Then f
is (Aμ, B(K))-measurable.

Proof. By Theorem 3.3 f is Aμ-continuous. Thus f−1(B(K)) ⊂ B(X). But
by Proposition 3.9 we have that Aμ = B(X).

4. p-adic probability space
Let μ : A → Qp be a measure defined on a separating algebra A of subsets

of the set Ω which satisfies the normalization condition μ(Ω) = 1. We set

F = Aμ

and denote the extension of μ onF by the symbol P. A triple (Ω,F ,P) is said
to be a p-adic probability space (Ω is a sample space,F is an algebra of events,
P is a probability).

As in general measure theory we set

Ωα = {ω ∈ Ω : NP(ω) � α}, α > 0, Ω+ = ∪α>0Ωα, Ω0 = Ω \ Ω+.

If a property Ξ is valid on the subset Ω+ we say that Ξ is valid a.e. (mod P).
Everywhere below (G, Γ) denotes a measurable space over the algebra Γ.

Functions ξ : Ω → G which are (F , Γ)-measurable are said to be random
variables.

Everywhere below Y is a zero dimensional topological space. We consider
Y as the measurable space over the algebra B(Y ). Every random variable
ξ : Ω → Y is continuous in the F -topology. In particular, Qp-valued random
variables are (F , B(Qp))-measurable functions. If ξ ∈ L(Ω,P), we introduce
an expectation of this random variable by setting Eξ =

∫
Ω ξ(ω)P(dω). We

note that every bounded random variable ξ : Ω→ Qp belongs to L(Ω,P).
Let η : Ω → G be a random variable. The measure Pη is said to be a

distribution of the random variable. By Theorem 3.7 we have that

Ef(η) =
∫

Qp

f(y)Pη(dy) (13.23)

for every Γ-continuous function f : G → Qp such that f ◦ η ∈ L(Ω,P). In
particular, we have the following result.

Proposition 4.1. Let η : Ω → Y be a random variable and let f ∈ Cb(Y ).
Then the formula (13.23) holds.

We shall also use the following technical result.
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Proposition 4.2. Let η : Ω → Y be a random variable and let ζ ∈ L(Ω,P),
and let f ∈ Cb(Y ). Then ξ(ω) = ζ(ω)f(η(ω)) belongs L(Ω,P) and

Eξ =
∫

Qp×Y
xf(y)Pz(dxdy), z(ω) = (ζ(ω), η(ω)).

Proof. We have only to show that ξ ∈ L(Ω,P). This fact is a consequence of
Theorem 3.3.

The random variables ξ, η : Ω→ G are called independent if

P(ξ ∈ A, η ∈ B) = P(ξ ∈ A)P(η ∈ B) for all A, B ∈ Γ. (13.24)

Proposition 4.3. Let ξ, η : Ω → Y be independent random variables and
functions f, g ∈ Cb(Y ). Then we have:

Ef(ξ)g(η) = Ef(ξ)Eg(η). (13.25)

Proof. If f and g are locally constant functions then (13.25) is a consequence
of (13.24). Arbitrary functions f, g ∈ Cb(Y ) can be approximated by locally
constant functions (with the convergence of corresponding integrals) by using
the technique developed in the proof of Theorem 3.7.

Remark 4.4. In fact, the formula (13.25) is valid for the continuous f, g such
that the random variables f(ξ), g(η) and f(ξ)g(η) belong L(Ω,P).

Proposition 4.5. Let ξ and η be independent random variables. Then the
random vector z = (ξ, η) has the probability distribution Pz = Pη ×Pξ.

This fact is the direct consequence of (13.24).

Definition 4.6. Let ξ and η be respectively Qp and G valued random variables
and ξ ∈ L(Ω,P). A conditional expectation E[ξ|η = y] is defined as a function
m ∈ L(G,Pη) such that∫

{ω∈Ω:η(ω)∈B}
ξ(ω)P(dω) =

∫
B

m(y)Pη(dy) for every B ∈ Γ.

Proposition 4.7. The conditional expectation is defined uniquely a.e. mod Pη.

Proof. We assume that there exist two conditional expectations
mj ∈ L(G,Pη) and m1(x0) �= m2(x0) at some point x0 and NPη(x0) > 0.
Set m(x) = m1(x)−m2(x). We have :

∫
B m(x)Pη(dx) = 0 for every B ∈ Γ.

To obtain the contradiction, it is sufficient to use Theorem 3.4.

As there is no analogue of the Radon-Nikodym theorem in the non-Archimedean
case, it may happens that a conditional expectation does not exist. Everywhere
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below we assume that m(y) = E[ξ|η = y] is well defined and moreover, that
it belongs to the class Cb(Y ).

Proposition 4.8. Let ξ : Ω → Qp, η : Ω → Y be random variables, and
ξ ∈ L(Ω,P). The equality

Ef(η)ξ = Ef(η(ω))E[ξ(ω)|η = η(ω)]

holds for every function f ∈ Cb(Y ).

Proof. By Proposition 4.2 we obtainEξf(η) =
∫

Qp×Y xf(y)Pz(dxdy),where
z(ω) = (ξ(ω), η(ω)). Set for A ∈ B(Y ),

λ(A) =
∫

Qp×Y
xIA(y)Pz(dxdy).

As λ(A) =
∫
η−1(A) ξ(ω)P(dω) =

∫
Y m(y)Pη(dy), it is a tight measure on Y.

Then∫
Qp×Y

xf(y)Pz(dxdy) =
∫
Y

f(y)λ(dy)

=
∫
Y

f(y)m(y)Pη(dy) = Ef(η)m(η).
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de theorie des nombres. Fac. Sc. de Bordeaux, 1968-1969.

[166] A. Newell and H. Simon. Computer science and empirical inquiry. Communications of
ACM, pages 113–126, 1975.

[167] M. Nilsson. Cycles of monomial dynamical systems over the field of p-adic numbers.
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